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We prove by construction that all tree-level amplitudes in pure (super)gravity can be expressed as
termwise, gauge-invariant double copies of those of pure (super-)Yang-Mills obtained via on-shell

recursion. These representations are far from unique: varying the recursive scheme leads to a wide variety
of distinct but equally valid representations of gravitational amplitudes, all realized as double copies.
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Introduction.—The rich connections between scattering
amplitudes in gauge theory and gravity have been a source
of tremendous progress in our understanding of both
theories. Among the most seminal of these is so-called
color-kinematic duality [1], which states that gravitational
scattering amplitudes may be represented as ‘“‘double
copies” of those of Yang-Mills theory, provided the latter
is represented in terms of color-kinematic satisfying
(““dual”) numerators with denominators (typically) built
from scalar ¢° field theory (see, e.g., [2-5]). The existence
of such numerators was first conjectured, but can be proven
at tree level in a number of ways [6-12], with much
evidence suggesting that color-kinematic duality should
continue to the level of loop integrands (see, e.g., [13-23]).
The potential form, structure, and scope of these numer-
ators, as well as the theoretical origins of this story more
generally have been the subject of a great deal of research
(see, e.g., [24-30]).

Prior to the discovery of color-kinematic duality, on-shell
recursion relations [31-33] for tree-level scattering ampli-
tudes led to similarly great leaps in our understanding of
gravitational and gauge-theory amplitudes [34—41]. Some
of this Letter connected directly to results derived from
string and twistor string theory (e.g., [42—46]).

In this Letter, we show that on-shell recursion relations
directly lead to representations of amplitudes in color-
dressed, four-dimensional Yang-Mills theory (YM) and
gravity (GR) that may be expressed in the form
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for any choice {a,f} C [n] of the external legs, where

= [n]\{a, B}, ©(A) denotes permutations of the labels in
A and I' indexes on-shell diagrams arising in recursion. The
realization that on-shell recursion takes this form consti-
tutes a novel proof that all tree amplitudes can be realized as
double copies.

For Yang-Mills theory, the form (1) will be seen to
be somewhat quixotic, as the color-kinematic dual
“numerators” will be simply defined to be the product of
D( gﬁ) and a more familiar gauge-invariant, on-shell
function [47]; as such, the real novelty arises in the
identification of the denominators D(I'd;), which we
define recursively. It is worth pointing out that because
the color factors appearing in (1) are entirely independent,
these numerators are only “color-kinematic dual” in a rather
trivial sense: neither satisfies any identities.

The existence of formulas such as (1) follows from the
on-shell diagrammatic interpretation of on-shell recursion
in YM. Ignoring factors of color and momentum conser-
vation, the double-copy follows from the fact that for any
primitive [48] on-shell diagram I', the on-shell functions f
of gravity and Yang-Mills differ by a simple Jacobian factor
J(') depending on the graph

K= J()(F™M) (2)

This general fact (see, e.g., [49-53]) is a simple conse-
quence of the definition of an on-shell function and the
relationship between the 3-particle S matrices of the two
theories: an on-shell function may be defined as the product
of amplitudes evaluated on the residue 1/J(T") of the scalar
graph, which puts all internal lines on-shell; squaring an
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on-shell function in YM gives the correct product of
3-particle amplitudes in GR but squares also 1/J(I"), which
must be corrected by the numerator of (2).

Tree-level, on-shell recursion for YM and GR.—The
starting point for on-shell (BCFW) recursion [33] is to
consider an amplitude as meromorphic function of external
momenta and deform the momenta of any two particles
labeled {a, } according to

paHlA’a(Z):=pa+Zlazﬁ’ pﬁ'_)pﬂ@)::pﬁ_zﬂazﬂﬂ (3)

where p, =:1,4, are spinor-helicity variables [54]; this
deformation preserves momentum conservation and keeps
each particle on-shell. (For superamplitudes, the shift (3) is
accompanied by a shift in the Grassmann parameters 7, >
il + zijp that encode the on-shell coherent states [55].)
Note that the choice {a,p} is distinct from the choice
{p, a}: they differ by parity. At tree level, amplitudes have
poles at finite z corresponding to factorization channels, the
residues of which we may represent diagrammatically as

where 1/p? is the off-shell propagator being cut, with the
left and right amplitudes evaluated with p,. 5 = p, 4(z")

on the location of the pole z* = p?/{al(p.)|f] and
summed over the states [ that can be exchanged.
Importantly, the deformed legs must necessarily be on
opposite sides of the factorization channel for the simple
reason that p, + pg = p, + ps is z-independent.

Provided there are no poles at infinity, Cauchy’s theorem
allows us to write an amplitude as a sum over all residues of
the form (4) [56]. For YM or GR, this will be the case
provided the deformed momenta are chosen judiciously
according to their helicity (see, e.g., [57]), while amplitudes
in maximally supersymmetric (M =4) YM (sYM) or
(W =8) GR (sGR) will be free of poles at infinity
regardless of which legs are chosen. Because tree-level
amplitudes in pure (or any degree of less supersymmetric)
YM and GR are identical to those of sYM and sGR for
appropriately restricted sets of external states [55], we may
therefore without loss of generality consider the case of
maximally supersymmetric YM and GR, ensuring that
amplitudes are free of poles at infinity for any choice of legs
{a.p}. Upon truncation of the external states to those
appropriate, our results are equally valid for YM and GR
with any degree of less or no supersymmetry.

Notice that the channels (4) allow for arbitrary distri-
butions of the other (n — 2) legs A = [n]\{a, #}. Thus, on-
shell recursion results in a sum of terms of the form

N -
A= AL(a ,ClL,]) 5 AR([,CIR,ﬂ )
aeG(A) aay,
(a.dag)=d
= Y Adi.p) ()
aeG(A)

where A(a, d,f) == A(a, ay, ..., a,_», ) are partial ampli-
tudes involving external momenta with specific ordering.

As amplitudes in color-dressed YM and gravity are fully
permutation-invariant (due to Bose symmetry), any choice
of legs {a, f} may be taken; and any particular ordering of
the other legs d € &(A) will suffice to generate the full
amplitude upon summation over permutations of the labels
a. Thus, we may without loss of generality focus our
attention on the determination of the partial ampli-
tude A(1,2,...,n—1,n).

It is important to note that in neither theory (sYM nor
sGR) is the partial amplitude unique: not only does it
depend on the legs chosen, but also the specific sequence of
choices made for iterated recursion. Of course, the so-
called “primitive” amplitudes of YM—those partial ampli-
tudes that have been stripped of their color tensors—do
enjoy many scheme independent properties. But for our
purposes, it is more natural to use “partial amplitude” to
denote a term arising in the recursion with a particular
ordering of their external legs, including their color
tensors, which are recursively defined in terms of 3-particle
amplitudes.

One particularly convenient recursion scheme would be to
always choose the first and last leg of every iteratively
recursed amplitude, and use the same parity of bridge at
each stage of recursion. In the case of Yang-Mills, this results
in partial amplitudes dressed by the color factors appearing in
the familiar representation of Del Duca—Dixon—Maltoni [58].
Letting A™(a, @, ) =: cisA™(a. d, p), it is easy to see
that the recursion (5) separates color and kinematics cleanly
so that, upon recursing iteratively down to factorizations
involving only three-point amplitudes, we find

cgﬂ = E cxdi-erperanses ce—lﬂn—Zqﬂ’ (6)
€

where ¢, are the structure constants of some Lie algebra
(into which we may freely absorb any coupling constant), and
{a, b, ¢} are (adjoint) color labels for the gluons. These color
tensors are all independent under Jacobi relations, and the so-
called “primitive” ordered amplitudes of YM turn out to be
gauge-invariant, local, dihedrally symmetric, and to enjoy
Kleiss-Kuijf relations [59]. (All of these properties can be
deduced from the Jacobi identity and Bose symmetry of
color-dressed amplitudes alone.) Besides gauge invariance,
none of these properties will be enjoyed by the partial
amplitudes of gravity, the meaning of which will depend
strongly on how recursion is implemented (analogously to
how the specific color tensors involved in partial amplitudes
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in YM are recursively defined via a particular recursion
scheme).

Because this recursion scheme results in the same color-
factor ¢,® s coefficient for every term, it is common to factor
it out entirely and focus on the color-stripped partial
amplitude primitive AYM(1,2,...,n —1,n).

On-shell diagrammatics of YM and GR.—For color-
stripped partial amplitudes in YM, there exists a powerful
diagrammatic manifestation of recursion relations follow-
ing from the simple fact that

1
3 YM YM =
Pio...
T* n 1

Here, we have introduced “flat” vertices to denote ordered
partial amplitude primitives. The right-hand side represents
an on-shell function of YM: the product of (color-stripped)
amplitudes at the vertices, summing over all the on-shell,
internal states that can be exchanged between them. These
functions are extremely well understood: they are classified
combinatorially, and all their functional relations can be
understood to arise homologically from an auxiliary
Grassmannian “positive” geometry (see, e.g., [47,60]).

Applying recursion successively results in a representa-
tion of color-stripped YM partial amplitudes as sums
over on-shell functions encoded by specific on-shell dia-
grams {I'},

AM(12, =)= (M= [ M2 0), (8
r r

where the sum is over on-shell diagrams {I"} of the form (7)
involving exclusively three-point vertices. The N¥MHV-
degree of an amplitude is encoded by the graph according
to k=2ng+ ny —n; —2, where ng(ny) denotes the
number of blue(white) vertices and n; the number of
internal lines. Even for maximally helicity violating
(MHV) amplitudes, there are vastly more on-shell dia-
grams than on-shell functions as diagrams related by
mergers and square moves leave on-shell functions
unchanged in YM [47]. On-shell diagrams in gravity enjoy
only the square move as an (unmodified) equivalence
relation [49].

Color-kinematic denominators for gravity.—For ampli-
tudes in GR, there is no simple analog of (7) (see, e.g.,
[49,50]), but, supposing that there is some diagrammatic
representation for partial amplitudes in GR in terms of on-
shell diagrams of YM, we may recursively conclude that

The fact that BCFW recursion for GR can be expressed in
the form (9) is reasonably well-known [49-53]. The precise
form of D(I') depends both on the graph I' and the
recursion scheme followed. If we always choose the first
and last labels for subsequent recursion, so that every
diagram appearing is of the form Faaﬂ =T 0 a1l ®
[g[L. dg. "], then D(I) will be

D(Tap) = oo, DT YD(IT7" 7). (10)

(Here, we have used notation I'," s to emphasize the
different roles of legs involved in any particular diagram
arising via successive recursion, and also to highlight the
similarity these factors will have with color tensors.)

We call these factors color-kinematic denominators
because if we let n(I") := D(I)ff™ then individual terms
appearing in the recursion of an amplitude in YM take the
form

C(‘Zﬁn( g/i)

_ .a §YM
D( g/j) _Ca/}f (11)

iy
while terms in gravity are given by the double-copy

”(Fg/f)”(rgﬁ)

b, - PCWER 02)

ri,

Hllustrations of on-shell double copies.—Arguably the
simplest amplitudes in either theory are the so-called
(NF=9)MHV amplitudes [42,46,61]. On-shell recursion
results in a single term for ordered partial amplitudes in
either theory:

52X4<ﬂ . ’7])52><2(/1 X Z)
(12)(23) -~ (n = Lny(n1)

e PT(1---n)6%2(1- 1), (13)

AN (1, . n) = c‘fn

where the denominators are determined recursively. In the
default recursion scheme (10), we find
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. Ee =26 = D)
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zi—[ |]] 52><4(/1 ,7,)’
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(14)

this representation immediately allows us to write the
corresponding expressions for GR as a double-copy:
n(TMHV)y (TPMHV)
AR (1,....n) =

iy DY)

= DY) (PT(1-

52X2(ﬂ'/~1)
n))?6>2(4-2).  (15)

Unlike the case of YM, these partial amplitudes in GR are
noncyclic and involve nonlocal poles. Only upon summing
over all (n —2)! orderings of {2, ...,n — 1} do we recover
a local, permutation-invariant amplitude. We have checked
that this formula agrees with the closed-form expression of
Hodges [62] through n = 12 particles.

It is worth noting that this representation of MHV
amplitudes in gravity (15) is identical (upon a rotation
of labels) to that found in [40]. And as with [40], the use of
the “bonus relations” stemming from the good large-z
behavior of amplitudes in GR [55] allows us to rewrite (15)
as a sum over (n — 3)! terms [38]:

> MD(F@)(PT(U@))? (16)

AMHV -

[Here, A is used analogously to (9): it simply denotes
the amplitude divided by the momentum-conserving &
function 62(4 - 2).]

TABLE L.

For higher N**°MHV degrees, on-shell recursion typ-
ically involves a sum over terms, each represented in YM
by a particular, primitive on-shell diagram. The simplest
nontrivial example is the 6-particle NMHV amplitude,
which involves three terms to represent the ordered
amplitude. Following the recursion scheme described
above, the three on-shell diagrams {I"|,,I';} that result
are given in Table I, where we have also indicated the
numerators n(I';) and denominators D(I;) of each. Thus,
we may write the ordered, partial NMHV amplitude
primitive in YM as

YM _ n(ly) | n(y) | nH)\ gw, 3
A(,J(1,...,n)_cl6<D(F11>+D(F22)+D(Fz))5 (4-7)

(17)

and the corresponding partial amplitude in GR as the
double-copy

n(l))? + n(I,)? + n(l’y)?

A6G,}1z(1""’”)_<p(rl) D(I',) D(I)

)5“%1%).
(18)

In both cases, these partial amplitudes must be summed
over the (n — 2)! orderings of the legs {2, ..., 5}. Although
all diagrams involved in the representation of a single
partial amplitude involve the same color tensor, this is not
in any conflict with (1). We have checked this expression
against the those obtained by the string-based results of
Kawai-Lewellen-Tai [63].

The numerators listed in Table I involve Grassmann &
functions involving the #’s that label the external states of
each supermultiplet [55]; they are defined by

5(C, -7) = 872 )6 (aa + 11
+[a+ la—1]j, + [a = 1alij,)- (19)

On-shell, gauge-invariant contributions to the 6-point NMHYV partial amplitudes of Yang-Mills and gravity. The Grassmann

6 functions 5*#(C; - 7}) appearing in these numerators are defined in (19).

3 4 3 4 3 4
=2 5 L= 2 5 D= o 5
T 1 6 1 6 1 6
J(T;) 5615234534 D(T)) 561523545D(I2) 5615345534 D (3)
1—1D(I) sse{ (11(2)[(34)]5)/(15) } s123{(1[(2)[(3)[(45)[6]/(1](23)]6]} s12{[2((34)[(5)]6]/[26]}
{(L(23)1(4)1(3)[2]/(1](43)2]} {C1[@23)[(4)I(5)[6]/(1](45)]6]} {(51(4)1(3)[(45)]6]/(5|(34) 6]}
1—1n(I7;) {(12)(34)[56]6>4(C5 - 1) / {[23)(45)5(Cs

5234(11(56)[2][34](51)(61) }

(1](23)[6]? [45]<2

)/ {(12)[34][56]6™4(C, - 7))/
3)} s345(51(34)|6](34) [26][61]}
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TABLE II. Alternative recursion schemata resulting in distinct ordered, partial amplitudes AGR(I, 2,3,4,5).
3 3
2 4 9 4
T,= L=
L; 1 5 1 5
(ri) 551523D(Fa) 551534D(rh)

D(I') sas{(1](2)[(3)[4)/(14)} s12{(2[(3)[(4)[5)/(25)}
n(T;) {[23][45]/(14)(23)(51) }6>* (2 77) {[12][34]/(34)(25)(51)}6>*(2- )

Notice that 5**#(C, - 7j) is invariant under permutations of
both the set {a — 1, a, a + 1} and its complement. This will
turn out to have interesting consequences as we discuss in
the forthcoming work [64].

Although the expression (17) may seem unusual, it is
worth observing that, for example,

n(,) 6244 7)84([56)7, + (6475 + [45]it6)
D(Iy) — [56](12)(3](45)]6]5123[4](56)1)(23)[45] °

(20)

is simply the (momentum-space version of the) familiar R
invariant R[1,3,4,5, 6] (see, e.g., [65]).

Up to minor conventional differences, the recursion
scheme used to construct denominators (10) generally
reproduces the form of amplitudes in GR as they were
derived in [39]. We have implemented in this in
MATHEMATICA and have verified agreement against
Kawai-Lewellen-Tai  [63] through the 10-particle
N*MHV amplitude. With BCFW we can recursively
construct gauge-invariant double copies for all n, thus
concluding the proof. These tools will be made available in
a forthcoming, public package for tree amplitudes more
generally [66] (see also [67]).

Nonuniqueness of dual denominators.—As emphasized
above, even restricting ourselves to successively choosing
the first last legs for all iterated recursions, variability
emerges from the chiral asymmetry of the BCFW

deformation (3). Even for five particles, choosing {«, #}
to be {1,5} versus {5, 1} (conjugating the shifting rule)
results in two distinct diagrams I', and ', as shown in Table I1
corresponding to the distinct primitives n(I';)?/D(T;)

) QI WESES G- .
AR S) = as ) 23y e LR A
@@ G ) .
AL 3) = s (3 Ga @) G0 Y

Nevertheless, it is easy to verify that the sum over their
permuted images agree:

AGR: ASR(I,al,...,a_l,S)
ic&(2...4))

= Z AER(I,al, .,a_1,5).
ie(2....4))

This variability only proliferates for higher multiplicity,
as evidenced by the four examples for 6-point MHV given
in Table III, where the alternative expressions were found
by merely varying the parity of the recursive choice made at
each step. For example, I', represents the default scheme—
a consistent choice of parity—leading to an instance
of (14); while for I',, the opposite parity was chosen at
the first stage, relative to all subsequent recursions. More

TABLE III.  Alternative recursion schemata resulting in distinct ordered, partial amplitudes AGR(l, 2,3,4,5,6).
3 4 3 4 3 4 3 4
=2 5 =2 5 =2 5 Li= 2 5
T ! 6 1 6 1 6 1 6
J(I) 5615235234 D (T, 5615345234 D (T 561534535 D(T;) 5615235345 D ()
D(Ty)  ss6{(1](2)|(3)4)/(14)} Sss{<2\(3)\(4)|5>/<25>} s12{(2|(3)(4)15)/(25)} 512{(2(3)/(45)6)/
{(11(23)I(4)[5)/(15)} {(11(2)[(34)[5)/(15)} {(2(34)[(5)[6)/(26)} (26)}{(31(4)I(5)16)/(36) }
n(T;) {(1](23)[4][23][56]/ {(51(34)[2][34][56]/ {(21(34)[5][12][34]/ {(61(45)[3][12][45]/
(14)(15)(23)(61)}6>*(A-77)  (15)(25)(34)(61)}6°*(A-77)  (25)(26)(34)(61)}6>*(2-77)  (26)(36)(45)(61)}6*(2- 7))
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generally, the equivalence of expressions upon distinct
variations gives powerful identities among not merely the
partial amplitudes in YM, but even among individual on-
shell functions appearing in N**°MHV amplitudes. We
will explore the scope of these possibilities and their
consequences in a forthcoming work [64].

Conclusions and futures directions.—The number of
terms generated by BCFW to represent the n particle
NKMHV amplitude for a specific ordering is given by a
Narayana number {1/[n —3]}(}77)("¢?). It is natural to
suppose that including a sum over (n — 2)! permutations of
leg labels would result in as many more terms in the
expression for gravity. This turns out to not be the case—as
evidenced, for example, by the more compact expression
for MHV amplitudes (16).

Interestingly, for higher multiplicity and N¥MHYV degree,
considerations of Grassmannian geometry of the 7 coef-
ficients expose even more symmetry than would result from
mere permutation invariance of amplitudes in GR [64].
For the 10-particle N°MHV amplitude, for example, we
require only 343252 distinct superfunctions—about 20
times fewer than the naive estimate of (175 x 8!).
Moreover, the contributions that appear are found to satisfy
a number of novel functional relations, some of which can
be demonstrated using bonus relations or by equating
formulas resulting from different recursion schemata, but
we have also stumbled into yet further relations that
remain to be understood. We explore some of these aspects
of gravitational amplitudes in [64]. This additional, geo-
metric structure hints at the possibility of a broader
geometric story, perhaps analogous to the “gravituhedron”
described in [52].

While the existence of color-kinematic dual numerators
remains conjectural beyond tree level, there is a great deal
of evidence from specific examples that the double-copy
should generalize to loop integrands (in some form or
other) [13-16,68-70]. In Ref. [49], Heslop and Lipstein
gave evidence at one loop that the obvious extension of on-
shell recursion for loop integrands for sYM [71] works also
for sGR. It is natural to wonder if this Letters more
generally, and if loop amplitude integrands for sGR
continue to be generated as a double-copy of those for
color-dressed sYM.

The authors gratefully acknowledge fruitful conversa-
tions with Enrico Herrmann and Jaroslav Trnka, and
helpful comments and encouragement from JJ Carrasco,
Henrik Johansson, Marcus Spradlin, and Radu Roiban.
This project benefited from the hospitality of NORDITA
during the workshop “Amplifying Gravity at All Scales”,
and was supported by an ERC Starting Grant (No. 757978),
a grant from the Villum Fonden (No. 15369), and the
US Department of Energy under Contract No. DE-
SC00019066.

[1] Z. Bern, J.J. M. Carrasco, and H. Johansson, New relations
for gauge-theory amplitudes, Phys. Rev. D 78, 085011
(2008).

[2] Z. Bern, J.J. M. Carrasco, and H. Johansson, Perturbative
quantum gravity as a double copy of gauge theory, Phys.
Rev. Lett. 105, 061602 (2010).

[3] Z.Bern, J. J. M. Carrasco, M. Chiodaroli, H. Johansson, and
R. Roiban, The duality between color and kinematics and its
applications, arXiv:1909.01358.

[4] T. Adamo, J.J. M. Carrasco, M. Carrillo-Gonzélez, M.
Chiodaroli, H. Elvang, H. Johansson, D. O’Connell, R.
Roiban, and O. Schlotterer, Snowmass white paper: The
double copy and its applications, arXiv:2204.06547.

[5] Z. Bern, J. J. M. Carrasco, M. Chiodaroli, H. Johansson, and
R. Roiban, Supergravity amplitudes, the double copy and
ultraviolet behavior, arXiv:2304.07392.

[6] N.E.J. Bjerrum-Bohr, P. H. Damgaard, T. Sondergaard, and
P. Vanhove, The momentum kernel of gauge and gravity
theories, J. High Energy Phys. 01 (2011) 001.

[7] C.R. Mafra, O. Schlotterer, and S. Stieberger, Explicit BCJ
numerators from pure spinors, J. High Energy Phys. 07
(2011) 092.

[8] N. E.J. Bjerrum-Bohr, J. L. Bourjaily, P. H. Damgaard, and
B. Feng, Manifesting color-kinematics duality in the scat-
tering equation formalism, J. High Energy Phys. 09 (2016)
094.

[9] S. Mizera, Inverse of the string theory KLT kernel, J. High
Energy Phys. 06 (2017) 084.

[10] S. Mizera, Kinematic Jacobi identity is a residue theorem:
Geometry of color-kinematics duality for gauge and gravity
amplitudes, Phys. Rev. Lett. 124, 141601 (2020).

[11] A. Edison and F. Teng, Efficient calculation of crossing
symmetric BCJ tree numerators, J. High Energy Phys. 12
(2020) 041.

[12] Y.J. Du and F. Teng, BCJ numerators from reduced
Pfaffian, J. High Energy Phys. 04 (2017) 041.

[13] J.J. M. Carrasco and H. Johansson, Five-point amplitudes in
N = 4 Super-Yang-Mills theory and A = 8 supergravity,
Phys. Rev. D 85, 025006 (2012).

[14] J.J.M. Carrasco, M. Chiodaroli, M. Giinaydin, and R.
Roiban, One-loop four-point amplitudes in pure and matter-
coupled N <4 supergravity, J. High Energy Phys. 03
(2013) 056.

[15] N.E.J. Bjerrum-Bohr, T. Dennen, R. Monteiro, and D.
O’Connell, Integrand oxidation and one-loop colour-dual
numerators in A" = 4 gauge theory, J. High Energy Phys. 07
(2013) 092.

[16] R. Monteiro and D. O’Connell, The kinematic algebras
from the scattering equations, J. High Energy Phys. 03
(2014) 110.

[17] S. He, R. Monteiro, and O. Schlotterer, String-inspired BCJ
numerators for one-loop MHV amplitudes, J. High Energy
Phys. 01 (2016) 171.

[18] G. Mogull and D. O’Connell, Overcoming obstacles to
colour-kinematics duality at two loops, J. High Energy
Phys. 12 (2015) 135.

[19] H. Johansson, G. Kilin, and G. Mogull, Two-loop super-
symmetric QCD and half-maximal supergravity amplitudes,
J. High Energy Phys. 09 (2017) 019.

191601-6


https://doi.org/10.1103/PhysRevD.78.085011
https://doi.org/10.1103/PhysRevD.78.085011
https://doi.org/10.1103/PhysRevLett.105.061602
https://doi.org/10.1103/PhysRevLett.105.061602
https://arXiv.org/abs/1909.01358
https://arXiv.org/abs/2204.06547
https://arXiv.org/abs/2304.07392
https://doi.org/10.1007/JHEP01(2011)001
https://doi.org/10.1007/JHEP07(2011)092
https://doi.org/10.1007/JHEP07(2011)092
https://doi.org/10.1007/JHEP09(2016)094
https://doi.org/10.1007/JHEP09(2016)094
https://doi.org/10.1007/JHEP06(2017)084
https://doi.org/10.1007/JHEP06(2017)084
https://doi.org/10.1103/PhysRevLett.124.141601
https://doi.org/10.1007/JHEP12(2020)041
https://doi.org/10.1007/JHEP12(2020)041
https://doi.org/10.1007/JHEP04(2017)041
https://doi.org/10.1103/PhysRevD.85.025006
https://doi.org/10.1007/JHEP03(2013)056
https://doi.org/10.1007/JHEP03(2013)056
https://doi.org/10.1007/JHEP07(2013)092
https://doi.org/10.1007/JHEP07(2013)092
https://doi.org/10.1007/JHEP03(2014)110
https://doi.org/10.1007/JHEP03(2014)110
https://doi.org/10.1007/JHEP01(2016)171
https://doi.org/10.1007/JHEP01(2016)171
https://doi.org/10.1007/JHEP12(2015)135
https://doi.org/10.1007/JHEP12(2015)135
https://doi.org/10.1007/JHEP09(2017)019

PHYSICAL REVIEW LETTERS 131, 191601 (2023)

[20] Z. Bern, J. J. M. Carrasco, W.-M. Chen, H. Johansson, and
R. Roiban, Gravity amplitudes as generalized double copies
of gauge-theory amplitudes, Phys. Rev. Lett. 118, 181602
(2017).

[21] Z. Bern, J.J. M. Carrasco, W.-M. Chen, H. Johansson, R.
Roiban, and M. Zeng, The five-loop four-point integrand of
N =8 supergravity as a generalized double copy, Phys.
Rev. D 96, 126012 (2017).

[22] A. Edison, S. He, H. Johansson, O. Schlotterer, F. Teng, and
Y. Zhang, Perfecting one-loop BCJ numerators in SYM and
supergravity, J. High Energy Phys. 02 (2023) 164.

[23] F. Porkert and O. Schlotterer, One-loop amplitudes in
Einstein-Yang-Mills from forward limits, J. High Energy
Phys. 02 (2023) 122.

[24] R. Monteiro and D. O’Connell, The kinematic algebra from
the self-dual sector, J. High Energy Phys. 07 (2011) 007.

[25] N.E.J. Bjerrum-Bohr, P. H. Damgaard, R. Monteiro, and D.
O’Connell, Algebras for amplitudes, J. High Energy Phys.
06 (2012) 061.

[26] G. Chen, H. Johansson, F. Teng, and T. Wang, On the
kinematic algebra for BCJ numerators beyond the MHV
sector, J. High Energy Phys. 11 (2019) 055.

[27] L.Borsten, B. Jurc¢o, H. Kim, T. Macrelli, C. Saemann, and M.
Wolf, Becchi-Rouet-Stora-Tyutin-Lagrangian double copy
of Yang-Mills theory, Phys. Rev. Lett. 126, 191601 (2021).

[28] N. Ahmadiniaz, F. M. Balli, O. Corradini, C. Lopez-Arcos,
A. Q. Velez, and C. Schubert, Manifest colour-kinematics
duality and double-copy in the string-based formalism,
Nucl. Phys. B975, 115690 (2022).

[29] M. Godazgar, C.N. Pope, A. Saha, and H. Zhang, BRST
symmetry and the convolutional double copy, J. High
Energy Phys. 11 (2022) 038.

[30] R. Bonezzi, C. Chiaffrino, F. Diaz-Jaramillo, and O. Hohm,
Gauge invariant double copy of Yang-Mills theory: The
quartic theory, Phys. Rev. D 107, 126015 (2023).

[31] R. Roiban, M. Spradlin, and A. Volovich, On the tree-level
S-matrix of Yang-Mills theory, Phys. Rev. D 70, 026009
(2004).

[32] R. Britto, F. Cachazo, and B. Feng, New recursion relations
for tree amplitudes of gluons, Nucl. Phys. B715, 499 (2005).

[33] R. Britto, F. Cachazo, B. Feng, and E. Witten, Direct proof
of tree-level recursion relation in Yang-Mills theory, Phys.
Rev. Lett. 94, 181602 (2005).

[34] J. Bedford, A. Brandhuber, B. J. Spence, and G. Travaglini,
A recursion relation for gravity amplitudes, Nucl. Phys.
B721, 98 (2005).

[35] E. Cachazo and P. Svrcek, Tree level recursion relations in
general relativity, arXiv:hep-th/0502160.

[36] P. Benincasa, C. Boucher-Veronneau, and F. Cachazo,
Taming tree amplitudes in general relativity, J. High Energy
Phys. 11 (2007) 057.

[37] N.E.J. Bjerrum-Bohr, D. C. Dunbar, H. Ita, W. B. Perkins,
and K. Risager, MHV-vertices for gravity amplitudes,
J. High Energy Phys. 01 (2006) 009.

[38] M. Spradlin, A. Volovich, and C. Wen, Three applications of
a bonus relation for gravity amplitudes, Phys. Lett. B 674,
69 (2009).

[39] J. M. Drummond, M. Spradlin, A. Volovich, and C. Wen,
Tree-level amplitudes in N = 8 supergravity, Phys. Rev. D
79, 105018 (2009).

[40] H. Elvang and D.Z. Freedman, Note on graviton MHV
amplitudes, J. High Energy Phys. 05 (2008) 096.

[41] L.J. Mason and D. Skinner, Gravity, twistors and the MHV
formalism, Commun. Math. Phys. 294, 827 (2010).

[42] F. A. Berends, W.T. Giele, and H. Kuijf, On relations
between multi-gluon and multi-graviton scattering, Phys.
Lett. B 211, 91 (1988).

[43] Z. Bern, D.C. Dunbar, and T. Shimada, String based
methods in perturbative gravity, Phys. Lett. B 312, 277
(1993).

[44] Z. Bern and A. K. Grant, Perturbative gravity from QCD
amplitudes, Phys. Lett. B 457, 23 (1999).

[45] S. Giombi, R. Ricci, D. Robles-Llana, and D. Trancanelli, A
note on twistor gravity amplitudes, J. High Energy Phys. 07
(2004) 059.

[46] V.P. Nair, A note on MHV amplitudes for gravitons, Phys.
Rev. D 71, 121701(R) (2005),

[47] N. Arkani-Hamed, J.L. Bourjaily, F. Cachazo, A.B.
Goncharov, A. Postnikov, and J. Trnka, Grassmannian
Geometry of Scattering Amplitudes (Cambridge University
Press, Cambridge, England, 2016).

[48] A primitive diagram is one involving only three-point
amplitudes at its vertices. Any diagram with higher-point
amplitudes can be expanded as a sum of primitives via on-
shell recursion [47].

[49] P. Heslop and A. E. Lipstein, On-shell diagrams for ' = 8
supergravity amplitudes, J. High Energy Phys. 06 (2016)
069.

[50] E. Herrmann and J. Trnka, Gravity on-shell diagrams,
J. High Energy Phys. 11 (2016) 136.

[51] S. Paranjape, J. Trnka, and M. Zheng, Non-Planar BCFW
Grassmannian geometries, J. High Energy Phys. 12 (2022)
084.

[52] J. Trnka, Towards the gravituhedron: New expressions for
NMHYV gravity amplitudes, J. High Energy Phys. 04 (2021)
253.

[53] T. V. Brown, U. Oktem, and J. Trnka, Poles at infinity in on-
shell diagrams, J. High Energy Phys. 02 (2023) 003.

[54] B.L. van der Waerden, Spinoranalyse, Nach. Ges. Wiss.
Gottingen Math.-Phys. 1, 100 (1929), https://eudml.org/
doc/59283.

[55] N. Arkani-Hamed, F. Cachazo, and J. Kaplan, What is the
simplest quantum field theory?, J. High Energy Phys. 09
(2010) 016.

[56] N. Arkani-Hamed and J. Kaplan, On tree amplitudes in
gauge theory and gravity, J. High Energy Phys. 04 (2008)
076.

[57] T. Cohen, H. Elvang, and M. Kiermaier, On-shell con-
structibility of tree amplitudes in general field theories,
J. High Energy Phys. 04 (2011) 053.

[58] V. Del Duca, L.J. Dixon, and F. Maltoni, New color
decompositions for gauge amplitudes at tree and loop level,
Nucl. Phys. B571, 51 (2000).

[59] R. Kleiss and H. Kuijf, Multigluon cross sections and 5-jet
production at hadron colliders, Nucl. Phys. B312, 616
(1989).

[60] J.L. Bourjaily, Positroids, plabic graphs, and scattering
amplitudes in MATHEMATICA, arXiv:1212.6974.

[61] S.J. Parke and T.R. Taylor, An amplitude for n-gluon
scattering, Phys. Rev. Lett. 56, 2459 (1986).

191601-7


https://doi.org/10.1103/PhysRevLett.118.181602
https://doi.org/10.1103/PhysRevLett.118.181602
https://doi.org/10.1103/PhysRevD.96.126012
https://doi.org/10.1103/PhysRevD.96.126012
https://doi.org/10.1007/JHEP02(2023)164
https://doi.org/10.1007/JHEP02(2023)122
https://doi.org/10.1007/JHEP02(2023)122
https://doi.org/10.1007/JHEP07(2011)007
https://doi.org/10.1007/JHEP06(2012)061
https://doi.org/10.1007/JHEP06(2012)061
https://doi.org/10.1007/JHEP11(2019)055
https://doi.org/10.1103/PhysRevLett.126.191601
https://doi.org/10.1016/j.nuclphysb.2022.115690
https://doi.org/10.1007/JHEP11(2022)038
https://doi.org/10.1007/JHEP11(2022)038
https://doi.org/10.1103/PhysRevD.107.126015
https://doi.org/10.1103/PhysRevD.70.026009
https://doi.org/10.1103/PhysRevD.70.026009
https://doi.org/10.1016/j.nuclphysb.2005.02.030
https://doi.org/10.1103/PhysRevLett.94.181602
https://doi.org/10.1103/PhysRevLett.94.181602
https://doi.org/10.1016/j.nuclphysb.2005.05.016
https://doi.org/10.1016/j.nuclphysb.2005.05.016
https://arXiv.org/abs/hep-th/0502160
https://doi.org/10.1088/1126-6708/2007/11/057
https://doi.org/10.1088/1126-6708/2007/11/057
https://doi.org/10.1088/1126-6708/2006/01/009
https://doi.org/10.1016/j.physletb.2009.02.059
https://doi.org/10.1016/j.physletb.2009.02.059
https://doi.org/10.1103/PhysRevD.79.105018
https://doi.org/10.1103/PhysRevD.79.105018
https://doi.org/10.1088/1126-6708/2008/05/096
https://doi.org/10.1007/s00220-009-0972-4
https://doi.org/10.1016/0370-2693(88)90813-1
https://doi.org/10.1016/0370-2693(88)90813-1
https://doi.org/10.1016/0370-2693(93)91081-W
https://doi.org/10.1016/0370-2693(93)91081-W
https://doi.org/10.1016/S0370-2693(99)00524-9
https://doi.org/10.1088/1126-6708/2004/07/059
https://doi.org/10.1088/1126-6708/2004/07/059
https://doi.org/10.1103/PhysRevD.71.121701
https://doi.org/10.1103/PhysRevD.71.121701
https://doi.org/10.1007/JHEP06(2016)069
https://doi.org/10.1007/JHEP06(2016)069
https://doi.org/10.1007/JHEP11(2016)136
https://doi.org/10.1007/JHEP12(2022)084
https://doi.org/10.1007/JHEP12(2022)084
https://doi.org/10.1007/JHEP04(2021)253
https://doi.org/10.1007/JHEP04(2021)253
https://doi.org/10.1007/JHEP02(2023)003
https://eudml.org/doc/59283
https://eudml.org/doc/59283
https://eudml.org/doc/59283
https://doi.org/10.1007/JHEP09(2010)016
https://doi.org/10.1007/JHEP09(2010)016
https://doi.org/10.1088/1126-6708/2008/04/076
https://doi.org/10.1088/1126-6708/2008/04/076
https://doi.org/10.1007/JHEP04(2011)053
https://doi.org/10.1016/S0550-3213(99)00809-3
https://doi.org/10.1016/0550-3213(89)90574-9
https://doi.org/10.1016/0550-3213(89)90574-9
https://arXiv.org/abs/1212.6974
https://doi.org/10.1103/PhysRevLett.56.2459

PHYSICAL REVIEW LETTERS 131, 191601 (2023)

[62] A. Hodges, New expressions for gravitational scattering
amplitudes, J. High Energy Phys. 07 (2013) 075.

[63] H. Kawai, D. Lewellen, and S. Tye, A relation between tree
amplitudes of closed and open strings, Nucl. Phys. B269, 1
(1986).

[64] J.L. Bourjaily, N. Kalyanapuram, K. Patatoukos, M.
Plesser, and Y. Zhang, On-Shell Structure of Gravitational
Tree Amplitudes (to be published).

[65] J. Drummond, J. Henn, G. Korchemsky, and E. Sokatchev,
Dual superconformal symmetry of scattering amplitudes in
N =4 super Yang-Mills theory, Nucl. Phys. B828, 317
(2010).

[66] J.L. Bourjaily, N. Kalyanapuram, K. Patatoukos, M.
Plesser, and Y. Zhang, Tools for Tree Amplitudes in Gauge
Theory and Gravity (to be published).

[67] J. L. Bourjaily, Efficient tree-amplitudes in N = 4: Auto-
matic BCFW recursion in MATHEMATICA, arXiv:1011.2447.

[68] Z.Bern, T. Dennen, Y.-t. Huang, and M. Kiermaier, Gravity as
the square of gauge theory, Phys. Rev. D 82, 065003 (2010).

[69] S.H. Henry Tye and Y. Zhang, Dual identities inside the
gluon and the graviton scattering amplitudes, J. High
Energy Phys. 06 (2010) 071; 04 (2011) 114(E).

[70] Z. Bern, J. J. M. Carrasco, L. J. Dixon, H. Johansson, and R.
Roiban, Simplifying multiloop integrands and ultraviolet
divergences of gauge theory and gravity amplitudes, Phys.
Rev. D 85, 105014 (2012).

[71] N. Arkani-Hamed, J. L. Bourjaily, F. Cachazo, S. Caron-
Huot, and J. Trnka, The all-loop integrand for scattering
amplitudes in planar N' = 4 SYM, J. High Energy Phys. 01
(2011) 041.

191601-8


https://doi.org/10.1007/JHEP07(2013)075
https://doi.org/10.1016/0550-3213(86)90362-7
https://doi.org/10.1016/0550-3213(86)90362-7
https://doi.org/10.1016/j.nuclphysb.2009.11.022
https://doi.org/10.1016/j.nuclphysb.2009.11.022
https://arXiv.org/abs/1011.2447
https://doi.org/10.1103/PhysRevD.82.065003
https://doi.org/10.1007/JHEP06(2010)071
https://doi.org/10.1007/JHEP06(2010)071
https://doi.org/10.1007/JHEP04(2011)114
https://doi.org/10.1103/PhysRevD.85.105014
https://doi.org/10.1103/PhysRevD.85.105014
https://doi.org/10.1007/JHEP01(2011)041
https://doi.org/10.1007/JHEP01(2011)041

