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Magnons serve as a testing ground for fundamental aspects of Hermitian and non-Hermitian wave
mechanics and are of high relevance for information technology. This study presents setups for realizing
spatiotemporally driven parity-time- (PT) symmetric magnonics based on coupled magnetic waveguides
and magnonic crystals. A charge current in a metal layer with strong spin-orbit coupling sandwiched
between two insulating magnetic waveguides leads to gain or loss in the magnon amplitude depending on
the directions of the magnetization and the charge currents. When gain in one waveguide is balanced by
loss in the other waveguide, a PT-symmetric system hosting non-Hermitian degeneracies [or exceptional
points (EPs)] is realized. For ac current, multiple EPs appear for a certain gain-loss strength and mark the
boundaries between the preserved PT-symmetry and the broken PT-symmetry phases. The number of
islands of broken PT-symmetry phases and their extensions is tunable by the frequency and the strength of
the spacer current. At EP and beyond, the induced and amplified magnetization oscillations are strong and
self-sustained. In particular, these magnetization auto-oscillations in a broken PT-symmetry phase occur at
low current densities and do not require further adjustments such as tilt angle between electric polarization
and equilibrium magnetization direction in spin-torque oscillators, pointing to a new design of these
oscillators and their utilization in computing and sensorics. It is also shown how the periodic gain-loss
mechanism allows for the generation of high-frequency spin waves with low-frequency currents. For
spatially periodic gain and loss acting on a magnonic crystal, magnon modes approaching each other at the
Brillouin-zone boundaries are highly susceptible to PT symmetry, allowing for a wave-vector-resolved

experimental realization at very low currents.
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Introduction.—Long-wavelength elementary excitations
around a magnetically ordered stable state in an extended
system are spin waves (SWs) or magnons (in reference to
their excitation quanta). SWs can be geometrically and
magnetostatically (finite-size) quantized and steered by a
variety of external probes such as magnetic and electric
fields as well as by charge currents or temperature gradients
[1-5]. Thus, SWs are well suited for use in (classical)
information transfer and processing [6,7]. Basic hardware
elements for magnonic data channeling and processing are
thereby coupled magnonic waveguides (WGs), meaning
magnetically ordered stripes that exchange power via
coupling mediated by dipolar fields, or Ruderman-Kittel-
Kasuya-Yosida (RKKY) interaction [8—11].

Intrinsic magnetic damping may compromise the fidelity
of information and cause power dissipation. A way to act
on magnetic damping externally is offered by spin-orbit
torque (SOT), which arises when the WG is attached to a
metallic (such as Pt) layer with strong spin-orbit coupling
[5,12—14]. The magnetic damping strength « in the WG is
then controlled by a dc bias on the metallic layer that drives
a charge current density Jp,. The mechanism behind this
effect is, in short, when an interfacial spin-dependent
scattering generates spin accumulations A at the interfaces
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of the WG-metallic layer, the strength of which is set by the
spin Hall angle. The spin accumulations act with a torque
[spin-orbit torque (SOT)] on the magnetization density m.
The torque direction is set by the charge current density and
magnetization vectors. Flipping the direction of m or Jp,
changes the sign of A. As for the SW dynamics, SOT has
fieldlike and damping-antidamping-type effects. It is pos-
sible to realize a situation where the metallic layer is
sandwiched between two coupled magnonic WGs resulting
in damping (magnonic loss) in one WG and antidamping
(magnonic gain) in the other WG [15-19]. This is a typical
situation of gain-loss setup, as discussed in connection with
parity-time- (PT) symmetric systems [15,17,18,20-37],
which have been investigated in optics [23-27], acoustics
[28,29], electronics [30,31], and spintronics [15-19,32-37].
Indeed, it is demonstrated mathematically [15] how the
dynamics in coupled gain-loss magnonic WGs (the system
studied here) can be mapped to a PT-symmetric non-
Hermitian Hamiltonian. Such system can be driven exter-
nally to the non-Hermitian degeneracy or exceptional point
(EP) by changing SOT, meaning Jp,.

An EP can be viewed as a separation point between the PT
symmetry broken or preserving phases [17,23-25,27,38—42].
Approaching the EP, different eigenmodes collapse, changing
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FIG. 1. (a) Schematic of the RKKY-coupled magnonic wave-
guides with time-periodic PT symmetry. Two magnetic films
serve as the magnon waveguides (WGl and WG2) and are
coupled ferromagnetically by a nanoscale conductive spacer (for
instance Pt) with a spin Hall angle. Injecting into the spacer a
time-varying charge current Jp, results in opposite spin-orbit
torques acting on the magnetic dynamics in WG1 and WG2 and
leading to time-varying magnonic gain and loss in WG1-WG2.
(b) The time-periodic current Jp, with period T = 27 used in the
simulations.

significantly the mode propagations. Above the EP, in the
PT-symmetry broken phase, the mode propagation can be
amplified (attenuated) under gain (loss). These special features
can be exploited for designing new types of devices for
information processing and for sensorics. Experimentally, the
existence of EP has been validated in two coupled magnets
with different damping [36] and where the damping is
imparted by laser pulses [43].

So far, gain and loss in magnon amplitude were considered
to be homogeneous in time and space across the magnonic
WGs. In the present Letter, we show that PT-symmetric
magnonic WGs with time- or/and space-varying gain and
loss show qualitatively new features that are of direct rele-
vance for applications. As sketched in Fig. 1, such systems
can be fabricated by nanostructuring the Pt layer or by a time-
dependent voltage that drives then a time-dependent Jp,. An
appropriate framework for analyzing the dynamics in these
cases is the Floquet- or the Bloch-state approach applied to
PT-symmetric non-Hermitian dynamics. Performing the
analysis, we identify multiple EPs from Floquet quasiener-
gies where magnon amplification is induced.

Comparing with a constant magnonic gain and loss, the
charge current densities needed to approach the EPs are
much smaller and are tunable with the time period of Jp,. For
space periodic gain and loss, the EP’s Jp, becomes very low
(compared to typical current densities needed to reach the EP
in homogeneous PT-symmetric systems [15] or to induce
magnetic switching and/or oscillation) when two magnon
modes approach each other, which typically occurs when
folding modes at the Brillouin-zone boundaries. In contrast
to WGs with homogeneous gain and loss, where spin reversal
above EPs occurs, in our case magnon amplification around the
EPs leads eventually to self-sustained oscillation. Recalling the
well-documented case of SOT-induced magnetization auto-
oscillation that depends on the tilt angle between the electric

polarization and the equilibrium magnetization direction
[44-47], our finding points to a new way for realizing SOT
oscillators without tilt-angle adjustments and with the high
sensitivity to external probes akin to systems with EPs [19].
Model.—The considered magnonic PT-symmetric
coupled WGs with time-periodic gain and loss is illus-
trated in Fig. 1. Two insulating magnetic layers are initially
magnetized along +y direction and coupled, via the RKKY
interaction that acts through a spacer [Fig. 1(a)]. Because
of the spin Hall effect, a time-varying charge current in the
spacer results in SOTs T = yeymyp) X (£y) X my(y
[12-14]. The coupled (linear and nonlinear) magnetic
dynamics is governed by Landau-Lifshitz-Gilbert equations,
%——m X Hegr , + am x%+T (1)
ot = —ym, eff,p p ot p’

where p = 1,2 enumerate WGI1 and WG2. y is the gyromagne-
tic ratio, and « is the intrinsic Gilbert damping. The effec-
tive field Hegr , = (2Aex/poM) VP M, + (Jp/poMit,)myy +
H,y consists of the internal exchange field (with an exchange
constant A.,), the RKKY interlayer coupling field (with a
coupling constant Jg), and the external field H,. M, is the
saturation magnetization, p, p’ = 1,2and p # p’; 1, isthe pth
layer thickness and , is the vacuum permeability. The SOT
strength coefficient ¢; = (SHSHtht/ZuoetpMs) is propor-
tional to the charge current density Jp,, the spin-Hall angle O

of the spacer, and the WG-spacer interface transparency S.
In numerical calculations, we adopt the following param-
eters for yttrium iron garnet: saturation magnetization My =
1.4 x 10° A/m and exchange constant Ao, =3 x 10712 J/m.
The Gilbert damping a can be experimentally varied within
a wide range via material engineering [48] [a = (6.15+
1.5) x 1077 is reported in [49]]. We use a = 0.004. The
interlayer exchange constantis Jp = 9 x 107 J/m?, and the
exchange field amplitude is (Jp/uoMt,)21 % 10° A/m
with 7, = 4 nm. A sufficiently strong magnetic field H, =

2 x 10° A/m is applied along the +y (or +x) direction to
drive the WGs to the saturated state.

We will perform full-fledged numerical simulations, and
to analyze the numerical results in certain regimes, we set up
a linearized analytical model. For analytical modeling, we
consider small deviations of my , = (5mx‘p, 0, 5mz,p) around
the equilibrium mg,, =y. Defining v, = om, , + iém,,,
we deduce the coupled SW equation under the linear
assumption (||my || < 1),

20— (o = awy (1) = i + o)} + a2 =0,
o, . L,
5 {lwo + awy(1)] + i(wy — awy) }ys + gy = 0.

(2)

The WG dispersion of the intrinsic frequency @, with respect
to the wave vector k, reads wg(ky)=[r/(1+a?)]x
(Ho+ (2Aex/ 1M, ) k3 + (Jg/uoMit,)), the time-dependent
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SOT term related to the gain-loss mechanism is w;(t) =
(yey(t)/1 +a?), and the RKKY-related (static) coupling
term is g = (1 —ia)x with k= (yJp/(1 + a®)ugMit,).
With the Hall angle 65 = 0.06 and interface transparency
S = 0.25, the value of w; = «k corresponds to acharge current
density of J, = 9 x 108 A/cm?.

Results.—When the bias voltage on the spacer is alter-
nating with period 7, we have wjy(t + T) = wy,(t). For
clarity we study a simple periodic step function with
alternating polarity [cf. Fig. 1(b)] such that wy (0 <7<
7)=w; and w; (1 <t<T)=—w;. Thus, T =27. We
|

M — e~ (e‘idE(d —iwy) + €% (d + iwy)
P hd (eide — g=ide)g

Mo e~ e (e‘ide(d +iwy) + e (d — iwy)
N™= "4 (eide — g=ide)x

With the spacer current angular frequency wg = 7/7,
we introduced d = \/x* — w3, w, = (1 — ia)wy/wg, and
d, = (1 —ia)d/wg. The combined propagation matrix
after one period is M(T) = Mp(z)My(7). For periodic
driving, Floquet’s theorem states for solutions e~+'¢h, (1)
that the function (Floquet state) ¢, (1) = ¢.(t+ T), and
Floquet’s quasienergy .. € [0, wg] defined up to multiples
of WE.

At first, we analyze the case with constant SOT,
i.e., 7 — oco. Depending on the sign of wy, the evolution
follows Mp(f) or My(z), and from the eigenvalues V.
of the matrices we can obtain the complex Floquet
quasienergies as

ey = (1 —ia)(wy £+ d). (5)

For the constant SOT, these quasienergies are exactly the
same as the eigenfrequencies (optic and acoustic modes) of
the coupled waveguides with level spacing wq = 2d(1 — ia)
[15]. If @y — «, then d — 0 and the two modes coincide
[Figs. 2(a) and 2(b)] signaling the occurrence of a non-
Hermitian degeneracy point (EP) that separates the PT-
symmetry preserved and broken phases. Additionally, the
system becomes unstable when the imaginary part of e,
becomes positive (for wy > k), i.e., 0 < |d| — aw,. Under a
very small damping, the critical value for driving the
instability is set by EP. A nonvanishing « shifts the insta-
bility slightly above the EP. Here, the unstable and stable
regions are separated by the line w; = k (for the small
a = 0.004). Above the critical value (say at w; = 1.1x), we
simulate the time-dependent magnetization of WGI1 and
WG2. As shown in Figs. 2(c) and 2(d), the magnetization
oscillation is quickly amplified at the beginning. The
amplified oscillation renders the equilibrium magnetization
of WG2 switched to the —y direction. Then, the oscillation is

consider the case where the gain compensates for the loss
(meaning the two WGs are of the same material). Preparing
the system to be in the state (y9,y9), and starting with
positive (negative) SOT polarity from Eq. (2), the evolved
state after time 7 reads

() =imia() o

For positive (negative) w; we have

(e — e=ide)x >
e (d + iwy) + e (d — iwy) )’
(eide _ e_ide)K )

e~ (d — iwy) + €' (d + iwy)

(4)

I
soon damped. Enhanced oscillation amplitude invalidates the
linear assumption necessitating full numerical treatment (see
the Supplemental Material [50]).

For the time-periodic SOT, the two complex quasiener-
gies are deduced as

24?

e—2iwe ) )
€y =— ln{ [(e‘z’de + €% )2 = 207

+2k sinh(id,)[2(k* + x* cosh(2id,) — 2w%)]1/2} }

X wg/(2xi). (6)
(a) (c)
14 1.0
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FIG. 2. (a) Real and (b) imaginary parts of quasienergies €.

[Eq. (5)] as functions of SOT coupling strength @y at k, = 0 and
constant current in the spacer. For w;/x = 1.1, time-dependent
M, (c) and M, (d) at x = 2000 nm in WG1 and WG2 (obtained
from the numerical simulation based on Eq. (1)]. Spin waves are
excited by sinc pulse h(t) = h,z sin(wgt)/(wgt) with amplitude
h, =1 x 10> A/m and frequency range 50 GHz applied locally
to the region x = 0.
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FIG. 3. (a) Real and (b) imaginary parts of Floquet quasiener-
gies € [Eq. (7)] as functions of the amplitude wj of periodic SOT
with angular frequency wg = 7#GHz and k, = 0 for o — 0. Real
parts of ¢, in the zone —wg/2 and wg/2 (marked by blue dashed
lines) with 7 = 2z /wg being the ac charge current period. The
integers (14, 12,...) in (a) are the ratio (wy/wg) when €, cross.
(©) (w?/x*) and cos®((z/2)(wg/wg)) in Eq. (7). Blue full dots
mark Floquet EP conditions. Shadowed areas mark the range of
broken PT-symmetry phases. Note, the extension and the number
of the broken PT-symmetry islands are controllable by the charge
current density (e wj) and frequency (@p).

For small damping (@ — 0), €, simplify to

e 2exc? rwg\ @}
€. =—1In cos|— | ——
JZ WE K

27172
+ 2isin( 229 [cos? ( 224 —w—g e (7)
2mp 20p K 2ri

The following current-tunable cases are identified: (a) When
the frequency wg and amplitude w; of the driving current are
such thatcos?((7/2)(wq/wg)) > (w?/k?), the quasienergies
€. arereal and different, indicating a PT-symmetry preserved
phase. (b) Even in this phase, Floquet states may become
degenerate when the level spacing is a multiple of
the driving frequency, i.e., g = 2nwr and n is an integer
that resembles the standard multiphoton resonance for
weak driving [54] and is depicted in Fig. 3(a). (c) At
cos?((n/2)(wg/wr)) = (@3 /x?) the modes coalesce signal-
ing EPs in Floquet modes (called henceforth FEPs).
(d) Above the FEP [cos’((7/2)(wy/wg)) < (@?/x?)),
€, turn complex with the two real parts of ¢, being
degenerate, and the two imaginary parts are different,
which is indicative of the broken PT-symmetry phase.
Since (@?/x*) is monotonous, but cos?((z/2)(wg/w))

is periodic in wy, as we vary the current spacer strength
(varying thus wy), several broken PT-symmetry islands
appear (shaded areas in Fig. 3). FEPs mark the boundaries
of these islands.

Numerical calculations (Fig. 3) based on Eq. (7) prove
the cases (a)—(c). Importantly, the values of FEPs occur
at much smaller w; (which is proportional to the current
density) as the conventional EP (at w; = k), with the
first FEP arising at w; = 0.34x. For small damping
a =2 x 107, a-induced differences in e, are negligible
(see calculations in the Supplemental Material [50]). In
the PT-symmetry preserved case, the quasienergies ¢, satisfy
asusualey = e, + nwg, withn = 0, £1, ... (see Fig. 3). For
larger damping, e.g., @ = 0.004, in the broken PT-symmetry
phase small gaps appear between the real parts, and two
Re[e. | coalesce only at the center, and two imaginary parts
Im[e ] are more separated there. Additionally, the damping
brings in a finite Im[e. ] outside the broken PT-symmetry
phases. These larger finite damping-induced features make
the FEPs not as clear as for small damping, still we can
identify the FEP regions and broken PT-symmetry phase
from the region with more separated Im|e.|.

Varying charge current strength (meaning gain-
loss strength) the stability behavior can be controlled.
Around FEPs (below @y =k,) the imaginary parts turn
positive, indicating driven instability, i.e., large-amplitude
magnetization dynamics. For example, for w;/x = 0.388
in the instability range, the enhanced magnetization oscil-
lation is shown in Figs. 4(c) and 4(d). In contrast to a
time-constant current (wg — 0), the enhanced magnetiza-
tion oscillation persists long after reaching the maximal
amplitude. For the range with stable oscillation (say
80 < t < 100 ns), we show the frequency spectrum [see
the inset of Fig. 4(d)]. Mainly two resonance frequencies
are excited, corresponding to the k, = 0 mode of the in-
phase acoustic oscillation and the out-of-phase optic
oscillation in the coupled WG1 and WG2. Importantly,
the excited resonance frequencies differ from the frequency
of the spacer current (0.5 GHz) offering so a new method to
generate high-frequency magnons by an electric current
with a very low frequency. Furthermore, we calculate
the k, —w; (at 7 =1 ns) and 7 — wy (at k, = 0) stability
diagram [Figs. 4(e) and 4(f)]. For low k,, several instability
islands are substantial in size; all areas shrink with
increasing k,. For smaller current period 7' the separated
instability areas can be enlarged. Important for a possible
experimental realization, to drive the auto-oscillation inside
the instability islands with broken PT-symmetry phase,
the required precision in 7' is lower for the larger SOT
amplitude wy. For example, in our estimation, to drive the
instability, the smallest SOT amplitude is w;/x = 0.03,
which requires the time period 7 = (14.2 4 0.2) x 107! s,
i.e., the precision is around 2 ps. w;/x = 0.1 allows for
T=(142+1)x10"""s, and larger w;/x =0.2 has
T = (14.6 £2) x 107! s, indicating lower and lower pre-
cession requirement.
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FIG. 4. For the periodic SOT term w; (with amplitude wy) and
a = 0.004, (a) real and (b) imaginary parts of quasienergies ¢
[Eq. (6)] as functions of the amplitude w; with the period
parameter 7 =1 ns and k, = 0. When w;/x = 0.388 (inside
the instability range), time-dependent (c) M_(x = 2000 nm)
and (d) averaged M, in WG1 and WG2 [obtained from the
numerical simulation based on Eq. (1)]. A sinc pulse is applied,
meaning h(z7) = h,z sin(wgt)/(wgt) with the amplitude h, = 1 x
10° A/m and frequency range of 50 GHz, acting locally on the
region x = 0. The inset in (d) is the frequency spectrum of the
magnetization oscillation in last 20 ns. The red curves (WG1) are in
the same range with WG2 curves, which are intentionally offset for
clarity. (e),(f) The stability phase diagram on the (e) k, — w; space
withz = 1 ns, and (f) 7 — wy space with k, = 0. The shaded region
corresponds to the unstable oscillation.

For comparison, we also apply constant and periodic
SOT to a single waveguide. We consider the SOT
T =ycym x (—y) xm and the equilibrium stable mag-
netization my =Yy. Following the same procedure dis-
cussed above, the quasienergy for constant w; in a
single WG is (1 — ia)(wy + iwy). When the antidamping
SOT counteracts the damping torque, the imaginary value
wy — awqy > 0, and the equilibrium magnetization my =y
loses its stability. The conclusion agrees well with SOT-
induced magnetization oscillation, but the induced oscil-
lation is not sustained. The magnetization is soon reversed
to —y and the oscillation is damped. This is in line with
studies showing that a sustained auto-oscillation requires a
finite tilt angle between the electric polarization and the
equilibrium magnetization directions [44—47]. For periodic
oy in a single WG, the quasienergy becomes (1 — ia)wy,
which is independent of the amplitude of w;. The reason
behind this is that the opposite SOT effects from two half
periods are completely neutralized. In addition, the above
periodic varying SOT is realized in the time domain. In the

Supplemental Material [50], we also analyze a spatially
periodic gain and loss driven by SOT. As the spin-wave
also experiences periodically varying gain and loss during
the propagation, we identify lower EPs and auto-oscillation
in the broken PT-symmetry phase above EP. Our inves-
tigation of a system with a coupled periodic loss and
more loss mechanism (Supplemental Material [50]) also
uncovers similar features of EPs, demonstrating the ver-
satility of magnonics when combined with PT symmetry.
Conclusions.—We proposed, simulated, and analyzed
the magnonic dynamics in a time- or space-dependent
periodic PT-symmetric environment. We identify typical
PT-symmetry phenomena. Via the period and the amplitude
of driving fields, EPs and instability threshold can be
controlled. Different from the case with a homogeneous
gain and loss, in the instability region the induced mag-
netization oscillation is strong and self-sustained, which
constitutes a new effective way for realizing magnetization
auto-oscillation without the need for a tilt angle in the
electric polarization with respect to the equilibrium mag-
netization direction in a single waveguide. This finding can
be used for designing SOT oscillators. For the spatially
periodic case, the EP can be reached at small SOTs or
charge currents when two modes approach each other,
which can be achieved via an appropriate modulation of the
magnonic crystal. The electric and magnetic nonlinear
response at EP points to a new type of electrically
manipulable Floquet magnonic metamaterials.
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