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We study the motion of a heavy impurity in a one-dimensional Bose gas. The impurity experiences the
friction force due to scattering off thermally excited quasiparticles. We present detailed analysis of an
arbitrarily strong impurity-boson coupling in a wide range of temperatures within a microscopic theory.
Focusing mostly on weakly interacting bosons, we derive an analytical result for the friction force and
uncover new regimes of the impurity dynamics. Particularly interesting is the low-temperature T2

dependence of the friction force obtained for a strongly coupled impurity, which should be contrasted with
the expected T4 scaling. This new regime applies to systems of bosons with an arbitrary repulsion strength.
We finally study the evolution of the impurity with a given initial momentum. We evaluate analytically its
nonstationary momentum distribution function. The impurity relaxation towards the equilibrium is a
realization of the Ornstein-Uhlenbeck process in momentum space.
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Introduction.—Advances in ultracold quantum gases
have led to experiments with unprecedented control over
the creation, manipulation and high-resolution imaging of
distinguishable particles (impurities) [1–10]. They have
opened a new door into a rich physics of the dynamics of an
impurity through a many-body environment. A particularly
interesting aspect is the possibility to tune the strength of
the impurity-environment coupling and explore strong-
coupling regimes.
A one-dimensional quantum liquid is especially interest-

ing environment due to constraints imposed by the reduced
dimensionality. The motion of mobile impurities through
such a system has attracted a lot of attention [11–17].
A slow impurity propagates without dissipation at zero
temperature [18–20]. This hallmark of superfluidity dis-
appears at nonzero temperatures. As a result of impurity
scattering off thermally excited quasiparticles, the dissipa-
tion occurs. In an early study [19], a heavy impurity moving
through a Luttinger liquid was considered. It was shown that
the friction force experienced by the impurity behaves as the
fourth power of temperature. Later, the prefactor of this law
has been expressed in terms of the chemical potential of the
liquid, the chemical potential of the impurity and its effective
mass [11,21], which are, in general, unknown quantities.
This phenomenological theory is valid for arbitrary inter-
action strengths but is limited to very low temperatures.
In this Letter, we significantly advance the state of the art

by developing a microscopic theory for the motion of a
heavy impurity through a Bose gas in a wide range of
temperatures. Our study applies to an arbitrary strong
impurity-boson coupling and weak boson-boson interac-
tion. We evaluate analytically the friction force and the
impurity diffusion constant in momentum space. This
enables us to study the relaxation of the impurity with a

given initial momentum and find its exact nonstationary
distribution function. The friction force shows rich behav-
ior, see Fig. 1. A particularly striking result is the severe
suppression of the parameter region where the T4 depend-
ence occurs and the appearance of T2 law at strong
impurity-boson coupling. We argue that this new low-
temperature regime exists at arbitrary boson-boson inter-
action strength.

FIG. 1. Schematic diagram showing different regimes of the
impurity dynamics characterized by the dimensionless friction
force F ðT̃; G̃Þ, see Eq. (6). The dimensionless temperature is
T̃ ¼ T=mv2 and the dimensionless impurity strength is
G̃ ¼ G=ℏv. Here v is the sound velocity and m denotes the
mass of bosons. The two regions with T4 scaling follow from
Eq. (15).
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Simple understanding of different regimes is as follows.
The contribution to the friction force originating from a
scattering of a quasiparticle off the impurity is proportional
to its reflection probability. The quasiparticles are almost
completely reflected off a strongly coupled impurity, while
the reflection probability is proportional to the square of the
quasiparticle momentum otherwise [22]. This behavior
provides the explanation for the crossover from T4 into
T2 dependence with the increasing impurity coupling: since
the momentum of thermally excited quasiparticles is
p≲ T=v, the exponent of the temperature diminishes by
two. Here v denotes the sound velocity. This scenario is
realized for an arbitrary strength of the repulsion between
the bosons. Moreover, the T2 behavior of the friction force
is the impurity-coupling independent, as the refection
amplitude is. Note that the latter regime is out of reach
of the theory developed in Refs. [11,21] that is a priori
limited to T → 0.
Model.—We study the system of one-dimensional inter-

acting bosons in the presence of a mobile impurity. The
bosons are modeled by the Lieb-Liniger Hamiltonian

Hb ¼
Z

dx

�
−ψ̂† ℏ

2
∂
2
x

2m
ψ̂ þ g

2
ψ̂†ψ̂†ψ̂ ψ̂

�
: ð1Þ

Here g > 0 denotes the repulsive contact interaction
between bosons and m is their mass. The bosonic field
operators satisfy the commutation relations ½ψ̂ðxÞ; ψ̂†ðx0Þ� ¼
δðx − x0Þ and ½ψ̂ðxÞ; ψ̂ðx0Þ� ¼ 0, with δðxÞ being the Dirac
delta function. The total Hamiltonian is given by

H ¼ Hb −
Z

dxΨ̂† ℏ
2
∂
2
x

2M
Ψ̂þG

Z
dxΨ̂†Ψ̂ψ̂†ψ̂ : ð2Þ

The second term of Eq. (2) is the kinetic energy of the
impurity of the mass M expressed in terms of the impurity
field operator Ψ̂ðxÞ. The impurity is coupled to the bosons
via the density-density interaction of the strength G. We
consider a heavy impurity, with a finite massM ≫ m. Note
that this is very different from the case of an infinitely heavy
impurity considered in Refs. [23–28]. We study weakly
interacting bosons that are characterized by the dimension-
less parameter γ ¼ gm=ℏ2n0 ≪ 1. In this case the quasi-
particles of the Hamiltonian (1) have the Bogoliubov
dispersion relation εp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2p2 þ p4=4m2

p
. Here the sound

velocity is v ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
gn0=m

p
and themean density of the bosons

is n0. We introduce the dimensionless parameter G̃ ¼ G=ℏv
that measures the strength of the impurity-boson coupling
constant. We consider G̃ of an arbitrary strength in the case
of repulsion (G̃ > 0), while for an attractive impurity-
boson interaction, we restrict our analysis to moderate
values jG̃j≲ 1 due to a collapse of the bosons onto the
impurity at strong attraction.

Friction force.—We study the impurity with a velocity
smaller than the critical velocity of the superfluid [20], such
that it cannot emit the Bogoliubov quasiparticles. However,
the impurity dissipates energy due to scattering off ther-
mally excited quasiparticles [19]. The resulting friction
force exerted on the impurity can be expressed as the mean
change of its momentum in unit time

F ¼
X
δQ

δQWQ;QþδQ: ð3Þ

Here,WQ;QþδQ denotes the probability per unit time for the
impurity to experience a scattering event that changes its
momentum from Q into Qþ δQ.
In order to evaluate WQ;QþδQ, let us consider the frame

of reference where the impurity is at rest and where an
incoming quasiparticle with momentum p scatters off it.
We can express p ¼ ðδQ=2Þ½1þOðm=MÞ� using the
energy and the momentum conservation laws. Assuming
that there is a single quasiparticle with momentum p in
the system, its probability to scatter off the impurity per
unit time is jrðp=mv; G̃Þj2jdεp=dpj=L. Here, rðp=mv; G̃Þ
denotes the reflection amplitude, the quasiparticle velocity
is dεp=dp, and L is the length of the system. Taking into
account that the mean number of quasiparticles of a given
energy is determined by the Bose occupation number
nðϵÞ ¼ ðeϵ=T − 1Þ−1, we express [29,30]

WQ;QþδQ¼ 1

L

����dεpdp

����jrðp=mv;G̃Þj2nðε̃pÞ
�
1þnðε̃p−δQÞ

�
: ð4Þ

We have assumed that the bosons are in the thermal
equilibrium. The energy of the bosonic quasiparticle that
scatters off the heavy impurity is ε̃p ¼ εp þ ðQ=MÞp in the
laboratory frame. The Boltzmann constant is set to unity.
Now we are ready to evaluate the friction force by

substituting Eq. (4) into Eq. (3). The leading order term of
the product of the Bose occupation factors appearing in
Eq. (4) scales as ðm=MÞ0 and is an even function of δQ.
Since the remaining part of the summand in Eq. (3) is an
odd function of δQ, the leading contribution in Eq. (3)
originates from the term linear in m=M of the product of
occupation factors while the rest can be evaluated at
ðm=MÞ0 order. We thus obtain

F ¼ −
m2v2Q
ℏM

F ðT=mv2; G̃Þ; ð5Þ

where the dimensionless force is given by

F ðT̃; G̃Þ ¼ 1

2πT̃

Z
∞

0

dk
k2jrðk; G̃Þj2

sinh2
�
k

ffiffiffiffiffiffiffiffi
4þk2

p
4T̃

	 2þ k2ffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ k2

p : ð6Þ

We have checked that only the leading term in the
expression for p can be used in Eq. (3), i.e., p ¼ δQ=2.
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The reflection amplitude of the Bogoliubov quasiparticles scattering off a static infinitely heavy impurity was studied in
Refs. [22,31,32] within the Bogoliubov–de Gennes theory. It reads as [32]

rðk; G̃Þ ¼ ikð1 − η2Þ�k2ð2ηþ qÞ þ 4ðη3 þ ηÞ þ q3 þ 2ηq2 þ 4η2q
�

�
kηþ iðη2 þ 1Þ�ðk − iqÞ�k2ð2ηþ qÞ þ ikð2ηþ qÞ2 − 2ηð2η2 þ q2 þ 2ηq − 2Þ� ; ð7Þ

where q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ k2

p
and η ¼ 


−G̃þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ G̃2

p �
=2. In the

following, we evaluate analytically the friction force (5)
supplemented by Eq. (7) in different parameter regions.
Strong-coupling regime and low temperatures.—At low

temperatures, T̃ ¼ T=mv2 ≪ 1, the low-energy quasi-
particles with momenta p≲mvT̃ are excited. Then the
dimensionless friction force (6) becomes

F ðT̃; G̃Þ ¼ 4T̃2

π

Z
∞

0

x2jrð2T̃x; G̃Þj2
sinh2ðxÞ dx: ð8Þ

For strong impurity-boson interaction, G̃ ≫ 1, Eq. (7)
becomes

rðp=mv; G̃Þ ¼ G̃p

G̃pþ imv
: ð9Þ

We distinguish two parameter regions. The reflection
probability of quasiparticles with a very low momentum
p ≪ mv=G̃ is small, jrj2 ¼ ðG̃p=mvÞ2. From Eq. (9), it
follows that the quasiparticles with momentum p ≫ mv=G̃
are completely reflected off the strongly coupled impurity,
r ¼ 1. Therefore, the friction force shows two different
behaviors. For 1=G̃ ≪ T̃ ≪ 1, it becomes G̃ independent in
the leading order and reads as

F ¼ −
2π

3

T2Q
ℏMv2

; ð10Þ

while at lowest temperatures T̃ ≪ 1=G̃ ≪ 1, it is

F ¼ −
8π3

15

G2T4Q
ℏ3m2Mv8

: ð11Þ

Thus, we have determined the full dependence of the
expected T4 scaling and its parameter region of validity.
The crossover between the regimes (10) and (11) is given
by Eqs. (8) and (9). At extremely low temperatures
T̃ ≪ γ1=4, the quasiparticles with very small momenta
p≲ γ1=4mv are excited. They are different from the
Bogoliubov quasiparticles [33] and the evaluation of their
reflection amplitude requires a separate study [11,21,34].
Thus, Eq. (11) is valid at T̃ ≫ γ1=4.
It is interesting to note that the new law (10) should apply

for any repulsion strength between the bosons. The reason
is that Eq. (8) is valid for any γ but with an unknown

reflection amplitude r. In derivation of Eq. (8) we have
assumed that temperature is low (T ≪ mv2) and used the
fact that the lowest energy excitations are the phonons with
the linear dispersion relation εp ¼ vjpj. This is the case at
any γ. The evaluation of the reflection amplitude r at any γ is
beyond the scope of this work. However, for a sufficiently
strong coupling G̃ at a given temperature T̃, the reflection
amplitude should approach unity and therefore Eq. (10)
arises from Eq. (8). Note that the reflection amplitude (7) is
obtained using the Bogoliubov–de Gennes formalism and is
limited to weakly interacting bosons.
Strong-coupling regime and high temperatures.—Here,

we study in more detail the parameter region G̃ ≫ 1 and

T̃ ≫ 1. Then, the quasiparticles with momenta p≲mv
ffiffiffiffĩ
T

p
are thermally excited. We first analyze the behavior of
their reflection probability as a function of momentum.
From Eq. (9), it follows that jrj2 increases from zero and
reaches one at p ≫ mv=G̃. It remains one and only at very
high momenta, p ≫ mvG̃, it decays to zero. Indeed, the
reflection amplitude (7) takes the form rðp=mv; G̃Þ ¼
G̃mv=ðG̃mv − ipÞ for p ≫ mv. As a result, the dimension-
less friction force can be written as

F ðT̃; G̃Þ ¼ 2

π
G̃2

Z
∞

0

dx
sinh2ðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4x2T̃2

p
− 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4x2T̃2

p
þ G̃2

: ð12Þ

We can evaluate the integral (12) in the parameter regionffiffiffiffĩ
T

p
≫ G̃ ≫ 1, finding

F ¼ −
8

π

mQT
ℏM

ln ðG=ℏvÞ: ð13Þ

For G̃ ≫
ffiffiffiffĩ
T

p
≫ 1, Eq. (12) yields the impurity-coupling

independent result

F ¼ −
4

π

mQT
ℏM

ln ðT=mv2Þ: ð14Þ

Note that for an arbitrary T̃, in the case where the impurity

coupling constant satisfies G̃ ≫ maxf1; T̃−1;
ffiffiffiffĩ
T

p
g, after

the replacement 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4x2T̃2

p
þ G̃2 ≈ G̃2 in Eq. (12), this

modified integral provides the crossover between the high-
temperature result (14) and the low-temperature result (10).
Throughout the Letter, we assume T̃ ≪ 1=

ffiffiffi
γ

p
such that the

system of bosons is in a quantum coherent regime [35].
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Also the temperature must be sufficiently low such that the
impurity is not thermally excited above the critical velocity.
For a heavy impurity, the critical velocity can be estimated
to be of the order of πℏn0=M [34] leading to the
condition T̃ ≪ minfm=Mγ; 1=

ffiffiffi
γ

p g.
Other regimes.—Let us evaluate the friction force in the

remaining regimes shown in Fig. 1. At lowest momenta,
p=mv ≪ minf1; 1=G̃g, the reflection amplitude (7)
behaves as rðp=mv; G̃Þ ∼ p. Thus, at T̃ ≪ 1 and G̃ T̃ ≪ 1,
we can perform the integration in Eq. (8) and obtain

F ¼ −
2π3

15

QT4

ℏm2Mv6

�
2þ G̃2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ G̃2

p þ G̃ − 1

�
2

: ð15Þ

Here, the impurity potential can be also attractive, satisfy-
ing jG̃j≲ 1. In the case of weak coupling, jG̃j ≪ 1,
Eq. (15) simplifies into F ¼ −2π3G2T4Q=15ℏ3m2Mv8,
in agreement with Refs. [21,34,36]. The later equation
remains valid at extremely low temperatures T̃ ≪ γ1=4,
contrary to Eq. (11). Also note that our theory is an
expansion in small m=M, and thus it is limited
to G=g ≪ M=m. Expression (15) describes the friction
force in the crossover region, from weak to strong G̃
at low temperatures. In the strong coupling regime,
T̃−1 ≫ G̃ ≫ 1, Eq. (15) simplifies to Eq. (11).
At high temperatures T̃ ≫ 1 and G̃ ≪

ffiffiffiffĩ
T

p
, the dimen-

sionless force (6) becomes linear in T̃

F ðT̃; G̃Þ ¼ 8T̃
π

Z
∞

0

dk
2þ k2

ð4þ k2Þ3=2 jrðk; G̃Þj
2: ð16Þ

This expression is well defined, since jrðk; G̃Þj2 ∼ 1=k2

at large k. Note that Eq. (16) applies also to the case
of attractive impurity potential with jG̃j ≲ 1. At weak
coupling jG̃j ≪ 1, the reflection amplitude simplifies
and the integral (16) can be evaluated analytically. We
find F ¼ −ð4 − πÞmG2TQ=πℏ3Mv2, in agreement with
Ref. [36]. The crossover from the low-temperature to the
high-temperature expression at weak coupling is given by
Eq. (6), once the reflection amplitude is replaced
by jrðp=mv; G̃Þj ¼ mvjG̃pj=ð2m2v2 þ p2Þ.
Diffusion coefficient in momentum space.—Next we

evaluate the impurity diffusion coefficient in momentum
space, D ¼ P

δQ δQ2WQ;QþδQ. In the leading order, the
product of the Bose occupation factors appearing in
WQ;QþδQ, see Eq. (4), behaves as ðm=MÞ0 and is an even
function of δQ. Since the remaining part of δQ2WQ;QþδQ is
also even, the diffusion coefficient in the leading order
satisfies

D ¼ −2FMT=Q; ð17Þ

where F is given by Eq. (5). Thus, all the above obtained
results for the friction force in different parameter regions

lead to expressions for the diffusion coefficient, once the
relation (17) is used.
Impurity relaxation.—The impurity motion through the

quantum liquid is stochastic due to its collisions with
thermally excited bosons. In order to characterize it, we
consider time dependent distribution function fðt; QÞ of the
impurity. It satisfies the transport equation

∂fðt; QÞ
∂t

¼
X
Q0

�
fðt; Q0ÞWQ0;Q − fðt; QÞWQ;Q0

�
: ð18Þ

The scattering probability per unit time WQ;QþδQ is a
peaked function of δQ. Since the impurity is heavy,
WQ;QþδQ varies slowly with Q on the scale of the typical
value of δQ. Assuming that the distribution function
satisfies the latter condition as well, we can bring the
collision integral to the Fokker-Planck form [37,38]

∂f
∂t

¼ ∂

∂Q

�
−Ff þ 1

2

∂ðDfÞ
∂Q



: ð19Þ

The relation (17) guarantees that the right-hand side of
Eq. (19) vanishes once the stationary Maxwell-Boltzmann
distribution is reached.
We can now study the evolution of the distribution

function towards the equilibrium one. The initial momen-
tum of the impurity isQ0, i.e., fð0; QÞ ¼ δðQ −Q0Þ. In the
leading order, the diffusion coefficient characterizing the
impurity is Q independent and the friction force is linear
in Q. Thus, Eq. (19) describes the well-know Ornstein-
Uhlenbeck process and it can be solved exactly using the
method of characteristics. The nonstationary solution
reads as [39]

fðt; QÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πMTð1 − e−2t=τÞ

p exp

�
−

ðQ −Q0e−t=τÞ2
2MTð1 − e−2t=τÞ



;

ð20Þ

where the relaxation time τ ¼ Q=jFj is Q independent. F
denotes the friction force (5) that we have evaluated
previously; see Fig. 1. Equation (20) enables us to evaluate
various statistical properties of the impurity. For example,
the average momentum vanishes as Q̄ ¼ Q0 exp ð−t=τÞ,
while the variance increases as ðQ − Q̄Þ2 ¼
MT½1 − exp ð−2t=τÞ�. At short times t ≪ τ, the impurity

motion in momentum space is diffusive: ðQ − Q̄Þ2 ¼ Dt.
In the opposite case t ≫ τ, the stationary Maxwell-
Boltzmann distribution is reached.
Conclusions.—In this Letter, the dissipative dynamics of

an impurity in a one-dimensional Bose gas is studied
analytically. We have developed a microscopic theory that
treats an arbitrarily strong impurity-boson coupling as well
as a wide range of temperatures. Our approach takes
advantage of weak interactions between bosons and
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accounts for the nonlinearities through the Gross-Pitaevskii
equation and the Bogolioubov–de Gennes formalism. We
also take into account the full nonlinear dispersion relation
of the Bogoliubov quasiparticles, contrary to Refs. [11,21].
There the nonlinear Luttinger-liquid theory is used that is
limited to the lowest momenta and thus to the lowest
temperatures. Various regimes of the impurity motion are
shown in Fig. 1. The striking result is the low-temperature
T2 dependence (10) of the friction force exerted on the
impurity. At strong impurity coupling, the region with
expected T4 scaling [19] is strongly suppressed. The reason
is that in the presence of a strong impurity coupling, the
thermally excited quasiparticles (p≲ T̃mv) with momenta
above mv=G̃ are almost completely reflected from the
impurity. Thus, at G̃ ≫ 1=T̃, the new regime appears. We
have argued that it exists for an arbitrary boson-boson
repulsion. The friction force controls the impurity dynam-
ics. It enters the Fokker-Planck equation as the main
parameter. We find its exact solution (20) describing the
relaxation of the impurity with a given initial momentum
towards the equilibrium.
Our results bring new insights into various phenomena

involving the impurity dynamics. The detailed knowledge
of the friction force experienced by the impurity allows us
to fine-tune it, and thus it is needed for understanding and
experimental realizations of the driven impurity motion,
e.g., the spectacular phenomenon known as the Bloch
oscillations in the absence of lattice [10–12]. Another
example is the dynamics of the process of formation of
a quantum-mechanical bound state of two dressed mobile
impurities immersed onto quantum liquid, i.e., the bipo-
laron. The experimental setups with cold atoms provide
promising test beds for our predictions due to tunability of
the interaction strength between the impurity and host
atoms through the Feshbach resonances and developed
powerful measurement techniques [1,2,4,5,10,40]. Also a
recent realization of a one-dimensional quantum liquid of
4He atoms confined within a porous material using nano-
engineering [41] could be useful experimental platform.
Besides that, the method developed in this work for
evaluation of the friction force is quite general and could
be extended to studies of other multicomponent fermionic
or bosonic systems with spins.
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