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Mauricio Leston ,1’2 Andrés Goya ,1 Guillem Pérez—Nadal,2 Mario Passaglia,2 and Gaston Giribet®®
'Instituto de Astronomia y Fisica del Espacio IAFE-CONICET, Ciudad Universitaria, IAFE, 1428 Buenos Aires, Argentina
2Deparmmento de Fisica, Universidad de Buenos Aires FCEN-UBA and IFIBA-CONICET,

Ciudad Universitaria, Pabellon 1, 1428 Buenos Aires, Argentina
3Department of Physics, New York University, 726 Broadway, New York, New York 10003, USA

® (Received 17 July 2023; accepted 16 October 2023; published 1 November 2023)

The partition function of three-dimensional quantum gravity has been argued to be one-loop exact. Here,
we verify the vanishing of higher orders in perturbation theory by explicit computation in the second-order
metric formulation at three loops. The number of one-particle irreducible Feynman diagrams involving
both gravitons and ghosts turns out to be 17. Using dimensional regularization, we solve all the diagrams.
At two loops, we find that all such diagrams vanish separately after regularization. At three loops, in
contrast, a series of remarkable cancellations between different diagrams takes place, with nine diagrams
beautifully conspiring to yield a vanishing result. Our techniques are suitable to be applied to higher loops
as well as to similar computations in higher dimensions.
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Introduction.—The  partition function of three-
dimensional quantum gravity has been shown to be one-
loop exact. In the case of the theory around anti—de Sitter
(AdS) space, this was proven by Maloney and Witten by
the explicit computation of the sum over configurations [1],
and this turns out to be consistent with the following
argument: in three-dimensional gravity around AdS, in
addition to the classical action, the partition function
receives contributions of states that are Virasoro descend-
ants of the background geometry. This follows from the
analysis of the asymptotic symmetries in AdS performed
by Brown and Henneaux [2]. Such contributions, often
referred to as boundary gravitons, organize themselves as
Virasoro descendants, and their logarithm, being indepen-
dent of the Planck length, is identified as the one-loop
contribution to the effective action. This insight led
Maloney and Witten to argue that, without further con-
tributions, the full gravity partition function around AdS
turns out to be one-loop exact, with the only nonvanishing
contributions being the classical action and the Virasoro
character, cf. [1,3,4]. In the case of the theory with zero
cosmological constant the one-loop exactness of the 3D
gravity partition function was discussed by Witten in an
earlier paper [5], where a computation in the first-order
formulation was given, cf. [6]. Witten argued that the
perturbative expansion in the theory must terminate at one
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loop. More recently, the authors of [7] found that the one-
loop determinant computation of the gravity partition
function reproduces the character of the Bondi-Metzner-
Sachs group, namely the group of asymptotic diffeomor-
phisms preserving the boundary conditions of Minkowski
space at null infinity [8—10]. This led to the conclusion that,
as it happens in AdS, the partition function of 3D Einstein
gravity in flat space is also one-loop exact, with the full
effective action being given by the classical contribution
plus a group character, cf. [11-14]. However, it still
remains to be seen how the one-loop exactness of the
partition function manifests itself in the second-order
metric formulation, especially because previous calcula-
tions, while heuristically convincing, are not conclusive:
the path integral computation performed in [5] for flat space
included degenerate metrics in the configuration space, and
the computation for AdS in [1] relies on the Brown-
Henneaux prescription for the configuration space and
leads to a final result whose interpretation still remains
unclear. As the authors of [7] stated, it would be interesting
to verify the one-loop exactness of the 3D gravity from a
direct gravitational computation. This is exactly the com-
putation we will address in this Letter: we will compute the
partition function of 3D gravity partition function around
flat space in the metric formalism at third order in
perturbation theory. That is to say, we will perform an
explicit field theory computation of the gravitational
effective action at two and three loops.

This Letter is organized as follows: in the next section,
we present the tools that will equip us for the perturbative
computation. We write down the gravity action in a
convenient form and discuss the Faddeev-Popov gauge
fixing terms and the action for the ghost fields. We then
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write the vertices and the propagators for the ghost and
the graviton. All these ingredients suffice to derive the
Feynman rules. In the third section, we compute all the
Feynman diagrams. At two loops, we find that all con-
nected diagrams vanish separately after dimensional regu-
larization, in agreement with previous computations in the
literature. At three loops, in contrast, a series of remarkable
cancellations between different diagrams takes place, with
nine one-particle irreducible (1PI) diagrams beautifully
conspiring to yield a vanishing result. As the steps we
follow in this work can be applied to higher loops and also
adapted to higher dimensions, we briefly comment on that
at the end of the third section. The fourth section contains
our conclusions.

Perturbation theory.—The Einstein-Hilbert gravitational
action is

2
Sgn = —PA d*x\/|g|R + Boy, (1)
d

where |g| is the determinant of the metric and R is the scalar
curvature on the d-dimensional manifold M. By, stands
for boundary terms that render the variational principle
well-posed. The coupling constant x> = 32z£%72 gives the
Planck length, #p, in d spacetime dimensions. The quantity
k>h organizes the loop expansion. Hereafter, we set 4 = 1
and keep track of powers of «.

A convenient way to rewrite the Einstein-Hilbert action
is the following:

Sen = =53 / d’x\/|glg™ g 9" ( nGabOnrs
- amgarangbs + 2amgbraagns - 2amgnaabgrs>ﬂ

where we are excluding boundary terms [15].
We will perform an expansion of the gravitational field
around a background metric g,;,, namely,

Yab = gub + Khab' (2)

In our case, the background metric will be that of flat space,
i.e., g, = Nap; Nevertheless, for completeness, let us write
some formulas in full generality; this will allow to show
that the techniques we employ are applicable to compu-
tations around other maximally symmetric solutions. In
the action above one replaces the perturbation around g,
and obtains an infinite series in /,,,; this obviously follows

‘gl’ Yab> and gab
first terms of the expansion come from |gl2 = |g2(1 +
1KG"™ hyy + ...) and g* = g — kg™ gP" h,,,, + - - -, where
the ellipses stand for subleading (higher-order) contribu-
tions. At order O(k°h?) we have the canonically normal-
ized quadratic kinematic operator; at order O(kh?), the

from expanding in terms of A,,,. The

three-graviton vertex; at order O(x?h*), the four-graviton
vertex, and so on and so forth. At three loops, there are be
contributions up to order O(k*h°); see diagram Df) below.

Einstein-Hilbert action has to be supplemented with
gauge fixing terms. The piece of the full action that

implements the gauge fixing reads
gf - / dd-x |g mgmnf (3)

where the function f™ on the background metric g,,, with a
perturbation #,,,, is given by

S
fm= <§lmvn - 2§lnvm> M- (4)

V is the covariant derivative compatible with the back-
ground metric g, namely, Va Gep = 0.

The action for the ghost field ¢* and the antighost
field ¢’ is

O m
Sgh = / ddx |g‘cm Sh [’cgrsa (5)
M, rs

where L.g,, is a Lie derivative of the full metric g,;, with
the respect to the ghost field ¢’

‘chrs = ZQI(svr)Cl + Clvlhrs + 2hl(svr)cl' (6)

Then, up to a total derivative, the ghost action takes the
form

Sen = / dx+/|g| [gkaSVch + &'V V.l =&V, V,c!
Mtl
iy <V’¢‘:Svlhsrcl VR, P, T
_-v e el =V, emhy, VP lﬂ (7)

These formulas are consistent with the ones in the literature
[16-18].

Hereafter, we restrict the discussion to flat space. This
amounts to replacing g,, — 1, and V,, = d,, in the
expressions above. In flat space, the ghost propagator is

A% k] = —i

(gh) 2 (8)

with k being the momentum.
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The Einstein-Hilbert action takes the form

1
SEH = _5/ ddx |g|gmng grr (amhabanhrs
M,
- amharanhbs + 2amhbraahns - 2amhnaabhrs) ’

which can further be expanded in powers of xkh“’. This
yields the graviton vertices and the graviton propagator

j 2
Azrérrzgzb[k] _ 2k2 (nma;,lnb + l,[mbnna _ . 2l,lmnnab> . (9)

Propagators (8) and (9) are written with Minkowski
signature. Here, however, we will work in the Euclidean
formalism. This amounts to carefully collect relative signs
of vertices and propagators in the diagrams. In momentum
space k*= (k" k' k*), we perform the Wick rotation
k® — ik3, with M, being now locally equivalent to R?
with Euclidean signature. Since we are interested in
computing the partition function at finite temperature,
we consider the periodic Euclidean time direction,
M3 = R* x S, which demands the momentum &> along

the thermal cycle to be quantized; namely, k* = 2zn/p,
with n€ Z and f€R. being the inverse of the temper-
ature. Nevertheless, we will abuse the notation and write
the formal sum [ dk;(.) to refer to the integration measure
on the /th d momentum, while keeping in mind the sum
over discrete values for the component &;.

In the next section, we will apply the ingredients
presented above to the computation of the gravitational
effective action at two and three loops.

Three-loop partition function.—Partition function: The
statement that the 3D gravitational partition function is one-
loop exact can easily be translated into a statement about
the effective action. Consider the expansion of partition
function

logZ =Y n'sy). (10)
n=0

with Si}? being the nth order contribution to the effective
action, with Sgg ~ O[k*=1]; Sé?f) and ng) being given by
the classical action and the one-loop determinant, respec-
tively. Then, one-loop exactness is equivalent to assert that

S&'f) = 0O to all order n > 1 in perturbation theory—or, more
precisely, that higher orders in perturbation theory only
contribute to the renormalization of the parameters appear-
ing in the semiclassical theory [4]. Here, we will prove that

ng) and ng) are actually zero.

Two loops: At two loops, there are only three 1PI
diagrams, which are depicted in Fig. 1. While we have to
solve all connected diagrams, all those that are reducible

(o) @
D, s D
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/ \
/ \
! \
\ /
\ /
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D,,®
FIG. 1. Two-loop 1PI diagrams.

(Fig. 2) vanish by dimensional regularization. This means
that we have to focus on the 1PI. We have to solve the
Feynman type integrals corresponding to each of such
diagrams and perform dimensional regularization. We
introduce the notation d( ) = [D( )] to denote the result

of the calculation of the ith, Z-loop diagram D,(- ). The
symbol [X] refers to the value of the quantity X after
dimensional regularization. It turns out that the three
diagrams in Fig. 1 also vanish after dimensional regulari-

zation. That is to say, d(lz) = [Dgz)] =0, dg) = [Dgz)] =0,
and dfl) = [Dézf ] = 0. Therefore, we find
2
S =0 (1)

in full agreement with the argument in [7] and the
calculations in [19,20]. In the next section we will prove
that this results holds at three loops.

Three loops: At three loops the story is much more
involved. The difficulty resides not only in the fact that the
number of 1PI diagrams is notably larger, but also in that
many diagrams do not vanish after dimensional regulari-
zation, and, therefore, nontrivial cancellations have to occur
for the effective action to be zero. Some of the diagrams
have terms proportional to the integral

(ky - k) (ky - k3)
[ = Bk, (i 12
‘ /H k2k2k3 ity (2

This integral is relatively simple to treat at zero temper-
ature, but it becomes more subtle at finite temperature:
we have to be reminded of the fact that the formal integral
over momenta in (12) actually comprises the sum on the

D Y

FIG. 2. Two examples of the six reducible three-loop diagrams.
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D,® D,®
D® DO

FIG. 3. Three-loop diagrams that vanish after regularization.

component k? =2zn;/f with n,€Z, i=1, 2, 3, and
pER,,. That is to say, I is defined as an infinite sum
over integers n, n,, ny; more precisely,

I=320Kp7 ) /Haﬂk H(/?j-121+n,n1)

ny,1,13 J#1
Ioaf+ (on) T Thor e
=1 t=1 =1

where k; = (8/2x)(k!, k), so that k; = (2z/p)(k;.n?).
This integral is similar to those appearing in other three-
loop computations at finite temperature [21-23]. As these
integrals appear in several diagrams at three loops, can-
cellations among different diagrams are actually possible—
and, as we will see, they actually take place.

Other divergent integrals that may potentially appear in

the three-loop 1PI diagrams are of the form

3
=1

with integrands

O(k?)

. O(k*)
J1 _k%k%k%’ J2

KBSk (ky + K3)?

. O(k)
BT

However, the latter cancel in d = 3, either by dimensional
regularization and/or the presence of factors (d — 3). This is
one of the reasons why the diagrams appearing in Fig. 3 do

not effectively contribute; i.e., d df) = dg3) = df) =0.

Next, we focus on the dlagrams shown in Fig. 4, whose
propagator contributions make their dimensional regulari-
zation analysis more involved. In order to solve the

diagrams D53>, D<63), D§3), Ds(f), first one needs to compute
(3)

the multiplicity factor associated to each of them. If g;
denotes the multiplicity factor corresponding to the dia-

Q)

gram D;”, then combinatorics yields

QU
D&

D,® D®

FIG. 4. Three-loop graviton diagrams.

After multiplying these factors by the result of each
diagram obtained after dimensional regularization, we find

45
d¥ ==21,

ol dg=1 Y =—T0,

where [ is the integral given in (13). The evaluation of these

diagrams, especially the Melon Dg3) and the Benz DS), is
lengthy and requires precision.

Now, let us consider the diagrams with ghost field
contributions. We begin with the ghostly Benz diagrams
shown in Fig. 5. It turns out that, after dimensional regu-
larization, these diagrams also result proportional to (13).
Concretely, they yield

having multiplicity factors gésl) =1/3 and gg =1/4,

respectively. The different signs between dgf,) and d&) follow
from the number of ghost propagators in each diagram.
There are also diagrams with ghost contributions that

vanish directly by dimensional regularization; the diagram
D(l? shown in Fig. 6 is of that sort, i.e., dﬂ =0.

The nonvanishing three-loop diagrams with ghost con-
tributions are depicted in Fig. 7. Their evaluation is lengthy

but can be done systematically. It yields

FIG. 5. Three-loop diagrams with ghost fields; cf. [18].
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S -7

Dy,®

FIG. 6. Three-loop diagrams with ghost fields.

The multiplicity factors of these diagrams are gﬁff =1/2,
gg = 1/4, and gg = 1/4, respectively.

Finally, putting all this together, we find that the three-
loop contribution to the gravitational effective action
reduces to an expression proportional to I, with a coef-
ficient proportional to

A5 +dg) +dg) +dgy +dgy+d5 +dy) + g+ di =0,

Therefore, we finally find
S =0 (15)

in full agreement with [7]. This result follows from a
notable cancellation among different diagrams; a cancella-
tion that decomposes as follows:

45le 61+3+11 13 1 3 71_0
16 16 2 4 8 o

with each term in the sum coming from a different diagram.
Notice that in this cancellation there are also partial
cancellations, e.g., dg3) + ds) = —dé?l). It would be desir-
able to understand if there is a precise reason for the
cancellation of different subsets of diagrams, and thus gain
intuition that could serve us for calculations at higher loops.
The fact that all diagrams cancel is remarkable, as it might

P
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/
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>
e
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FIG. 7. Three-loop diagrams with ghost fields.

have happened that the graviton and ghost contributions did
not completely cancel at higher loops; see the discussion
in [7] about this point; see also [24] and references thereof.
It would also be interesting to compare the cancellation
we observed here and the analogous remarkable cancella-
tions that often occur in scattering amplitudes calcula-
tion, cf. [25].

Higher dimensions: In order to further study the origin
of the cancellation expressed by Eq. (15), we find illus-
trative to discuss the computation in d dimensions. Besides,
this allows us to emphasize that our techniques are well
suited to be extended to arbitrary dimension d > 3, some-
thing that to some extent is obvious as we have been
working with dimensional regularization.

It can be shown that the d-dimensional analog to (15)
turns out to be proportional to sum of terms of the form

Pi(d)1;, (16)

where /; stand for the d-dimensional extension of integral
(13) and for other integrals that appear in d > 3, and P;(d)
are polynomials. This manifestly shows that the cancella-
tion in (15) only happens for d = 3. It is worth mentioning
that, in addition to the eight diagrams depicted in Figs. 4, 5,
and 7, other diagrams also contribute to (16) when d > 3.
In d dimensions there may be additional integrals to be
solved as we have checked that several contributions
throughout the computation vanish due to factors of
(d —3). In spite of all that, our calculation can well be
extended to d > 3.

Higher loops: Before concluding, a few words about
higher loops. While our computation can in principle be
extended to higher loops, the calculation becomes rapidly
unmanageable due to the increasing number of 1PI dia-
grams. At four loops the number of diagrams happens to be,
roughly, 1 order of magnitude larger than the number of
them at three loops. Graviton vertices of order O(k®h%) start
to contribute and the plethora of graphs becomes unwieldy.
Still, one can say a few things about the four-loop 1PI
contributions; for example, that there are many diagrams
that vanish after dimensional regularization, while other
diagrams, e.g., the one depicted in Fig. 8, happen to be
more involved. Therefore, one also expects cancellations
similar to the one we obtained in (15) to take place at
four loops.

D, 6(4)

FIG. 8. Example of a four-loop graviton diagram.
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Conclusions.—In this Letter, we computed the three-
dimensional gravitational effective action in flat spacetime
at two and three loops in the second-order metric formalism.
We showed that the result vanishes, in agreement with
[1,4,5,7]. The computation amounted to handle the ghost
and graviton contributions, and solve the integrals associ-
ated to all connected Feynman diagrams. The calculation,
being lengthy and requiring precision, demanded the imple-
mentation of a systematic procedure. By dealing with
dimensional regularization, we solved all the connected
two- and three-loop diagrams. At two loops, we found that
all the diagrams vanish in any number of dimensions. This
led us to explore the next order in the loop expansion.
At three loops, there are 14 1PI diagrams, nine of them
surviving after carefully performing dimensional regulari-
zation. Crucial to the final result was a remarkable cancel-
lation among the latter, with the nine diagrams conspiring to
yield a vanishing result in d = 3. Consequently, our com-
putation turns out to be a nontrivial check of the one-loop
exactness of the 3D partition function [5]. In other words, we
have provided a consistency check of the result presented
in [7], where the authors argued that the quantum corrections
to 3D gravity partition function around flat space is fully
determined by a one-loop determinant that reproduces the
character of the Bondi-Metzner-Sachs group.
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