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When a magnon passes through two-dimensional magnetic textures, it will experience a fictitious
magnetic field originating from the 3 × 3 skew-symmetric gauge fields. To date, only one of the three
independent components of the gauge fields has been found to play a role in generating the fictitious
magnetic field, while the other two are perfectly hidden. In this Letter, we show that they are concealed in
the nonlinear magnon transport in magnetic textures. Without loss of generality, we theoretically study the
nonlinear magnon-skyrmion interaction in antiferromagnets. By analyzing the scattering features of three-
magnon processes between the circularly polarized incident magnon and breathing skyrmion, we predict a
giant Hall angle of both the confluence and splitting modes. Furthermore, we find that the Hall angle
reverses its sign when one switches the handedness of the incident magnons. We dub this the nonlinear
topological magnon spin Hall effect. Our findings are deeply rooted in the bosonic nature of magnons that
the particle number is not conserved, which has no counterpart in low-energy fermionic systems and may
open the door for probing gauge fields by nonlinear means.
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Introduction.—Topology dictates the particle or wave
transport in many branches of physics, ranging from solid-
state physics to geophysics and astrophysics [1,2].
One outstanding example in condensed matter physics is
the intrinsic spin Hall effect which originates from the
momentum-space topology, i.e., the Berry curvature of the
band structure [3–11]. On the other hand, noncollinear
spin textures, such as the magnetic vortex, meron, and
skyrmion, can give rise to the real-space topology. When a
spinful particle propagates through the topological spin
texture, it will experience an effective Lorentz force, resulting
in the so-called topological (spin) Hall effect [12–17].
Magnons, quanta of spin waves, are the collective

excitations of ordered magnets [18,19]. Very recently,
magnon-based spintronics has attracted enormous
interest [20–22] due to peculiar advantages of magnons,
such as the long-distance transport and low-energy con-
sumption. Magnons carry spin angular momentum as well,
so that they can experience an effective Lorentz force from
the spin texture, leading to the topological magnon Hall
effect [23–27]. In antiferromagnets, magnons have two
degenerate modes with opposite spins, i.e., right- and left-
handed magnons [28]. Therefore, when a magnon
passes through the antiferromagnetic (AFM) skyrmion,
for instance, it will experience a spin-dependent Lorentz
force, resulting in the topological magnon spin Hall
effect [15,29,30]. These topological magnon Hall effects
originate from the gauge fields in transforming the

noncollinear magnetic texture to the collinear state. The
gauge transformation generates the covariant form of the
differential operator ∂μ þAμ with μ ¼ x, y. Here, the 3 × 3

skew-symmetric matrix Aμ ¼ R−1
∂μR with the rotation

matrix R contains three independent gauge fields [31,32].
So far, only one of the three elements, i.e., Aμ;12, has been
identified to play a role in the Hall transport of magnons,
while the other two (Aμ;13 and Aμ;23) are concealed from
the community.
In the past few years, the nonlinear Hall effect has

attracted much attention. Specifically, in a time-
reversal invariant system, the Hall current induced by
momentum-space topology (e.g., Berry curvature dipole)
has second-order (or higher-order) response to external
stimuli [33–44]. However, their counterpart of the non-
linear response induced by real-space topology has not
been reported until now. It is well known that the geometric
phase derived from the adiabatic evolution is crucial for the
Hall transport. Notably, in the three-wave mixing process,
the accumulation of adiabatic geometric phase takes place
not only on incident waves but also on nonlinear ones [45–
47]. One thus expects that magnons generated in the
nonlinear three-magnon process in spin textures [48–54]
may also experience a topological Hall effect subject to the
conventional gauge field, but it is not clear whether the
other two gauge fields play any role.
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In this Letter, we aim to reveal the concealed gauge fields
by addressing the nonlinear Hall transport of magnons
in spin textures. To this end, we theoretical study the
nonlinear interaction between polarized magnons and
magnetic skyrmions in antiferromagnets. We show that
the two long-sought-after gauge fields are actually hidden
in the nonlinear magnon transport. By analyzing the
“bunny ears” scattering pattern of three-magnon processes
between the circularly polarized magnon and breathing
skyrmion in an antiferromagnet, we discover a giant Hall
angle of both confluence and splitting modes. The Hall
angle reverses its sign when one switches the handedness of
incident AFM magnons.
Model.—Let us consider a chiral antiferromagnet

described by the following Lagrangian [16]:

L ¼
Z

ð∂tlÞ2dr −H; ð1Þ

where l is the normalized Néel vector andH ¼ R ½Jð∇lÞ2 þ
Dl · ð∇ × lÞ − Kl2z �dr is the system Hamiltonian including
the exchange energy, Dzyaloshinskii-Moriya interaction
(DMI), and magnetic anisotropy, with J, D, and K
being the exchange stiffness, DMI strength, and anisotropy
coefficient, respectively. The weak long-range dipole-
dipole interaction is not included in our model
since it has been shown that the exchange coupling
dominates the nonlinear three-magnon process in magnetic
textures [48,49,52]. To facilitate the analysis, we use the
3 × 3matrixR ¼ expðϕLzÞ expðθLyÞ to rotate the z axis to
the equilibrium direction of the stagger vector l0, i.e.,
Rez ¼ l0 ¼ ðsin θ cosϕ; sin θ sinϕ; cos θÞ with the polar
angle θ and azimuthal angle ϕ. Here, Lz and Ly are

generators of the three-dimensional rotations about the z
and y axis, respectively. To investigate the magnon exci-
tation and transport in spin textures, we introduce the
magnon creation (a†) and annihilation (a) operators
by the Holstein-Primakoff transformation on the vector
n ¼ R−1l [55]. We expand the bosonic operator as
a ¼ aseiks·r þ apeikp·r þ aqeikq·r þ arψ r, where as, ap,
aq, and ar are operators of incident magnon, sum-
frequency, difference-frequency, and the skyrmion breath-
ing modes [56], respectively. ks, kp, and kq are the
corresponding wave vectors of three propagating modes
in the far-field region, and ψ r is the wave function of the
localized breathing mode. Furthermore, we assume that the
magnon excitation is in the form of a wave packet, which
has a fixed shape and can be described by its central
position riðtÞ, with i ¼ s, p, q. In terms of these collective
coordinates [57], the Lagrangian can be simplified as a
function of the position ri and the group velocity vi ¼ ṙi of
the magnon wave packet [27]. Keeping up to third-order
terms, the total Hamiltonian can be expressed as
H ¼ H2 þH3. Here, the quadratic Hamiltonian is

H2¼
1

S

X
i¼s;p;q

2a†i ai

Z �
1

J
ω2
i v

2
i −

�
2A12þ

Dl0
J

�
·ωivi

�
dr;

ð2Þ

which determines the magnon dispersion relation with S as
the spin quantum number. The cubic Hamiltonian H3 ¼
H3s þH3p þH3q includes contributions from the incident
term H3s, sum-frequency term H3p, and difference-
frequency term H3q,

H3s ¼
1

S
3
2

Z
ωsvs ·

�
−

1ffiffiffi
2

p
�
ðiA13 þA23Þ þ

D
2J

ðieϕ þ eθÞ
�
½3aqara†seið−ksþkqÞ·r þ a†paraseiðks−kpÞ·r�ψ r þ H:c:

�
dr;

H3p ¼ 1

S
3
2

Z
ωpvp ·

�
−

3ffiffiffi
2

p
�
ðiA13 þA23Þ þ

D
2J

ðieϕ þ eθÞ
�
asara

†
peiðks−kpÞ·rψ r þ H:c:

�
dr;

H3q ¼
1

S
3
2

Z
ωqvq ·

�
−

1ffiffiffi
2

p
�
ðiA13 þA23Þ þ

D
2J

ðieϕ þ eθÞ
�
asa

†
ra

†
qeiðks−kqÞ·rψ�

r þ H:c:

�
dr; ð3Þ

where Aνν0 ¼ Ax;νν0ex þAy;νν0ey are the gauge fields
(ν; ν0 ¼ 1, 2, 3), eθ and eϕ are two unit vectors in spherical
coordinates, and ωs, ωp, and ωq are, respectively, the
frequencies of the incident, confluence, and splitting
magnons meeting law of energy conservation, i.e., ωpðqÞ ¼
ωs � ωr with ωr as the skyrmion breathing frequency, see
the bottom panel of Fig. 1. Equations (2) and (3) show that
the conventional gauge field A12 only appears in the
quadratic term, while gauge fields A13 and A23 emerge
in the nonlinear three-magnon processes. To reveal
their role in the magnon transport, we employ the

Euler-Lagrangian formula to derive equations of motion
of magnon wave packets

a†i ai
ℏω2

i

eJ
v̇i − a†i aiωivi ×B − Fnl

i ¼ 0 ði ¼ s; p; qÞ; ð4Þ

where B¼Bzez with Bz¼ðℏ=eÞf∇×½A12þðDl0=2JÞ�gz¼
ðℏ=eÞfl0 ·ð∂xl0×∂yl0Þþ½∇×ðDl0=2JÞ�zg is the conven-
tional fictitious magnetic field for the linear magnon
transport with the reduced Planck constant ℏ and elemen-
tary charge e. See the Supplemental Material [58] for the
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derivation of (4). It is noted that we have ignored the
effective electric field associated with the skyrmion static
energy due to its negligible role in the magnon Hall effect.
The recoil motion of the skyrmion [63,64] is also neglected
since it is 4 orders of magnitude slower than the magnon
wave packet velocity [58]. The extra force Fnl

i originates
from the three-magnon process and the newfound gauge
fields, with the following expression

Fnl
i ¼ civi ×B0 ði ¼ s; p; qÞ; ð5Þ

where B0 ¼ B0
zez with B0

z¼ðℏ=eÞð∇×A23Þzþ
ðℏD=2JeÞð∇×eθÞz¼ðℏ=eÞf∂yl0 ·∂x½n×ðez=sinθÞ�−∂xl0 ·
∂y½n×ðez=sinθÞ�gþðℏD=2JeÞf∇× ½ðezþcosθl0Þ=sinθ�gz
represents the new fictitious magnetic field playing
a role merely when the nonlinear three-magnon process
occurs. Because of the circular symmetry of skyrmion, the
A13 component is absent. Here, cs ¼ ðωs=4Þðgpa†paras þ
3gqa

†
qa

†
ras þ H:c:Þ, cp ¼ ð3ωp=4Þðgpasara†p þH:c:Þ, and

cq¼ðωq=4Þðgpasa†ra†qþH:c:Þ, with overlap integrals gp ¼
ð1= ffiffiffiffiffiffi

2S
p

VÞ R eiðks−kpÞ·rψ rdr, gq ¼ ð1= ffiffiffiffiffiffi
2S

p
VÞR eiðks−kqÞ·r

ψ�
rdr, and V being the system volume. As shown in

Eq. (4), the spin wave packet can be regarded as a
particlelike object moving in its own parameter space
[66] subject to fictitious magnetic fields (B and B0). The

first term on the left-hand side of Eq. (4) characterizes the
acceleration of magnons. The second term represents the
effective Lorentz force from the quadratic Hamilton H2,
resulting in the conventional topological magnon Hall
effect. Interestingly enough, the third term induces an
extra Lorentz force on the wave packet, leading to the
nonlinear topological magnon Hall effect. The spatial
distributions of the dimensionless magnetic fields Bz=B0

and B0
z=B0 are shown in Figs. 2(a) and 2(b), respectively,

where B0 ¼ ℏ=a2e, with a being the lattice constant. It is
noted that B0 ≈ 660 T for a ¼ 1 nm. Because of the
rotational symmetry of the Bloch skyrmion, both magnetic
fields B=B0 and B0=B0 have the circular symmetry.
For B=B0, its main origin comes from the topological
charge density of the skyrmion, and the total magnetic flux
is 4π [67]. The spatial distribution of B0=B0, however, is
similar to the fictitious magnetic field distribution of the
target skyrmion [68,69] with a vanishing total flux, but a
singularity at the skyrmion core.
Revealing the concealed fictitious magnetic field.—

In nonlinear magnon-skyrmion scatterings, the time
evolution of populations of confluence and splitting modes
is governed by the coupled Heisenberg equations: iȧp¼
ðΔp−iαωpÞapþg̃pasar and iȧq¼ðΔq−iαωqÞaqþ g̃qasa

†
r .

Here, the detuning parameter ΔpðqÞ ¼ ωpðqÞ − ω0 with
the driving microwave frequency ω0, g̃p ¼ ½1=Sð3=2Þ�R ½−2g1;μikp;μψ rþ g�2;μð∂μψ rþ iks;μÞ− ð5= ffiffiffi

2
p ÞK sinθcosθ�

eiðks−kpÞ·rdr, and g̃q¼½1=Sð3=2Þ�R ½g2;μð∂μψ�
rþ ikq;μÞ þ

2g�1;μiks;μψ
�
r−ð5= ffiffiffi

2
p ÞK sinθcosθ�eiðks−kqÞ·rdr, where the

FIG. 1. Schematic illustration of the nonlinear topological
magnon spin Hall effect in magnon-AFM skyrmion scattering.
Circles with arrows indicate the handedness of AFM magnons.
Incident, skyrmion breathing, sum-frequency, and difference-
frequency modes are denoted by black, green, red, and blue
colors, respectively. vs;p;q represent the velocity of three propa-
gating magnon wave packets. The bottom part shows the magnon
splitting (left) and confluence (right) processes. It is noted that
magnons with opposite handedness will experience magnitude-
equal but opposite Lorentz forces, resulting in the opposite
transverse displacement (not shown).
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FIG. 2. Spatial distribution of dimensionless field (a) Bz=B0

and (b) B0
z=B0. Spin wave trajectories in real space under

fictitious magnetic field (c) B and (d) Bþ B0, where different
black curves represent trajectories of magnon wave packets with
different impact parameters, the red curve indicates the averaged
trajectory of 51 magnon wave packets, and the dashed green
circle labels skyrmion’s wall center (lz ¼ 0).
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Einstein summation rule is applied, coefficients g1;μ ¼
ð3J=2 ffiffiffi

2
p ÞðAμ;13 − iAμ;23Þ þ ð3D=4

ffiffiffi
2

p Þðeϕ;μ − ieθ;μÞ and

g2;μ ¼ ðJ= ffiffiffi
2

p Þð−Aμ;13− iAμ;23Þþ ðD=2
ffiffiffi
2

p Þð−eϕ;μ− ieθ;μÞ
denote the strength of the three-magnon confluence and
splitting, respectively, and α is the Gilbert damping con-
stant. Then, one can analytically derive the steady-state
magnon populations as ap ¼ gasar=½ϵþ iαðωs þ ωrÞ� and
aq ¼ gasa

†
r=½ϵ − iαðωs − ωrÞ� with ϵ ¼ ω − ωr. Here, we

have adopted the approximation g̃p ≈ g̃q ≈ g, which is
justified by the small difference between confluence and
splitting frequencies since ωr ≪ ωs. We therefore obtain

msw;iv̇i − evi × σðBþ λiB0Þ ¼ 0; ði ¼ s; p; qÞ; ð6Þ

which is the main result of this Letter (see Supplemental
Material [58] for detailed derivations). Here, msw;i ¼
ℏωi=J is the effective mass of the spin wave (sw)
packet in antiferromagnets, σ ¼ ∓ 1 represents the left-
and right-hand magnon polarizations, λs ¼ nr½ðggp=4ϵÞ þ
ð3ggq=4ϵÞ þ H:c:�, λp ¼ ð3=4Þ½ðϵgp=gÞ þ H:c:�, and λq ¼
1
4
½ðϵgq=gÞ þ H:c:� with the particle number of skyrmion

breathing mode nr ¼ ha†rari. Equation (6) shows that the
extra effective Lorentz force eλivi × σB0 (i ¼ s, p, q) is
mode dependent. For incident magnons, the extra Lorentz
force is proportional to the product of the skyrmion
breathing number nrð≪ 1Þ, the coupling parameter g=ϵ,
and the overlap integral gp;q. In general, magnon popula-
tions of confluence and splitting modes are far less than the
incident one. This implies g=ϵ; gp;q ≪ 1. The effect of B0

on incident magnons is thus negligible. However, for the
confluence and splitting modes, parameters λp;q are
inversely proportional to g=ϵ; the additional effective
Lorentz force is therefore expected to bring an enormous
effect.
To explore the role of fictitious magnetic fields on the

magnon transport, we numerically solve Eq. (6) both
without and with the new fictitious magnetic field B0. In
calculations, we consider a right-handed magnon wave
packet (σ ¼ 1), and set the incident magnon’s initial
velocity vsðt ¼ 0Þ ¼ 2.65 (with unit J=aω) along the x
direction, magnon mass msw ¼ 0.31 (with unit ℏω=J), and
coefficient λs;p;q ¼ 1. It is observed that the effective
magnetic field B0 significantly enhances the magnon
Hall effect, as displayed in Figs. 2(c) and 2(d). Because
of the singularity of the fictitious magnetic fieldB0, we note
anomalous magnon trajectories near the skyrmion center.
Below, we verify our theoretical predictions by full micro-
magnetic simulations using the MUMAX3 package [70–72].
We consider an AFM thin film of dimension 1000 ×

1000 × 1 nm3 [73,74], hosting a Bloch-type skyrmion at the
film center [75–77]. Magnetic parameters of KMnF3 [78],
J ¼ 6.59 pJ=m, K ¼ 1.16 × 105 J=m3, and D ¼ 1 mJ=m2

are used in the simulations, which gives rise to a skyrmion

radius ≈11 nm (defined as the radius of circle lz ¼ 0). The
Gilbert damping is set as α ¼ 0.001. To efficiently generate
polarized magnons and the three-wave mixing, we apply a
microwave field hRH=LHðtÞ ¼ h0½cosðωstÞex ∓ sinðωstÞey�
with amplitude h0 ¼ 50 mT and frequency ωs=2π ¼
1.205 THz (generating the incident magnon of wavelength
≈15.2 nm) on one sublattice in a narrow region: −401 ≤
x ≤ −399 nm and a local field hrðtÞ ¼ hr sinðωrtÞez over
the skyrmion with amplitude hr ¼ 5 mT and ωr=2π ¼
0.095 THz (the skyrmion breathing frequency) [58].
Here, RH and LH represent the abbreviation of microwave
with right and left handedness, respectively. Absorbing
boundary conditions are adopted to eliminate the spin wave
reflection by film edges [79]. The dipolar interaction is
included in our simulations. Atomistic spin dynamics
simulations that fully compute the dipole-dipole interaction
using, e.g., JuMag [65] and Spirit [80], may provide a useful
comparison to our results.
Figure 3(a) shows the emerging magnon frequency comb

(MFC) [81] in the terahertz region, where the mode spacing
of the comb is exactly the skyrmion breathing frequency.
Furthermore, we plot the isoline map of incident, con-
fluence, and splitting modes to analyze the Hall angle of
each mode, as shown in Fig. 3(b). We observe an
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FIG. 3. (a) MFC in the nonlinear scattering between the
incident magnon and AFM skyrmion. (b) Isoline maps for
right-handed (top row) and left-handed (bottom row) magnons
scattered by the skyrmion at the origin. In each panel, modes from
left to right correspond to splitting, incident, and confluence
magnons, respectively.
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interesting bunny ears pattern of magnons scattering off the
AFM skyrmion, with red and blue lines denoting the
propagation direction of two branches. Here, the Hall
angle is defined as the included angle between each branch
and the horizontal line. Compared with the incident mode,
the Hall angle of nonlinear modes nearly doubles (quin-
tuples) for the main (secondary) branch of the bunny ears
[see Fig. 3(b)], where the major (secondary) branch is
referred to as the one with a large (small) Hall angle. This
highlights the important role of the nonlinear force Fnl.
Importantly, by flipping the chirality of incident magnons,
we observe an opposite magnon Hall motion [comparing
the top and bottom panels in Fig. 3(b)]. The small differ-
ence of Hall angles between right- and left-handed mag-
nons results from the dipolar field [58]. Further calculations
show that the Hall angle weakly decreases with the sky-
rmion size (see Fig. 9 in the Supplemental Material [58])
and the Gilbert damping does not dramatically influence
the scattering angle of magnons by the AFM skyrmion.
Moreover, switching the skyrmion chirality from counter-
clockwise (Fig. 1) to clockwise by changing the sign of the
DMI does not change the Hall angle. The bunny ear pattern
can be smeared if one increases the thickness of the AFM
film, but the Hall angle only suffers from negligibly small
correction. We then envision that two-dimensional Van der
Waals magnets with essentially one or two atomic layers
should be an ideal platform to test both predictions [58].
Furthermore, we derive the frequency-dependent Hall

angle by fitting the flow direction of the main branch of the
isosurface of each mode. Figure 4(a) plots the quantitative
comparison between theoretical calculations and micro-
magnetic simulations for incident (black), confluence (red),
and splitting (blue) modes. This shows that the Hall angle
monotonically decreases with the increase of the mode
frequency. Simulation results can be well explained by the
analytical model (6) with parameters nr ¼ 0, g ¼ 49 MHz,

and gp ¼ 1
3
gq ¼ 9.4 × 10−6. A vanishing mode number of

skyrmion breathing is justified by its small wave amplitude.
The coupling coefficient g is independently obtained by
numerically solving the coupled Heisenberg equations.
Acceptable deviations could be attributed to the simplified
wave packet treatment in the present formalism and the
neglected topological electric-field component of the gauge
fields. Figure 4(b) shows the Hall angle of nonlinear
magnons over broad frequencies ωs þmωr in the MFC
with integer m labeling the order of the spectrum line.
Their scattering patterns are plotted in the Supplemental
Material [58]. It is found that the nonlinear Hall angle
increases linearly with jmj. This monotonic dependence is
reminiscent of the refraction process of light waves through
multilayer media [82], where the refraction angle accumu-
lates upon each scattering layer. It is noted that the slope of
the linear trend line decreases as the incident magnon’s
frequency ωs increases.
Discussion.—Experimentally, the emission and detection

of propagating terahertz spin waves can be realized by
ultrashort pulses of light [83]. It is noted that our theory can
also apply to synthetic antiferromagnets that work in the
gigahertz region. In such a case, gigahertz spin waves can
be generated using conventional coplanar waveguide
antennas and detected by Brillouin light scattering spec-
troscopy. In the above calculations, we have considered
rotationally symmetric spin textures, and the A13 gauge
field thus vanishes. However, the curl of gauge field
induced by DMI becomes finite when the rotational
symmetry is broken. We then envision contributions from
A13 in generating the fictitious magnetic field for elliptical
skyrmions [84].
To summarize, we revealed the long-sought-after gauge

fields concealed in the nonlinear magnon transport. By
investigating the three-wave mixing between propagating
magnons and breathing skyrmions, we found giant Hall
angles emerging for each nonlinear spectrum line of the
MFC. We further identified that the sign of the Hall angle is
reversed by switching the chirality of incident magnons,
and we dub it the nonlinear topological magnon spin
Hall effect. Our findings are intimately connected to the
particle number nonconservation of magnons and thus
applicable to generic bosons, which does not have the
low-energy fermionic counterpart. Our results significantly
advance the understanding of the nonlinear Hall effect
and pave the way to probing the gauge field by frequency
comb.
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