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Puzzles in the determination of the hadronic-vacuum-polarization contribution currently impede a
conclusive interpretation of the precision measurement of the anomalous magnetic moment of the muon at
the Fermilab experiment. One such puzzle concerns tensions between evaluations in lattice QCD and using
ete™ — hadrons cross-section data. In lattice QCD, the dominant isospin-symmetric part and isospin-
breaking (IB) corrections are calculated separately, with very different systematic effects. Identifying these
two pieces in a data-driven approach provides an opportunity to compare them individually and trace back
the source of the discrepancy. Here, we estimate the IB component of the lattice-QCD calculations from
phenomenology, based on a comprehensive study of exclusive contributions that can be enhanced
via infrared singularities, threshold effects, or hadronic resonances, including, for the first time, in the
ete™ — 3m channel. We observe sizable cancellations among different channels, with a sum that even
suggests a slightly larger result for the QED correction than obtained in lattice QCD. We conclude that the
tensions between lattice QCD and e™ e~ data therefore cannot be explained by the IB contributions in the

lattice-QCD calculations.

DOI: 10.1103/PhysRevLett.131.161905

Introduction.—The anomalous magnetic moment of the
muon a, = (g —2),/2 has been measured at a precision of
0.35 parts per million [1-5],

a® = 116592061(41) x 10711, (1)

and further improvements are expected shortly from the
Fermilab experiment. To fully profit from this impressive
achievement, a commensurate level of precision is required
for the prediction within the standard model (SM) [6-33],

asMeTe™] = 116591 810(43) x 1071, (2)

whose uncertainty is dominated by hadronic effects. In
particular, Eq. (2) reflects the prediction if the leading
hadronic correction, hadronic vacuum polarization (HVP),
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is determined from e"e~ — hadrons cross-section data, via
the master formula [34,35]

HVP am,, 2/00 k(s)
a = | — ds Ri.q(s),
" < 3 . 52 had( )

3
Rpaa(s) = 4ﬂ%a[e*e‘ — hadrons(+y)]. (3)

With the kernel function K (s) known in analytical form, the
challenge amounts to a sub-percent-level measurement of
the hadronic R-ratio R;,q, including radiative corrections.
By convention, the leading-order HVP contribution is
defined photon inclusively, in such a way that the integra-
tion threshold is determined by the z°y channel, s, = MZ,.

While for the subleading hadronic correction, hadronic
light-by-light scattering, both subsequent lattice-QCD
studies [36—40] and data-driven methods [41-52] have
largely corroborated the evaluation from Ref. [6] (further
improvements required for the final Fermilab precision [53]
are ongoing [54], and also higher-order hadronic effects
[18,33,55,56] are well under control), the HVP result
underlying (2) has been challenged by lattice QCD and
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TABLE 1. 1B effects to a}}VP from the various radiative channels, FSR, p—» mixing, and threshold effects, separated into (’)(ez) and
O(6) contributions as well as SD, intermediate, and LD windows. The 2z numbers for FSR and p— mixing from Ref. [83] have been
slightly updated to be consistent with the @ width extracted from the 3z channel [85]. The uncertainties in the last line refer to the
quadratic sum of the individual errors, see Table II for the additional uncertainty estimates discussed in the main text. All entries in units

of 10710,
SD Int LD Full

O(e?) 0(9) O(e?) 0(9) O(e?) 0(9) O(e?) 0(9)
Oy 0.16(0) 1.52(2) 2.70(4) 4.38(6)
ny 0.05(0) 0.34(1) 0.31(1) 0.70(2)
w(— 7;0}/)7:0 0.15(0) 0.54(1) 0.19(0) 0.88(2)
FSR (2rx) 0.12(0) 1.17(1) 3.13(3) 4.42(4)
FSR (3rx) 0.03(0) 0.20(0) 0.28(1) 0.51(1)
FSR (KTK™) 0.07(0) 0.39(2) 0.29(2) 0.75(4)
p—w mixing (27) 0.06(1) 0.86(6) 2.87(12) 3.79(19)
p—w mixing (37) —-0.13(3) —1.03(27) —1.52(40) —2.68(70)
Pion mass (2x) 0.04(8) —0.09(56) —7.62(63) e —7.67(94)
Kaon mass (KTK™)  —0.29(1) 0.442) -1.71(9) 2.63(14) —1.24(6) 1.91(10)  —3.24(17) 4.98(26)
Kaon mass (K°K?) 0.00(0) -0.41(2) —-0.01(0) —2.44(12) —-0.01(0) —-1.78(9) —-0.02(0) —4.62(23)
Sum 0.33(8) —0.04(4) 2.34(57) 0.02(33) —1.97(63) 1.48(44) 0.71(95) 1.47(80)

the new ete” — 27 data by CMD-3 [57]. For what
concerns the latter, the question whether radiative correc-
tions in the interpretation of e*e™ — 2z data could provide
an explanation of the discrepancy with other experiments is
currently being investigated [58-62].

Here, we instead focus on the comparison to lattice
QCD. First, Ref. [63] differs for the entire HVP integral by
2.16 from e™e~ data. In addition, to try and disentangle
different regions in center-of-mass energy /s, one can
study so-called Euclidean-time windows [64], which
amount to adding weight functions into the integral
appearing in Eq. (3). With the parameter choices from
Ref. [64], one typically defines a short-distance (SD),
intermediate (int), and long-distance (LD) window, where
the intermediate window behaves particularly well as
regards systematic effects in lattice QCD. Accordingly,
several collaborations have confirmed a significant tension
in this quantity [65-69], well beyond the level found in
Ref. [63] for the full HVP contribution. At present, no
simple solution to this puzzle is known, in particular in
view of the pattern of changes in the intermediate window,
total HVP, and the hadronic running of the fine-structure
constant [70-75], and beyond-the-SM solutions become
very contorted if at all possible [76-79].

Besides the consideration of windows, another point that
can be scrutinized in lattice-QCD calculations concerns the
separation into an isosymmetric part and isospin-breaking
(IB) corrections, the latter further separated into QED,
O(e€?), and strong IB, O(6 = m,, —my), effects. Attempts to
estimate such corrections from phenomenology have been
made before [80-82], but with detailed work on the main
exclusive channels, ete™ — 27 [13,83,84], 3z [14,85],

KK [86], we are now in a position to evaluate all IB
contributions for which enhancement from infrared (IR)
singularities, threshold effects, or hadronic resonances is
expected, and thus to provide a valuable point of compari-
son to lattice QCD for the IB corrections. This is the main
purpose of this Letter.

Radiative channels.—The first class of contributions
arises from radiative channels, since the cross section
entering the HVP integral (3) includes photonic correc-
tions. By definition, it gives rise to a pure O(e?) effect, and
the different channels can simply be evaluated in terms
of their respective cross sections. For e*e™ — 7'y we use
the dispersive analysis from Ref. [17], while for #y and
w(—r"y)z" a simple vector-meson-dominance model
proves sufficient to reproduce the full evaluation from
Refs. [15,16]. For our analysis, we will use the values given
in the first panel of Table I, where we also provide the
decomposition onto Euclidean-time windows. Regarding
the energy dependence of these contributions, 7z and 5y
are dominated by w and ¢ resonances, respectively, while
the w(—n")x° channel has a more complicated origin.
In principle, it could be booked as a 7°z% final state, but
since its contribution is qualitatively different from a
radiative correction to 27z, we follow the convention to list
this channel separately. It arises via the transition form
factor @ — 7%, coupling the virtual photon to the initial-
state ete~ pair, with a subsequent decay w — 7°y.
Phenomenologically, this transition form factor is domi-
nated by the p(1450) resonance [87], and thus leads to a
surprisingly large radiative contribution despite having its
main support well beyond 1 GeV. Other radiative channels,
such as 7'y, are already negligible.
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Final-state radiation.—The second class of contribu-
tions will be labeled as final-state radiation (FSR), even
though it quantifies the combination of virtual-photon and
bremsstrahlung diagrams. For the 27 channel, the effect is
typically defined by an inclusive correction factor #,,
[88-91], which sums up those contributions that inherit
some IR enhancement after the IR singularities have
canceled (see Refs. [61,92] for a more general treatment
of radiative corrections to ete~ — 77 z7). Indeed, it was
shown in Ref. [93] that the non-IR-enhanced z"7z~y
contribution (as well as 7°z% below 1 GeV) is small,
and a similar conclusion pertains to radiative corrections to
the forward-backward asymmetry in ete™ — zta~
[59,60]. For the 27 channel, we thus use the outcome of
Ref. [83] based on #,,, supplemented by the small
corrections from Ref. [93], and likewise for K™K~ [86].
For the 37 channel, the study of radiative corrections is far
less advanced for two main reasons. First, the low-energy
limit of the amplitude is related to the Wess-Zumino-Witten
anomaly [94,95], which leads to a nonrenormalizable
theory for radiative corrections [96-98], while in the 2z
channel the leading order in chiral perturbation theory
(ChPT) coincides with scalar QED. Second, the non-
radiative cross section is dominated by @ and ¢ resonances,
which needs to be taken into account for any realistic
estimate. Here, we focus again on the IR-enhanced radi-
ative corrections, which arise from the diagrams shown in
Fig. 1 and can be captured by combining #,, for the
invariant mass of the z7z~ subsystem with Khuri-Treiman
techniques [99] for the y* — 3z amplitude [100-107], see
Ref. [85] for more details. The results are summarized in
the second panel of Table I, also exclusively in the O(e?)
category.

p— mixing.—The interference of p and w arises in both
the 2z and 37 channels, for the former there is an IB
admixture of the w to the dominant p peak and vice versa.
In the 27 case, this effect can be captured in a model-
independent way by identifying the p—® mixing parameter
€, with the residue at the w pole. Together with constraints
on the threshold behavior, the resulting fit function is very
rigid, with little freedom in the line shape [83]. In contrast,
a signal for p—w mixing in eTe~ — 37 was first reported in
Ref. [108], yet based on a parametrization that violates the
analyticity and unitarity properties of the amplitude. Here,
we construct a p—@ mixing contribution with sound
analytic properties based on the coupled-channel frame-
work of Ref. [48], which predicts that the @ contribution in
the dispersive formalism of Ref. [14] be multiplied with

2
g:,€
gﬂ(s) =1- QZZ(U

I (s), (4)

where g,, parametrizes the w—y coupling and IT, denotes
the vacuum-polarization function for a z*z~ pair. In the
narrow-width limit, the latter collapses to a p propagator,
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FIG. 1. Representative diagrams for radiative corrections in
ete™ — 3r. IR-enhanced effects occur after the IR divergences
from virtual photons (left) and real emission (right) have
canceled.

with a coefficient ¢2,/g3, = 10.9(1.2) [48,109] that
comes close to the expected vector-meson-dominance
enhancement factor 9 compared to 2z. The fact that the
resulting sizable p—® mixing effect in the 3z channel
cancels a substantial part of the 2z contribution can also
be made plausible from narrow-resonance arguments,
since the product of the two Breit-Wigner propagators,
Py(s) =1/(s = M3 +iMyT'y), V = p, @, as occurs nat-
urally in the HVP function, decomposes as

1
P,(5)P,(s) = M2 —M% —iM,T, +iM,T,
X (P,(s) = P,(s)), (5)

leading to terms in the 2z and 3z channel that tend to
cancel, see Ref. [85] for more details. Finally, to separate ¢,,
onto O(e?) and O(5) components, we rely on arguments
from ChPT [110-112], which suggest that, after the y—w
mixing diagram is removed in the bare cross section, €,
should be primarily of O(§) origin. The results for this class
of contributions are given in the third panel of Table I.
Threshold effects.—The final class of IB corrections
arises from the mass differences of pion and kaon. For the
pion, its mass is defined by the mass of the neutral pion in
lattice-QCD calculations, which produces a large correc-
tion due to the low 2z threshold. Given this threshold
enhancement, it is not sufficient to simply change the phase
space, instead, we estimate the change incurred between
neutral and charged pion mass using a dispersive repre-
sentation of the pion vector form factor, calculating the
pion-mass dependence of the phase shift in unitarized
ChPT [113-116]. Comparing one- and two-loop results,
we observe a reasonable convergence pattern [82], in such a
way that the dominant uncertainty arises from a low-energy
constant at two-loop order. We cross-checked this result
using a neutral-pion-mass phase shift obtained from solv-
ing Roy equations [92,117-120], with input for the zz
scattering lengths at the neutral pion mass from two-loop
ChPT [114,121,122]. The uncertainties given in Table I
quantify the level of agreement between the two methods.
For the KK channel, a similar threshold enhancement
occurs because the ¢ resonance is located very close to the
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KK threshold. In this case, we need to make sure that the
decomposition of the kaon mass into O(e?) and O(9)
pieces matches the conventions in lattice QCD. Fortunately,
the decomposition

M- = (494.58 —3.055 + 2.14,2) MeV,
Mo = (49458 4 3.035) MeV, (6)

derived based on self energies that correspond to the elastic
part of the Cottingham formula [86,123], agrees well with
typical schemes employed in lattice QCD (for which, in
addition, the scale setting needs to be specified), in
particular Ref. [63]. The results for all mass corrections
are summarized in the fourth panel of Table 1. We also
considered pion-mass effects in the 3z channel, but in this
case the corrections are strongly suppressed by phase
space. Moreover, one could think that the pion-mass
dependence of the @ width [105] might play a role, but
this effect cancels out at the level of the integral.
Uncertainty estimates.—The errors given in Table I
quantify the uncertainties in the determination of each
particular effect, while the uncertainties of the sum are
propagated in quadrature. The largest uncertainties arise in
the p—o mixing contribution in the 3z channel, largely
due to the sensitivity to the assumed line shape of the
amplitude [85], and from the pion mass difference in the 27
channel. However, before comparing to results from lattice
QCD, we need to add uncertainties arising from subdomi-
nant channels or energy regions that we have not consid-
ered so far. We will estimate these uncertainties as follows:
first, we considered QED corrections to the R-ratio, but
those scale as the expected O(a/z) = O(107%) [124], and
thus lead to negligible corrections <0.1 x 10~'? for the part
of the HVP integral typically estimated with perturbative
QCD. Second, an ambiguity arises in the identification of
resonance couplings in the isospin limit. The first such case
occurs in the KK channel, in which the residues of the ¢,
¢y, in the fit to data reveal an IB effect of about 2%,
¢y =0.977(6) (K*K~) and ¢, = 1.001(6) (K°K?). This
IB effect is not included in Table I, since it is unclear how
the isospin limit should be defined. Instead, we used the
charged- (neutral-) kaon residue in the K*K~ (K°K?)
channel. The opposite assignment produces a shift of

Aa,’ = 0.90 x 1071 (7)

in the K™K~ integral, and we will assign this value (and its
decomposition onto the windows) as an additional source
of uncertainty that should give an indication of missing
effects in the exclusive channels that otherwise have been
explicitly included. Finally, we need to estimate the impact
of those channels not explicitly included, the largest of
which being ete™ — 4z. Absent any distinct resonance
structures or threshold enhancements, we estimate the size

TABLEII.  Final results for the IB contributions in comparison to
the lattice-QCD calculations from Refs. [63,64]. The first error
refers to the one propagated from Table I, the second one to the
ambiguity in the ¢ residue, and the third to a generic 1% correction
to other channels not explicitly included in the analysis. The full
O(8) contribution can also be compared to the ChPT result 3.32
(89) from Ref. [125], and the intermediate-window O(e?) + O(5)
correction to 0.70(47) from Ref. [65] and 0.7(4) from Ref. [126].
Previous lattice results for the full HVP integral include 1.1(1.0),2,
6.0(2.3); from Ref. [127] and 9.5(4.5); from Ref. [128], see
Ref. [6] for a review. All entries in units of 10710,

This work Ref. [63] Ref. [64]

sp 9(e) 0.33(8)(8)(49)[51]

0(6) —0.04(4)(8)(49)[50]
e 0@ 234(57)(4T)(55)[92)  —0.09(6)  0.0(2)

0(6) 0.02(33)(47)(55)[79]  0.52(4)  0.1(3)
Lp Ol  —1.97(63)(36)(12)[74]

0(6) 1.48(44)(36)(12)[58]
gy Q%) 071(0.95)(0.90)(1.16)[1.75] ~1.5(6) ~ ~1.0(6.6)
Y 06) 1.47(0.80)(0.90)(1.16)[1.67]  1.9(1.2) 10.6(8.0)

of IB therein by a generic 1% correction (motivated by the
FSR effect in 27), which amounts to

Aazﬂssing channels —1.16 x 10—10’ (8)

and this error could be scaled accordingly if a larger or
smaller size of IB effects in the remainder were to be
admitted. This final uncertainty is distributed onto the
windows according to the isospin-conserving part of the
missing channels.

Bottom line—Our final results are summarized in
Table II, in comparison to the lattice-QCD computations
from Refs. [63,64]. In the SD window, the dominant
uncertainty originates, as expected, from missing channels,
since this part of the HVP integrals probes mostly the high-
energy tail. Within uncertainties, both the O(e?) and O(5)
contributions are consistent with zero. The signal in the
electromagnetic part mainly comes from the w(— 7% )x°
channel, due to its support around the p(1450). In the LD
window, the higher channels only play a minor role, and we
find a small positive (negative) correction for strong 1B
(QED), both of which are the result of a cancellation among
several sizable contributions. In the intermediate window,
we see a larger O(e?) contribution than in lattice QCD,
which becomes partly compensated for the full HVP
integral. In the latter case, both O(e?) and O(8) contribu-
tions agree within uncertainties, maybe with a slight excess
in the QED correction. In view of the potential ambiguity at
higher orders in ChPT in assigning ¢,, to strong IB or QED,
itis also instructive to consider the sum of both: in this case,
IB in the full HVP contribution is compatible within
uncertainties, while a larger effect in the intermediate
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0 . : .
- o =0.44 GeV
o =0.05 GeV -- 1y 0.02}
0.2r 1 w(*> 7r0’\/)7ro
—_ FSR (271') 0.01}
0.1t 1-- FSR (37)
IS - FSR (K+K_) s 0
= — (2m)
0 pw (2
-- pw (3m) -0.01
pion mass
-0.1r
kaon mass 0.02}
— sum
-0.2t . . . . | . A . . . . . . .
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Vs [GeV] Vs [GeV]
FIG. 2. IB contributions to the R ratio, smeared with Gaussian weights [129].

window, entirely driven by the O(e?) contribution,
survives.

The pattern with which the IB effects tend to cancel is
illustrated in Fig. 2, using the smeared R ratio [129]

o~ (@=v3)/(20%)

 Ryg(@).  (9)

R(v) = [ o

2o

For a fine resolution, ¢ = 0.05 GeV (left), the different
channels produce sizable corrections: a negative correction
around the 27z threshold, a net positive effect around the
p—o region, and again a negative correction in the vicinity
of the ¢. Together with the 1/s> weighting in Eq. (3), the
various contributions thus balance to a small overall IB
correction. For a broader smearing as considered in
Ref. [129], 6 = 0.44 GeV (right), the distinct features
are of course washed out, but also here a small net positive
correction is obtained.

Conclusions.—In this Letter, we systematically compiled
the IB contributions to HVP that display some form of
enhancement, via infrared singularities, threshold effects,
or hadronic resonances, including, for the first time, both
FSR and p—o mixing in e"e~ — 37. The resulting estimate
of IB corrections is primarily motivated by the comparison
to lattice QCD, but also of interest for a data-driven
determination of quark-(dis)connected contributions
[130-132]. Our central result is that the net IB corrections
are small, both for QED and strong IB effects, as a result of
cancellations among individually sizable contributions.
The most noteworthy difference to lattice QCD arises
for the QED contribution in the intermediate window,
for which we obtain a non-negligible positive contribution,
in contrast to essentially a null effect in Refs. [63,64].
Despite the modest size, it would be interesting to better
understand the origin of the differences in the QED
correction, but we emphasize that, even if they were to
disappear in future lattice-QCD calculations, this would
only increase the tension between lattice QCD and e*e™ —
hadrons data. From the size of the IB corrections as well as

the sign of the difference to the estimates provided here, we
thus conclude that the IB contributions in the lattice-QCD
calculations can be ruled out as an explanation.
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