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The doubly charmed tetraquark 7). recently discovered by the LHCb Collaboration is studied on
the basis of (2 + 1)-flavor lattice QCD simulations of the D*D system with nearly physical pion mass
m, = 146 MeV. The interaction of D*D in the isoscalar and S-wave channel, derived from the hadronic
spacetime correlation by the HAL QCD method, is attractive for all distances and leads to a near-

threshold virtual state with a pole position Ejye = —59(*33)(72,) keV and a large scattering length

1/ay = 0.05(5)(*3) fm~". The virtual state is shown to evolve into a loosely bound state as m,, decreases to
its physical value by using a potential modified to m, = 135 MeV based on the pion-exchange interaction.

Such a potential is found to give a semiquantitative description of the LHCb data on the D°D%z* mass
spectrum. Future study is necessary to perform physical-point simulations with the isospin-breaking and

open three-body-channel effects taken into account.
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Introduction.—The quest of exotic hadrons with multi-
quark configuration beyond the conventional constituent
quark model has been one of central subjects in the study
of nonperturbative QCD for decades [1-6]. Although dozens
of candidates of exotic hadrons were reported [7,8], a doubly
charmed tetraquark 7'}, was discovered only recently by the
LHCb Collaboration [9]: A pronounced narrow peak appears
inthe D°D°z+ mass spectrum just around 360 ke V below the
D** DO threshold, and its isospin 7, spin J, and parity P are
found to be consistent with (1,J7) = (0, 17) [10].

Although early theoretical predictions on the mass
of T, were scattered in the range of +300 MeV with
respect to the D** DY threshold, the constraint from the
LHCb data starts to lead a consistent description on the
basic properties of T’ in recent phenomenological models
(see Refs. [11-22], and references therein). Nevertheless, a
solid theoretical validation on the existence of T}, needs
to be given from first-principles lattice QCD simulations.
So far, the lattice QCD studies on the doubly charmed
tetraquark in terms of the D*D scattering length [23-25]
and the finite-volume D* D energy [26,27] have been limited
in the region of large pion masses (m, > 280 MeV) and
small lattice sizes (L < 2.9 fm).
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Under the above circumstances, the purpose of this
Letter is twofold. The first purpose is to report an inves-
tigation of the D*D scattering in the / =0 and S-wave
channel from lattice QCD simulations with nearly
physical pion mass m, = 146 MeV and a large lattice size
L = 8.1 fm. We employ the HAL QCD method [28-30]
for converting the hadronic spacetime correlation to the
physical observables. Shown in Fig. 1 is a summary of the
previous lattice QCD calculations of the inverse scattering
length of D*D as a function of m2. The recent LHCb result
and the result of the present Letter are also shown. Figure 1
indicates a clear trend that the lattice data approach the
experimental data as the pion mass decreases toward the
physical point. Our second purpose is to make a direct
comparison between theoretical and experimental DDz "
mass spectra to unveil the properties of near-threshold
tetraquark. The HAL QCD method is best suited for such
comprehensive analysis, since it provides the D*D scatter-
ing 7 matrix and allows us to study how the mass spectrum
changes toward the physical point.

HAL QCD method.—The starting point for deriving D*D
interaction in the HAL QCD method is the normalized
spacetime correlation [28-30],

R(r.1) = Z<0|D*(x +r,1)D(x, 1) T (0)|0) /e~ (morFmo)t

= A (r)e BB 4 OB, (1)
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FIG. 1. The inverse of scattering length 1/a, for the D*D
scattering in the / = 0 and S-wave channel obtained from lattice
QCD simulations by Refs. [23] (blue square), [24] (green
diamond), and [25] (yellow triangle). The result of the present
Letter (magenta circle) and the real part of the experimental value
by LHCb (red star) [10] are also shown.

where AE, = \/mp + k2 +\/mp +k2 — (mp- + mp),
with k, being relative momentum in the center-of-
mass frame. The equal-time Nambu-Bethe-Salpeter wave
function for each elastic scattering state is defined as
w,(r), and the coupling strength to the nth eigenstate is
denoted by A, = (E,|7(0)|0). We use local sink oper-
ators of the form g(x)Ic(x) with I' = y;(ys) for D*(D),
where ¢(x) denotes either u(x) or d(x). For the source,
the wall-type operator J at t = 0, defined by replacing
q(x,t) with > . qg(x,7) and c(x,f) with > c(x, 1), is
adopted together with the Coulomb gauge fixing.
Although the wall-type source may have weak coupling
to compact states, it is a suitable operator for studying
near-threshold and loosely bound T7.. By projecting into
quark zero momentum mode, such a source operator is
expected to have large overlap with the low-energy D*D
scattering states. The lowest relevant (noninteracting) energy
levels of three-body inelastic state (DDzx) and two-body
inelastic state (D*D*) are AE*~+\/m3+ (2x/L)*+

m2+ (2z/L)* —mp. =78 MeV and AE* ~mp. —my, =
140 MeV, respectively. They are suppressed by the
combination of the small overlap with our wall-type
source operator and the factor e~(AE"), The S-wave pro-
jection of R(r,t) on the lattice is carried out by the
Misner method [31]. A comparison between S- and
D- wave components of R(r, ) is given in Fig. S1 in [32],
and we find the D-wave component is highly sup-
pressed to only <O(0.1)%, similar to the observations in
Refs. [18,25].

The correlation function R(r,t) is known to satisfy the
partial differential equation [29,33],

A
[1 E;‘S PR —0,— Hy+ O(828) | R(r. 1)
_ / R ) 2)

where Ho = [(=V?)/24], u=[(mp-mp)/(mp- +mp)],
8=[(mp-—mp)/(mp- +mp)]. The integral kernel U(r,r’)
is defined through [k2/(2u)—Holy,(r)= [dr'U(r.r) x
w,(r'). The O(5%3}) term is found to be consistent with
zero within statistical error and is neglected in our analysis.
The derivative expansion U(r,r') = >, V,(r)V"s(r —r)
at the leading order gives an effective local potential,

1438
8u

V(r) = R(r.1) 0?2 —0,—Hy|R(r,1). (3)

The truncation error from higher-order terms of the
derivative expansion can be estimated through the ¢
dependence of V(r) [29,34,35]. Once the potential is
obtained, it can be used to calculate physical quantities
by solving the stationary Schrddinger equation, [H, +
V(r)w(r) = Ew(r), in the infinite spatial volume.
Lattice setup.—The (2 4 1)-flavor gauge configurations
are generated on the 96* lattice with the Iwasaki gauge
action and the nonperturbatively O(a)-improved Wilson
quark action at nearly physical point (m, = 146.4 MeV)
[36]. The lattice spacing is a = 0.0846 fm, corresponding
to lattice size L = 8.1 fm. For the charm quark, the
relativistic heavy quark (RHQ) action is employed in order
to remove the cutoff errors associated with the charm quark
mass up to next-to-next-to-leading order [37]. The charm
quark mass is set to be very close to its physical value,
which leads to a spin-averaged 1S charmonium mass
M, = (m, +3m;y)/4=3096.6MeV, 0.9% larger than
the physical value [38]. By comparing results from
another set of RHQ parameters corresponding to M,, =
3051.4 MeV, 0.6% smaller than the physical value, we
confirm that effect from slightly unphysical charm quark is
small compared with current statistical uncertainties.
With 200 gauge configurations, we perform 640 mea-
surements (=4 directions x80 source positions x2 for-
ward-backward propagations) [39] for each configuration
to increase the statistics. The jackknife method and boot-
strap method are used to estimate the statistical error with a
bin size of 20 configurations throughout this Letter; a
comparison with a bin size of 40 shows that the bin size
dependence is small. The quark propagators are calculated
by the domain-decomposed solver [40] and the BRIDGE++
code [41] with the periodic boundary condition for all
directions. The unified contraction algorithm is used to
obtain the hadronic correlation functions [42]. The D* and
D masses from the correlated single-state fit in the temporal
region ¢/a = 20-30 are mp- = 2018.1(5) MeV and mp =
1878.2(2) MeV with statistical error shown in the paren-
thesis, which are 0.5% heavier than the physical values.
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FIG. 2. The D*D potential V(r) in the 7 =0 and S-wave
channel at Euclidean time f/a = 21 (green circles), 22 (red
squares), and 23 (blue triangles). The red band shows the fitted
potential with VE, for t/a = 22. The inset shows a magnification.

(For the effective mass plots, see Fig. S2 in [32].) With our
slightly heavy pion mass, mp- is below the Dz threshold,
so that D* is stable against the strong decay. Other
systematic errors can be estimated as follows: (i) The finite
cutoff effect is O[(aAqcp)*. a?algep) = O(1)% thanks to
O(a) improvement for the light quarks and RHQ action for
the charm quark, (ii) the finite volume effect is as small as
exp[—my(L/2)] ~0.3% (where m;, =2m, as described
below) thanks to the large volume, and (iii) the quenched
charm quark effect is expected to be highly suppressed by
the heavy charm quark mass [43].

Interaction potential.—We show in Fig. 2 the D*D
potential V(r) in the I =0 and S-wave channel defined
in Eq. (3) for t/a =21, 22, and 23, corresponding to
t~ 1.9 fm. This temporal region is chosen to suppress
inelastic states contamination at smaller ¢ and simultane-
ously to avoid large statistical errors at larger . A small
variation of the potentials for different 7/a is observed and
is taken into account as a source of the systematic error.

For later convenience, we perform a correlated fit to
the potential in Fig. 2 in the range 0 <r <2 fm
by a phenomenological four-range Gaussian, V4 (r) =
S a;e (/b Fitting parameters at f/a =22 are
(ay,as, az, a4) = [-269(6),—121(10), —81(12), —23(14)]
in MeV and (b4, by, b3, by) = [0.14(1),0.27(1),0.52(5),
0.97(16)] in fm with an accuracy of y?/d.o.f. = 1.01. The
fitted potential is shown in Fig. S3 in [32] with the
normalized covariance matrix of the fitted parameters given
in Eq. (S2) in [32].

The D*D potential in the (I,J7) = (0,1") channel
shown in Fig. 2 is attractive for all distances. This is
consistent with the result previously found for heavy pion
masses [23]: The short-range attraction was suggested
to be related to the attractive (anti)diquark configuration
(& 21)3(_. 1=j—0 — (€¢¢)3: ;_y, coupled to the asymptotic D*D

state [44-48] (for an interpretation based on the string
model, see Ref. [49]). Similar short-range attraction was
also found for the B*B system in the (1,J7) = (0,17)
channel [50,51]. The long-range part of the attraction for
r> 1 fm would have contributions from the one-pion
exchange (OPE) between D* and D of the form ~e™"/r
with either m = m,, [S2] orm = +/(mp- — mp)* — m2 [53],
and from the two-pion exchange (TPE) of the form
~(e™m" [r)? [39].

To study different possibilities for the long-range part,
we introduce the following fit function with the Gaussian-
type form factor [39]:

VE(rmg) = Y a0t ag(1 = e P) V().
i=12

(4)

with V(r)=e ™" /r. We find that n =2 and m, = 146.4 MeV
provide a best fit with the parameter set, (a,a,)=
[-276(6),—219(8)] in MeV, a;=-43(3)MeVfm?, and
(by, by, b3) =1[0.14(1),0.28(1),0.43(2)] in fm, with an
accuracy of y?/d.of.=0.96. The fitted potential is
shown by the red band in Fig. 2. Also, we find that neither

n=1 and m, =1464 MeV nor n=1 and m, —

\/(mp- —mp)? — m? can reproduce the long-range part of
the potential. In Fig. S4 in [32], the spatial effective energy
Eu(r) = —{In[V(r)r?/as]/r} with the lattice data for V()
and a; as inputs is shown to have a plateau at 2m, =
292.8 MeV for 1 < r < 2 fm. This indicates that the long-
range part is consistent with the TPE. Itis an open question why
the theoretically possible OPE contribution does not appear in
the lattice data.

Scattering parameters and pole position.—Using the
potential fitted to our lattice data, we calculate the S-wave
scattering phase shifts &, by solving the Schrodinger
equation in the infinite spatial volume with m ) measured
on the lattice. Figure 3 shows the kcotdy/m, as a func-
tion of (k/m,)? with k being a relative momentum. The
scattering length a, and the effective range r. are obtained
by an effective-range expansion (with the sign convention
of high-energy physics) as

1 1
kC0t50 = a_ + E refsz + 0(k4), (5)
0

and are given in the second column of Table I. The central
values and the statistical errors in the first parentheses
are obtained at 7/a =22 with V&, while the systematic
errors in the second parentheses are obtained by comparing
results from different 1/a = 21-23 with V‘ét’B .

The scattering length obtained in this way is shown by
the magenta circle in Fig. 1 together with the previous
lattice results and the LHCb experimental data. As men-
tioned in the Introduction, there is a clear tendency that
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FIG. 3. The kcotdy/m, for D*D scattering in the / = 0 and

S-wave channel as a function of (k/m,)?. The intersection of
k cot 8,/m, and the black solid line [++/—(k/m,)?] denotes the
pole of the scattering amplitude. The pole position is shown by
the black point with magenta line indicating statistical and
systematic errors combined.

1/ay from lattice data approaches the unitary regime
(1/ay ~0) as the pion mass decreases. Also, our result
atm, = 146.4 MeV produces a virtual state, which implies
that a marginal modification of the interaction (e.g., by
reducing the quark mass) may bring such a near-threshold
virtual state to a loosely bound state. A typical example of
virtual or bound state sensitive to the quark mass is
dineutron or deuteron in nuclear physics [54-56]. A bound
(virtual) state is characterized by a pole of the scattering
amplitude f(k) on the positive (negative) side of the
imaginary axis at k = k. Since f~'(k) is proportional
to kcotd, virtual and bound poles near threshold can be
inferred from the intersection between (1/ag) + % regk®

and v —k%. As shown in Fig. 3, we indeed find a near-
threshold virtual state pole. The actual value of the pole
position in the complex k plane for the present pion mass is
shown in the second column of Table I, together with the pole

energy, Epop.= \/ My =Ko+ \/ mp —kpoe = (mp-+mp).
We confirm that k. and E,. here have numerically the
same values with those directly obtained from the 7 matrix,
indicating that the left-hand cut associated with TPE is
negligible. The effect on E,,. from slightly unphysical
charm quark mass is found to be about —30 keV, smaller
than statistical and systematic errors in Table I.

To estimate how the scattering parameters change and
the pole evolves toward the physical point, we modify the
potential by taking m, = 135.0 MeV (approximately the
physical pion mass without the QED contribution [57])
with the other parameters (a3, b1 ,3) of VE att/a =22
kept fixed. Using such a potential together with physical
mp«+ po [58], we find a loosely bound state with the
scattering parameters and pole positions given in the

TABLE 1. Results for 1/ay, the effective range r., the pole
position Kpge, and Epe. Numbers in the second column with
statistical error (first parentheses) and systematic error (second
parentheses) are obtained from V4:*(r) with t/a =21-23 at
m, = 146.4 MeV. The third column shows estimated values
from VE(r;m,) with t/a=22 and m, = 135.0 MeV. The
asymmetric statistical error for E. is due to its non-normal
distribution (see Fig. S5 in [32]).

m, (MeV) 146.4 135.0
1/ay (fm™") 0.05(5)(*2) —0.03(4)
regr (fm) 1.12(3)(3) 1.12(3)
Kpole (MCV) —8(8)(1—3) +5(8)

Epore (keV) —59(%55) (16) ~45(13)

third column of Table I. This indicates the existence of a
bound T}. at physical point, though there is still a
quantitative difference from the experimental value E,,q. =

—360(40)(*;) keV reported by LHCb Collaboration [10].
Since the above estimate does not account for the isospin-
breaking effect nor the open three-body-channel effect,
future works should directly perform (1 + 1 + 1)-flavor or
(1414 1+ 1)-flavor lattice QCD + QED simulations
with physical quark masses and the three-body channels
(D°D°z* and D°D* %) considered.

Let us make an alternative estimate of a, at the physical
point by taking the present and previous lattice data shown
in Fig. 1 (note that these data are from different calculations
and possess different lattice systematics): By using the
simplest fit function 1/ay(m,) = ¢ + dm2, we find 1/a, =
—0.01(9) fm=! for m, = 135.0 MeV (Fig. S6 in [32]).
This result is consistent with 1/ay = —0.03(4) fm™!
obtained by VB with the same pion mass in Table I,
supporting the validity of our modification procedure
for VE.

DDzt mass spectrum.—In order to make a further
connection to the LHCb experimental data, let us now
construct D°DPz" mass spectrum based on the above
interaction by considering the rescattering between D**
and D° along the line with Refs. [18,59]. Within a single
channel framework, we first construct a production ampli-
tude U(M, p) for D**DP pair with invariant mass M and
relative momentum p in the / =0 and S-wave channel
generated from a constant vertex P. Then the amplitude
consisting of a direct production process and a rescattering
process is written as (see the inset in Fig. 4),

d’q
UM, p) =P+/(2ﬂ)3 T(M.p.q)G(M.q)P. (6)
Here the T matrix T(M, p,q) with incoming (outgoing)
momentum ¢q (p) is obtained by solving the Lippmann-
Schwinger equation with a given potential. The D**D°
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FIG. 4. The D°D°z" mass spectrum. Theoretical results with
VE (rym,) for m, = 146.4 MeV (m, = 135.0 MeV) are shown
by the black (red) band. The black points are LHCb data [10]. The
inset shows diagrams contributing to the D° D%z mass spectrum,
where the black filled circle, blue cross circle, green filled circle,
and red square denote production amplitude U, constant vertex P,
D**t — D7t vertex, and scattering 7 matrix, respectively.

propagator is denoted as G(M, q) = [M — mp-+ —mpo —
(¢*/2u) + (i/2)Tpe+]~!, where T'p = 82.5 keV is the
decay width of D** [58], representing the unstable nature
of D** in the real world. We set P = 1 without loss of
generality, since it can be absorbed into an overall nor-
malization factor. Then, the D°D%z+ mass spectrum reads

r 0 077,'+
%:N/pdp/pdp|U(M,p)G(M,p)qﬂ(p)

+UM, p)G(M, p)q.(p), (7)

where the pion momentum ¢, (p) arises from D** — DOz +
vertex, and can be determined kinematically [18]. The
second term of the integrand with p comes from sym-
metrizing the D°D°z+ amplitude due to two identical D®’s
in the final state. With N being an overall normalization
factor, the shape of D°D°z" mass spectrum does not
depend on any free parameters. In order to compare with
the LHCb data, an energy resolution function given in
Ref. [10] is convolved with Eq. (7).

Shown in Fig. 4 by the black and red bands are
our theoretical calculations for D°D%z% mass spectrum
obtained from V& (r;m,) with m, = 146.4 MeV and
m, = 135.0 MeV, respectively. In both cases, experimen-
tal values for mp-+ po .+ [58] are adopted in the kinematics
in order to keep the same phase space with the experiment.
Shown together by the black points are LHCb data [10].
The obtained mass spectrum has a pronounced peak around
the D** DO threshold, and the peak position shifts to the left
as m,, decreases; this is consistent with the evolution from a

near-threshold virtual pole to a loosely bound pole. At the
physical pion mass, the red band with a peak just on the
D**+ DO threshold provides a better description of the LHCb
data, though visible differences still exist. This calls for a
direct calculation of the potential with the physical quark
masses as well as with the isospin-breaking effect.

Summary and discussion.—In this Letter, we present an
investigation on the scattering properties of the D*D
system based on the (2 + 1)-flavor lattice QCD simulations
with nearly physical pion mass m, = 146 MeV. The
attractive potential between D* and D in the / =0 and
S-wave channel is extracted from hadronic spacetime
correlation. The long-range part of the potential is found
to be dominated by the two-pion exchange at least in the
range 1 < r < 2 fm. The overall attraction is found to be
strong enough to lead a near-threshold virtual state with a
pole position Epqe = —59(*53)(7;) keV and a large scat-
tering length 1/a, = 0.05(5)(3) fm™'. The virtual state is
shown to evolve into a loosely bound state at the physical
point by using a potential modified to m, = 135 MeV
based on the TPE. Such a potential can also provide a
semiquantitative description to the D°D%z*+ mass spectrum
measured by LHCb Collaboration.

We are currently under way to perform physical-point
simulations in (2 + 1)-flavor QCD. It is also important in
the future to study the OPE and the associated left-hand
cut as well as to perform high-precision study with the
isospin-breaking effect and open three-body-channel effect
by (14 1+ 1)-flavor or (1 + 1+ 1+ I)-flavor lattice
QCD + QED calculations with the physical quark masses.
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