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Recently, there has been renewed interest in a crossing-symmetric dispersion relation from the 1970s due

to its implications for both regular quantum field theory and conformal field theory. However, this

dispersion relation introduces nonlocal spurious singularities and requires additional locality constraints for

their removal, a process that presents considerable technical challenges. In this Letter, we address this issue

by deriving a new crossing-symmetric dispersion relation free of spurious singularities. Our formulation

offers a compact and nonperturbative representation of the local block expansion, effectively resumming
both Witten (in conformal field theory) and Feynman (in quantum field theory) diagrams. Consequently,
we explicitly derive all contact terms in relation to the corresponding perturbative expansion. Our results
establish a solid foundation for the Polyakov-Mellin bootstrap in conformal field theories and the crossing-
symmetry S-matrix bootstrap in quantum field theories.

DOI: 10.1103/PhysRevLett.131.161602

Introduction.—The recent revival in crossing-symmetric
dispersion relations [1,2] has sparked considerable interest
in both quantum field theory (QFT) [3] and conformal
field theory (CFT) [4,5]. In contrast to traditional #-fixed
dispersion relations, which display symmetry in only two
channels [6,7], crossing-symmetric dispersion relations
impose no additional constraints and are in perfect accord
with Feynman diagram expansions. Within the CFT domain,
four-point correlation functions must adhere to crossing
symmetry constraints. Numerical bootstrap typically en-
forces this crossing symmetry on the conformal block
expansion. Alternately, Polyakov introduced a conformal
bootstrap using crossing-symmetric blocks [8], an approach
that has recently proven effective in Mellin space [9-11].
This method employs a perturbative expansion [12,13], as

M(s1,52) = ZMi(Sl,Sz)‘f'MC(Sl,Sz)v (1)

i=s.t,u

where Mi(s;,s,) are crossing-symmetric exchange terms
for the s, t, and u channel, and M¢(s|, s,) are crossing-
symmetric contact terms. Equation (1), however, only offers
a formal expansion, with the explicit contact terms remain-
ing undetermined [13,14]. Resolving these terms continues
to pose a considerable challenge [12,15-21].

Gopakumar et al. [4] recently observed that these
contact term ambiguities are fully determined using a
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crossing-symmetric dispersion relation, initially developed
by Auberson and Khuri (AK) [1] and later revisited by Sinha
and Zahed [3]. However, the AK dispersion relation presents
spurious singularities that violate locality. Therefore, addi-
tional locality constraints are manually imposed to remove
these unphysical terms. In theory, after removing these
singularities, crossing-symmetric dispersion relations allow
for a Feynman and Witten diagram expansion and entirely
fix the contact terms. In line with this approach, a closed
form of the contact terms has been proposed [22].

Nevertheless, the complexity of analyzing singularities
restricts its practical application to lower spins, thereby
complicating the implementation of the Polyakov boot-
strap. This difficulty is intrinsically connected to the
nonperturbative nature of the crossing-symmetric ampli-
tude; when it expands in a perturbative manner as given by
Eq. (1), the terms involved—especially the contact terms—
become cumbersome, indicating that the expansion may
not be fundamentally natural. This becomes particularly
evident for higher spin values, where the number of
monomials in the contact term grows rapidly [see
Supplemental Material (SM) [23], Sec. C]. Therefore, it
is of significant interest to explore a naturally nonpertur-
bative, and local crossing-symmetric dispersion relation
that is not only essential for advancing the Polyakov
bootstrap but also holds fundamental importance in its
own right.

In this Letter, we propose such a new dispersion relation
that manifests both crossing symmetry and locality. We
discover a novel approach to directly remove nonlocal
singularities, resulting in a closed form of the singularity-
free dispersion relation. This technique affords a single
compact and nonperturbative representation of the local
block expansion, effectively resumming all Witten (CFT) or
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Feynman (QFT) diagrams. In consequence, this approach
offers explicit derivation of all contact terms. As a result,
when the absorptive part of the amplitude is known, we can
instantly generate such a nonperturbative representation.
Furthermore, we develop the full dispersion relation without
assuming crossing-symmetric amplitudes, enabling the
application of our findings to a wide range of problems.
For instance, our work establishes a solid foundation for the
Polyakov bootstrap, where the only remaining nontrivial
constraint is the Polyakov condition [8,10]. Moreover, our
approach yields a novel functional sum rule for the crossing-
symmetric bootstrap, eliminating the need for power series
expansions.

Singularity-free dispersion relation.—We begin with the
shifted Mandelstam variables s, =s—p /3,5, = t — u/3,and
s3=u—pu/3 satisfying the constraint s + s, + s3 =0, where
s, t, and u are the usual Mandelstam variables. For regular

QFT, we have y = 4m?, while for CFT, we have y=2A,.

We consider hypersurfaces (s, —a)(s,—a)(s3—a)=—a>,

and rewrite s;(z,a) = a—a(z —z)%/(z> = 1), where z;
are cube roots of unity [1]. Note that we can express a =y/x,
where x=— (55, + 5,53 +535;) and y = —s5,53. Instead of
a dispersion relation in s for fixed 7, we can write down a
twice subtracted dispersion relation in the variable z, for
fixed a. The full crossing-symmetric dispersion relation is
quite involved, and we refer the readers to Ref. [1] for more
details. A full singularity-free dispersion relation is set to be
proposed in a subsequent section.

Our discussion below primarily focuses on the completely
crossing-symmetric scattering amplitudes, such as pion-
pion scattering in QFT or the Mellin amplitude for a four-
point correlation of identical scalars in CFT [24,25]. For a
crossing-symmetric amplitude M), the dispersion re-
lation simplifies dramatically in terms of s = {5, 5,, 53}, as

M(S)(s):a0+l/@¢4[a,si<a, a >]
n) o c—a

x H(o;s), (2)

where A(sy, 5,) is the s-channel discontinuity, symmetric
under the exchange of ¢ and u channels, i.e., A(s;,s,) =
A(sy, s3). The constant oy = M)(0,0), and the functions
H(o;s) and s (c,n) are defined as

Hios)=—S1_ 4 %24 51
o — S o — S o — 83
1+ T8
(o) =0 EVIEA
where s,s_ = -0’ and s, +s_ = —o. Setting 5=

a/(c—a) and s; = o solves s, = s, and s3 = s from
the definition above. Note that A(c, s, ) = A(c, s_), and
thus the validity of Eq. (2) is independent of the choice of s,
ors_.

Equation (2) is manifestly crossing symmetric, allowing
the scattering amplitude

MO (s) =3 My xrys (3)
P.q

to be expanded in terms of crossing-symmetric variables x
and y. However, the AK dispersion relation (2) involves the
variable a and, therefore, leads to negative powers of x in
the expansion (3). These spurious singularities are known
to violate locality [3]. To obtain the physical scattering
amplitude, additional locality constraints must be imposed
to enforce the vanishing of these nonphysical terms in
Eq. (3). Formally, a singularity-free dispersion relation
requires computing the regular part

r=rfalos(o e | @

where R{...} denotes a formal regularization with the
negative power of x terms being removed.

To obtain a closed form of the regular part R, we first
rewrite H(c,s) = (26° — y)Hy(o,s) — 2, where

1 1

Holos) = G o= (o=5) @ +y—ox

corresponds to the poles. Notice that multiplying the factor
a with a regular function f(x,y),

af(x,y) =R{af(x,y)}

acts as a lowering operator éa|n) = y|n — 1), with @|0) = 0,
where |n) = x" denotes the nth power of x. Specifically, we
obtain

0

1 o m
"I’lH: AN M
ity =3 ()

m=0

[Se]

1 o m
— nxm—n
R

m=n

n
:<36y >H07
o’ +Yy

which suggests that

Faoos) = F( 2y )las) 9

for any function F(a,y) admitting a Taylor expansion in
terms of a. Substituting Eq. (5) into Eq. (4) and noting

F(a,y)f(y) = F(0,y)f(y) lead to

R=Alo.5.(0.y/0°)|(20° = y)Hy(0.5) = 2A0.5..(0.0)].
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Therefore, we obtain the singularity-free (SF) dispersion relation

(s) gyt t /do <(2(73 + 518283)Alo, 51 (6, —515,53/0°)] 2 (s, O)), (©)

c

where the locality constraints are automatically satisfied, as
we will show explicitly in the next section.

Intriguingly, the SF dispersion relation exhibits a faster
convergence rate in comparison to existing dispersion
relations. Considering the CFT as an instance, Ref. [26]
demonstrates that the AK dispersion relation in terms of
k converges following the rate k~''/3+4/2 whereas the
standard fixed-¢ dispersion relation converges at the rate
k=11/3+52/2 n contrast, the SF block converges following
the rate k~''/3log(k), which markedly surpasses the other
two in speed. Of greater significance is the fact that the AK
dispersion relation converges for f(a) < 16/3 and for
fixed-t M(s,) < 16/3. The SF relations converge for any
choice of a or s,. A numerical test of the convergence of
Eq. (6) in terms of spin cutoffs, applied to the 3D Ising
model [27], is presented in SM [23], Sec. A.

Block expansion and contact terms.—To facilitate the
analysis of the s-channel discontinuity, it is common
practice to expand it in terms of the partial waves with
even spins, as

Alsros2) = [ daf (51001 51.52),
4

where the partial wave Q,/(s;,s7) = Q,,(s1,53) is a
symmetric polynomial of order # that is invariant
under the exchange of the ut channels, and the spectrum
fr(s1,4) encodes scattering data. For QFT, we express
Qo.r(51,52) = (51 = 21/3)7 C[(s2 = $3)/(s1 = 20/3)] i
terms of Gegenbauer polynomials, and f,(s;,4) =
(51 =2u/3)77®(s))(2¢ + 2a)a,(s))8(1) with ®(s)) =
Y(a)(s; +u)'/?/(s; —2u/3)* with a = (d — 3)/2. Here,
W¥(a) is a real positive number and a,(s;) encodes partial
wave coefficients. For CFT, we express Qn,(s) =
Pa—ap (51 +28,/3.5,—Ay/3) in terms of Mack poly-

nomials [24,28,29], and f,(s1,2) = Y a; CarNw,d(s, -
7:)6(4 — A) encodes the operator product expansion (OPE)
data, where 7, =(A-7¢)/2—(24,/3)+k, Cp, is OPE

coefficient and N (Ak} is the normalization term (see SM [23],

Sec. A for its explicit definition).
The scattering amplitude can also be expressed as

MO(s) = g+ — Z/dadﬂff

MM, 4(0:s),

where M, ,(o;s) are scattering blocks. Comparing AK
dispersion relation (2), we obtain the Dyson block [3],

(6=s51)(6—55)(0—s3)

1
MY =0, [a, = (o, - a)] H(os). (1)

which contains spurious singularities. By contrast, our
dispersion relation (6) leads to the singularity-free block

(26° = y)Qsrlo,5:(0,y/0%)] 2 i
slo—s)o—s)o—s) o0 &)
SF)

To show explicitly SF block Mgf removes spurious

SF
Mx(l,f) =

singularities present in the Dyson block M/(@), we take the
QFT case as an example. We start with the Gegenbauer
polynomials C(d %)/2(\/3) where ¢ =[5 (6,17) —s_(c,1)]*/
(6—2u/3)? Zjo(l+477), where & = 6%/(0 — 2u/3)*. We
setn = a/ (o — a) and expand the Gegenbauer polynomials
around &, giving us [1,3]

where p;k) = 0§C(d_3)/2(\/‘5)s and

, m
Bn,m - E

k=0

pf! (460" Gk = m = 2m)(=n),
ﬂ02;1+mk!(m - k)!(—n)kJrl

Similarly, expanding the Gegenbauer polynomials
around &, with 7 = y/6> leads to

| & /
M = p > Conxy™,
n,m=0
where
k

@) PP (480 (=1)"*[2n + 3(m — k)]
Cn Z 7202”+3mn'k‘(m k)!

Xx(n+m—k-1).

It is easy to verify that CSf,)n = Bf{’i)m_m for n, m >0,
indicating that the regular part of the Dyson blocks matches
with the SF blocks, as expected. However, the Dyson
blocks have spurious singularities with a negative power of
x when n < m, which is absent in our SF blocks. A similar
deviation can be obtained for general partial waves Q; ;.

As we mentioned above, Eq. (1) only offers a formal
expansion in terms of exchange and contact terms, with its
explicit form unknown. The singularity-free (SF) block
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provides a block expansion for the amplitude that directly
relates to the usual Feynman and Witten diagrammatic
expansions for QFT and CFT, respectively. To see this, we
will show below that the SF block can be written as a
summation of exchange and contact terms, as follows:

3
=S M (o:s) + M)(ois).  (9)

i=1

where the exchange term of channel i is given by

(W) (. 1 1
M N = is 9] I E)
ﬁf(a s) Qﬂ,f(s Sit1) <O‘ — s G)

for i = 1, 2, 3 with the cyclic condition i + 1 = 1 fori = 3.
The contact terms Mff}(a; s) involve polynomials of s;’s,
whose explicit form is previously only known for a few
lower order terms. We substitute Eq. (8) into Eq. (9),

obtaining

where AQE{?; =Q,/l0:5:(0.y/0%)]| = Qs lsiis:(51.y/57)],
and AQ&?} = 0,/l0,5:(0,y/0*)] — 0,+(5,0) are polyno-
mials. To show the contact term Mﬁf; are also polynomials,
we notice that the symmetry of u and ¢ channels allows us

to expand Q/I.f(sl;SZ) Zn+2m<l 9nmS (S2S3) ™, which
implies

Z Qnmo-n (Sl/o-)m (st3>m_

n+2m<lI

Q,slo354(0,y/0)] =

Thus,

AQY, =" G0 [(s1/0)™ = (51/0)")(s1315112)™,

n,m

where the term (s;/6)™ — (s;/0)" must divide s;/6 — 1 and
thus cancel the poles in Eq. (10). More explicitly, we find
that [see SM [23], Sec. B for more details]

AQY, = (5, =6)_P,,.(0)

n.m

z+1sz+2) ’

where

Pn,m(a)
> i—0 Um® 0<n<min(m,£—2m+1)
=9 202" dmO ‘1, £-2m<n<m-—1,

=2 G, m<n < —2m—1.

k—n—l

Substituting into Eq. (10), we obtain the contact term

o 2
My =~ (Qurlos:(0.3/6)] = Qu(0.0))

_ézpnm (Zs l+1sl+2 >’ (11)

which are manifestly crossing-symmetric polynomials.
Note that the summation over indices n and m is across
all nonzero P(n,m) terms, ie., 0<m<¢/2 and
n+2m <3¢/2—1. In the case of the £ = 2 block, for
instance, Eq. (11) leads to Mgcz) = (2xq,20/0) + (¥q90.1/0°).
This outcome is in agreement with the block discovered in
Ref. [3], which was achieved by expanding the Dyson
block and manually discarding the nonlocal terms. More
comprehensive details, along with higher spin examples,
can be found in SM [23], Sec. C.

Singular block and sum rules.—Since the SF block
corresponds to the regular part of the Dyson block, we
can decompose

D SF S
M) (0;5) = M (035) + M) (35),

where Mf}(o; s) refers to the corresponding singular part,
given by

0,/lo.5.(0.y/0%)| - 0, /lo.5.(0.a/(c—a))]
y/o>—a/(c—a)

M i(Qllf[G sy (o, y/o’ )]-

s
My =

64(6—Cl) Q/l,f[o-’o])'
Note that the polynomial Q;,(s;.s;) = Q;.(s1,53) is
symmetric for even spins. As a result, it can be expanded
in terms of the power of s and the product s,s5. Therefore,
Q,/(0.5:(0,n)) can be expressed as a polynomial of
s, (o,n)s_(6,n) = 6°n. This, consequently, leads to it
being expressed as a polynomial of 7. The term in the
first line is the difference operator acting on Q, , between
n=y/o>andn = a/(c — a), and thus is also a polynomial
of these two terms. Therefore, the first term involves
positive powers of a = y/x except for the zeroth-order
term, which cancels the last term in the above equation.
Consequently, only terms with negative powers of x remain

in MES} as expected.
Since both Dyson and SF blocks lead to the same

amplitude, the contribution from the singular part needs
to be canceled:

3 / dodif ;(c, )M )(a35) = 0, (12)
4

which imposes a constraint on the spectrum f, (o, 4). For
instance, for QFT, Eq. (12) requires the cancellation of

power series contributions of Bﬁ%"—mym with negative
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powers of x, i.e., n < m, generalizing the Froissart bound
[3,30]. For CFT, it appears to connect to the conformal
dispersive sum rules [4,19]. Unlike previous approaches,
Eq. (12) provides a single functional sum rule without
involving series expansion.

Full dispersion relation—Our approach extends to
general scattering amplitudes without assuming the com-
plete crossing symmetry. The corresponding full dispersion
relation should link the scattering amplitude M(s) to s, u,
and t-channel discontinuities, denoted as A;(s) fori = 1, 2,

’4;

. 1 d K
M(S)Z(ZQ‘F E Ol[S,'—FZE / ° SG

i=1 =

— K (s.0)Afo.s.(0.0)

where 3, =s,(0,y/0%), KV(s,0) =3+ (s;/0) £
[(si11 = 5i12)/30], and
0= (002052
( ) y+ ) i+1 i+2
+ (azw:t T 5 ) 6?)"5‘0'3 .

The constants «; correspond to the first-order coefficient
of s;, with only two being free, enabling us to impose
2?21 a; = 0. The corresponding SF blocks can be found
consequently.

While the full dispersion relation (13) is considerably
more involved, it simplifies remarkably for the crossing
symmetric and antisymmetric cases. In the former scenario,
the discontinuities across all channels are identical, i.e.,
A;(06,54) = A(o,5.). Equation (13) reduces to Eq. (6)
since all terms cancel after summation except for
(26° —y)/3. Likewise, for the crossing antisymmetric
amplitude M(*)(s), Eq. (13) simplifies to

(@) (g) = 2 do Ale.5.)
MEE) ﬂ/(0—51>(0—52)(0—s3)5+—§—,

which provides the singularity-free dispersion relation for
the case discussed in Ref. [31]. It is noteworthy that in this
case A(0,5,.) = —A(0,5_), thus [A(6,5,)/(5, —3_)] =
H[A(e,3,) — A(0,5_)] /(3. —=5_)} is a polynomial in
terms of 5, and 5_, as expected for odd spin contributions.

Discussion.—The singularity-free, crossing-symmetric
dispersion relation approach introduced in this Letter
addresses a long-standing challenge in the nonperturbative
exploration of quantum field theories. The proposed cross-
ing-symmetric blocks seamlessly link to Feynman and
Witten diagrams, with contact terms being explicitly
determined. The null contribution of the singular block

3. Furthermore, M(s) is not merely a function of x and y,
but also of a linear combination of s;. In addition, an
antisymmetric part exists [31], characterized in terms of
w = —(s1 —5,)(s2 — 53)(s3 — 51). Note that the algebraic
curve w? = 4x> — 27y? suggests that any power of w higher
than first order will be absorbed in a combination of x and
y. Using an approach similar to the one presented above,
we derive the full SF dispersion relation (see SM [23],
Sec. D for more details):

Ai(0.5,) + K7 (s,0)A(0.5.)
(6=s51)(6—52)(0—s3)
— kY (s.0) Ao, 5_(a,0)], (13)

|

leads to a simplified functional sum rule, enhancing
existing methods. Furthermore, the full singularity-free
dispersion relation lays the groundwork for the Polyakov
bootstrap beyond identity operators. This approach also
provides remarkable opportunities for numerical S-matrix
bootstrap within a broader setup. Undoubtedly, our
advancements establish a robust foundation for crossing-
symmetric bootstrap applicable to both QFTs and CFTs.

We express our gratitude to Aninda Sinha and
Ahmadullah Zahed for their invaluable discussions and
constructive feedback on the manuscript.
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