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The nonequilibrium dynamics of quantum spin models is a most challenging topic, due to the
exponentiality of Hilbert space, and it is central to the understanding of the many-body entangled states
that can be generated by state-of-the-art quantum simulators. A particularly important class of evolutions is
the one governed byU(1)-symmetric Hamiltonians, initialized in a state that breaks the U(1) symmetry—the
paradigmatic example being the evolution of the so-called one-axis-twisting (OAT)model, featuring infinite-
range interactions between spins. In this Letter, we show that the dynamics of the OATmodel can be closely
reproduced by systems with power-law-decaying interactions, thanks to an effective separation between the
zero-momentum degrees of freedom, associated with the so-called Anderson tower of states, and
reconstructing an OAT model, as well as finite-momentum ones, associated with spin-wave excitations.
This mechanism explains quantitatively the recent numerical observation of spin squeezing and Schrödinger
cat-state generation in the dynamics of dipolar Hamiltonians, and it paves the way for the extension of this
observation to a much larger class of models of immediate relevance for quantum simulations.
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Introduction.—The controlled generation of many-body
entangled states [1–4] is the central feature of quantum
many-body devices, such as quantum simulators [5],
quantum computers [6], and entanglement-assisted sensors
[3], based, e.g., on neutral atoms [7–10], trapped ions [11],
or superconducting circuits [12]. Identifying realistic and
robust protocols for the scalable preparation of multipartite
entangled states [3] is essential for fundamental studies on
quantum matter using such devices, as well as for their
most advanced applications. In this Letter, we shall
specialize to the paradigm of analog quantum simulation
based on time-independent Hamiltonians H, which generi-
cally takes as an input a fiducial, nonentangled initial state
jψð0Þi and transforms it into an entangled state jψðtÞi ¼
expð−iHtÞjψð0Þi via the global unitary evolution. Among
the numerous many-body Hamiltonians realizable with
state-of-the-art simulators, it is crucial to identify those
giving rise to entanglement that can be produced and
certified with “polynomial resources”—namely, produced
after evolution times t scaling polynomially with system
size and certified via standard observables requiring a
polynomial amount of statistics. A further desideratum is
for entanglement to be scalable, namely, multipartite and
with a depth scaling with system size, offering in this way a
fundamental test of the scalability of quantum superposi-
tions, as well as the central resource for, e.g., entanglement-
assisted metrology [3]. These properties are far from being
trivial: generic many-body Hamiltonians evolving random
initial factorized states lead to extensive entanglement
entropies, which nonetheless can only be certified using

exponentially scaling resources [13,14]. The above require-
ments can instead be met by exploiting special symmetry
properties (exact or approximate) of the many-body
Hamiltonian.
A paradigmatic example of an entangling many-body

Hamiltonian giving rise to multipartite entangled states
with scalable depth is offered by the one-axis-twisting
(OAT) model [15]. The latter describes an ensemble of
spins of length S interacting via infinite-range interactions
leading to a planar-rotor Hamiltonian,HOAT ¼ ðJzÞ2=ð2IÞ.
Here Jα ¼ P

N
i¼1 S

α
i (α ¼ x, y, z) is the collective-spin

operator, and I ∼ N is the macroscopic moment of inertia of
the rotor. When the dynamics is initialized in the coherent
spin state jCSSxi ¼ jψð0Þi ¼⊗N

i¼1 j→xii polarized along
the x axis, the evolved state jψðtÞi develops first spin
squeezing, characterized by a squeezing parameter [16]
ξ2R ¼ Nmin⊥VarðJ⊥Þ=hJxi2—where min⊥ indicates the
minimization over the collective-spin components in the
yz plane, perpendicular to the average spin orientation. A
parameter ξ2R < 1=kwitnesses (kþ 1)-partite entanglement.
During the OAT dynamics it reaches a minimal value
ðξ2RÞmin ∼ N−ν (with ν ¼ 2=3 for very large system sizes)
at a time tsq ∼ N1=3, therefore realizing scalable multipartite
entanglement [15,16]. Moreover, at times tq ¼ 2πI=q

(for N even, and q ¼ 2;…; qmax with qmax ∼
ffiffiffiffi
N

p
) the

OAT dynamics realizes a cascade of q-headed
Schrödinger’s cat states [17], namely, superpositions of q
coherent spin states rotated around the z axis by integer
multiples of 2π=q with respect to the initial jCSSxi.
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This sequence culminates with the q ¼ 2 [or Greenberger-
Horne-Zeilinger (GHZ)] state ðjCSSxi þ ijCSS−xiÞ=

ffiffiffi
2

p
at

time πI, featuring N-partite entanglement.
The OAT model with its infinite-range interactions

can be realized literally using atoms or qubits [18–22],
and the full sequence of the above-cited entangled states
has been realized in recent experiments [22]. Nonetheless,
there is mounting evidence that the same dynamics can be
obtained using a wide variety of models, such as systems of
qubits (S ¼ 1=2 spins), provided that their interactions are
sufficiently long ranged, and share with the OAT model its
fundamental U(1) symmetry. OAT-like squeezing dynamics
has been theoretically reported in XXZ models with power-
law-decaying interactions [23–27], and the appearance of
the whole cascade of q-headed cat states has been dem-
onstrated by us for dipolar interactions in 2D [26].
Moreover scalable spin squeezing has been recently
demonstrated in experiments on 2D Rydberg atoms with
dipolar interactions (Ref. [28]). Yet a quantitative under-
standing of the persistence of OAT-like dynamics
beyond the OAT model is still lacking, in spite of its
fundamental importance in order to establish many-body
Hamiltonians as potential resources of scalable multipartite
entanglement.
In this Letter, we offer a quantitative theoretical insight

into this problem, by highlighting an effective mechanism
of “separation of variables” taking place in a broad class of
models with U(1) symmetry. Making use of a spin-boson
mapping, the spin degrees of freedom can be decomposed
into a zero-momentum component, reconstructing an
effective OAT model when all nonlinearities are properly
accounted for; and finite-momentum components, which
reconstruct linear spin-wave (SW) excitations at the lowest
order in the expansion of the Hamiltonian in powers of
bosonic operators. Neglecting the coupling between zero-
and finite-momentum bosons (justified when SW excita-
tions are weakly populated) leads to a rotor–spin-wave
(RSW) separation scheme: this scheme predicts an additive
structure of most salient observables and entanglement
entropies, justifying how the full-fledged OAT dynamics
can emerge in systems with spatially decaying interactions.
The predictions of RSW theory are quantitatively con-
firmed by time-dependent variational Monte Carlo (tVMC)
results in the relevant case of dipolar interactions in two-
dimensions—for which tVMC is very accurate, as shown
by us in Ref. [26].
From spins to bosons: rotor–spin-wave separation.—In

this Letter, we focus on the XXZ model for quantum spin
lattices,

HXXZ ¼ −
X

i<j

JijðSxi Sxj þ Syi S
y
j þ ΔSziS

z
jÞ; ð1Þ

where Jij is an arbitrary matrix of ferromagnetic couplings,
Jij ≥ 0, and Δ is the anisotropy parameter. Throughout the
rest of this Letter, the sites i, j are defined on a periodic

lattice with N ¼ Ld sites in d dimensions. In order to
quantitatively relate the XXZ model to the OAT one, we
first map locally the spins onto Holstein-Primakoff (HP)
bosons, Sxi ¼ S − ni, Syi ¼ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2S − ni
p

bi þ H:c:Þ=2, and
Szi ¼ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2S − ni
p

bi − H:c:Þ=ð2iÞ (ni ¼ b†i bi), where bi; b
†
i

are bosonic operators, and then we move to momentum
space for the bosonic operators, bi ¼ N−1=2P

q e
iq·ribq.

The XXZ Hamiltonian expressed in terms of HP bosons has
a priori a highly nonlinear form; yet the importance of
nonlinearities can be very different when looking at zero-
momentum bosons versus finite-momentum ones. By
construction, the jCSSxi state coincides with the vacuum
of all HP bosons, and the dynamics initialized in this state
has the major effect of depolarizing the collective spin,
namely, of letting hJxi relax to zero, under proliferation of
bosons. Ferromagnetic couplings for the x and y spin
components imply that the lowest-energy bosons have zero
momentum, so that one should expect a much faster
proliferation of these bosons compared to finite-momentum
ones, so that, in practice, for all times (except at the very
start) hb†0b0i ≫ hb†q≠0bq≠0i. Hence nonlinearities for the
zero-momentum bosons should be handled with greatest
care. As detailed in the Supplemental Material [29] (see
also Ref. [31]), all the terms in the bosonic Hamiltonian
containing exclusively b0 and b†0 bosons can be resummed
to reconstruct a planar-rotor (or OAT) model,

HR ¼ E0;R þ ðKzÞ2
2I

; ð2Þ

where E0;R is the rotor ground-state energy, and K is an
angular momentum operator of macroscopic length NS,
associated with the zero-momentum bosons, namely,
Kx ¼ NS − b†0b0, Ky ¼ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2NS − n0
p

b0 þ H:c:Þ=2, and
Kz ¼ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2NS − n0
p

b0 − H:c:Þ=ð2iÞ, and the moment of
inertia of the rotor variable is given by 1=ð2IÞ ¼ Jq¼0ð1 −
ΔÞ=½2ðN − 1Þ� [29], where Jq ¼ N−1P

ij e
iq·ðri−rjÞJij [32].

On the other hand, upon linearizing the Hamiltonian in
terms of the finite-momentum bosons, one obtains

HXXZ ¼ HR þHSW þOðn0nq≠0Þ; ð3Þ

where HSW¼P
q≠0 ½Aqb

†
qbqþ 1

2
Bqðbqb−qþb†qb

†
−qÞ� is

the quadratic SW Hamiltonian, with Aq ¼ S½J0−
Jqð1þ ΔÞ=2� and Bq ¼ −JqSð1 − ΔÞ=2 [33].
The central assumption of the RSW scheme is that the

most important nonlinearities in the system are all con-
tained in HR, while the further nonlinear terms are
negligible. This leads to the additive structure of Eq. (3),
implying an effective separation between a nonlinear
rotor and linear SWs. Discarding the same kinds of
terms for all the quantities of interest leads to a similarly
additive structure: e.g., we obtain that hJxi ¼ hKxi − NFM,
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where NFM ¼ P
q≠0hb†qbqi is the total number of finite-

momentum (FM) bosons; VarðJxÞ ≈ VarðKxÞ − 2ðNS −
hKxiÞNFM − N2

FM and VarðJ⊥Þ ≈ VarðK⊥Þ. When the
ground state of the XXZ Hamiltonian breaks the Uð1Þ
symmetry in the thermodynamic limit (e.g., for jΔj < 1 in
two dimensions), the low-lying spectrum is expected to
feature a so-called Anderson tower of states (ToS) [34,35],
possessing the same structure as that of an OAT model,
EToSðJzÞ¼E0þðJzÞ2=IToS. The fact that hðJzÞ2i ≈ hðKzÞ2i
shows that the spectrum of the rotor Hamiltonian (2)
reconstructs explicitly the Anderson ToS, albeit with I ≠
IToS in general. This discrepancy can be understood from
the residual coupling between SWand rotor that we discard
and which can be thought of as renormalizing the bare
moment of inertia of the rotor. In the following, we shall
redefine the rotor variable so as to take into account this
renormalization, namely, I → IToS. We detail in the
Supplemental Material [29] how to systematically recon-
struct IToS for all the system sizes N we considered.
Dynamics of the dipolar XX model.—Within the RSW

scheme, the quench dynamics of the system is then solved
at a polynomial cost by evolving separately the rotor
variable [with a ð2NSþ 1Þ-dimensional Hilbert space]
and the SW ones (whose dynamics can be solved for

analytically [36]). We then apply the RSW approach to the
relevant case of the dipolar S ¼ 1=2 XX model, corre-
sponding to Δ ¼ 0 and Jij ¼ Jjri − rjj−3, in the case of a
square lattice. This model is literally realized in Rydberg-
atom arrays with resonant interactions [8,28,37], but
many more platforms are described by XXZ dipolar
models [38,39]. Figure 1 shows a systematic comparison
of our RSW results with those of tVMC based on a pair-
product ansatz [25,26,40]. Figure 1(a) shows the depola-
rizing dynamics of the average collective spin hJxi, which
admits an exact additive structure in terms of the zero- and
finite-momentum components. We observe that the pop-
ulation of zero-momentum bosons becomes very quickly
much larger than that of all the finite-momentum ones taken
together, validating the basic assumption of RSW theory.
Subtracting the boson populations from the initial average
spinN=2 gives a prediction for hJxi in very good agreement
with tVMC, especially at short times—while at longer
times the neglect of the coupling between rotor and SW
leads to deviations from tVMC. The short-time squeezing
dynamics is then examined in Fig. 1(b), showing that RSW
and tVMC are in nearly perfect agreement. In fact, due to
the very weak population of finite-momentum bosons, the
squeezing parameter is almost fully accounted for by the

FIG. 1. Dynamics of the 2D dipolar XX model. (a) Dynamics of the average magnetization hJxi for N ¼ 100 spins, comparing RSW
and tVMC results. The graph also shows the density of zero-momentum bosons n0 ¼ hb†0b0i=N and finite-momentum ones
nFM ¼ NFM=N. (b) Spin squeezing parameter for various system sizes; in this and further panels, the rotor results correspond to those of
an OAT model with moment of inertia IToS. (c) Dynamics of the magnetization variance. (d) Dynamics of the half-system Rényi entropy
for a system of N ¼ 100 spins, showing the separate rotor and SW contributions whose sum leads to the RSW prediction. The arrows
mark the time of appearance of some of the q-headed cat states.
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rotor variable alone. The SW contribution enters uniquely
via NFM in hJxi2; yet it provides the slight renormalization
that fixes the discrepancy between the bare rotor results and
the tVMC ones.
Figure 1(c) goes beyond the short time squeezing

dynamics and looks instead at the evolution of VarðJxÞ,
which attains first a plateau at N2=8 in the OAT dynamics,
followed by a sharp peak of height N2=4 at time πI, which
corresponds to the appearance of a GHZ state. The RSW
results show that the SW contribution to the variance
introduces a reduction in the plateau value, as well as
oscillations at the characteristic frequency of evolution of
NFM. This behavior reflects closely that of the tVMC
results, with a very clear correspondence in the fluctuating
part, although the amplitude of the oscillations appears to
be overestimated by the RSW results. Finally, both the
tVMC results and the RSW ones show the peak associated
with the appearance of the GHZ-like state, with a height
slightly reduced by the SW contribution, which quantita-
tively accounts for the deviation from the bare rotor results.
The RSW scenario hence justifies the persistence of the
formation of a GHZ-like state up to N ¼ 144 spins, as
already reported by us in Ref. [26]. The formation
of the GHZ-like state, along with that of q-headed cat
states with q > 2 at earlier times, can also be tracked by
inspecting the half-system Rényi entanglement entropy,
S2ðN=2Þ ¼ − log Trðρ2N=2Þ, where ρN=2 is the reduced state
of a rectangle of L × L=2 ¼ N=2 spins. Within the RSW
approach, this entropy is strictly additive, and it is com-
posed of a rotor contribution and a SW one [33,36,41].
Figure 1(d) shows that the addition of the rotor and SW
entropies accounts very closely for the tVMC results. In
particular, the rotor entropy exhibits a succession of dips
occurring at times tq ¼ 2πI=q corresponding to the for-
mation of the q-headed cat states [41], which is nicely
reflected by the tVMC results as well, with superposed
fluctuations coming from the SW contribution. It is worth
noticing that the rotor entropy is OðlogNÞ (due to the
polynomial Hilbert space dimensions for the rotor), while
the maximum SW entropy is OðNÞ (volume-law scaling);
nonetheless, the SW excitations are so dilute that the
entropy is clearly dominated by the rotor contribution
for the sizes (N ∼ 100) considered here.
A final element of comparison concerns the dynamics of

correlations. Figure 2 focuses, in particular, on the corre-
lation functions CzzðdÞ ¼ hSziSziþdi and CyyðdÞ ¼ hSyi Syiþdi
for spin components perpendicular to the collective-spin
orientation—see also the Supplemental Material [29] for
further extended data. The RSWapproach reveals that these
correlations possess a very distinct origin: for the system
size considered here (N ¼ 100), the Cyy correlations are
dominated by the rotor contribution hðKyÞ2i=N2, which is
independent of the distance, while their subdominant
spatial modulation comes from the SW contribution. On
the other hand, the Czz correlations are exclusively given by

the SW contribution, because the rotor Hamiltonian com-
mutes with the Szi operators; therefore, correlations among
them cannot develop under the rotor dynamics. This
observation justifies why SW theory alone, neglecting
any zero mode, can successfully describe the Czz correla-
tions [36]. Figure 2 shows that SWexcitations add a spatial
modulation and an oscillating behavior on top of the rotor
contribution for the Cyy correlations, while they fully
account for the Czz correlations; this justifies also why
the latter correlations are roughly an order of magnitude
smaller than the Cyy ones. Our results suggest also that a
Fourier analysis of the Czz correlations via quench spec-
troscopy [42,43] allows one to reconstruct selectively the
dispersion relation of the finite-momentum SWexcitations;
while the same analysis for the Cyy correlations would
reveal as well the ToS excitations at zero momentum. The
fact that Cyy correlations are dominated by the rotor
dynamics is apparently in contradiction with the picture
of correlation dynamics as being governed by propagating
quasiparticles [44,45]; nonetheless, the rotor dynamics is
parametrically slower the larger the size N, so that
correlation spreading keeps a causal structure, as further
discussed in the Supplemental Material [29].
Dynamical transition in XX chains with power-law

interactions.—The above results have shown that the
dynamics of the dipolar XX model in d ¼ 2 is dominated
by the rotor contribution; this aspect justifies a posteriori
the assumptions of RSW theory and explains its success for
this specific example. Remarkably, RSW theory can also
signal the appearance of a dynamical transition from an
OAT-like dynamics to a non-OAT one, when its assump-
tions fail at long times. We demonstrate this aspect in the
case of the XX model with power-law interactions,
Jij ¼ Jjri − rjj−α, cast on a d ¼ 1 lattice. As already
shown in Refs. [25,27], this model exhibits OAT-like
dynamics with scalable squeezing (i.e., featuring a mini-
mum of the ξ2R parameter, which scales with system size)
for α≲ 1.6; and absence of scalable squeezing for larger
values of α. Figure 3 shows the minimum value of the ξ2R
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FIG. 2. Correlation dynamics for the 2D dipolar XX model.
(a) Cyy correlations at distance r ¼ 1 and 2. (b) Czz correlations
for the same distances as in (a).
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parameter achieved during the RSW dynamics [46]. Two
distinct scaling behaviors are clearly exhibited: one com-
patible with OAT dynamics at small α; and one compatible
with nonscalable squeezing at large α—with a seemingly
smooth crossover between the two regimes occurring
around α ≈ 2. Hence RSW theory overestimates the value
of α at which scalable squeezing is lost. The nonscaling
regime is due to the proliferation of SWs, leading to a fast
depolarization of the average collective spin hJxi, which
manifests the absence of long-range order for the α − XX
chains model at the energy corresponding to the initial
state [27]. This depolarization happens on a timescale
independent of system size, i.e., parametrically faster than
the onset of scaling for the minimum variance of the
transverse spin components [occurring at a time ∼OðN1=3Þ
within RSW theory]. The breakdown of OAT scaling in the
squeezing signals that the RSW predictions cease to be
quantitative at longer times.
Conclusions.—In this Letter, we have demonstrated that

the entangling dynamics of the infinite-range one-axis-
twisting model can be reproduced with minor alterations by
U(1)-symmetric spin models with power-law-decaying
interactions, thanks to an effective separation between
zero-momentum degrees of freedom, possessing the spec-
trum of a planar-rotor variable, and finite-momentum ones,
corresponding to spin-wave excitations. This effective
separation of variable is always justified at short times,
and it remains justified even for macroscopic [OðNÞ] times
when the spin-wave excitations are weakly populated,
allowing for the appearance of scalable spin squeezing,
as well as scalable catlike states. The same separation
scheme, or extensions thereof, can be applied to other
models (such Z2- or SU(2)-symmetric ones), and it can
improve systematically on linear spin-wave dynamics
whenever the latter is applicable. The quantitative success
of our approach in describing the dynamics of, e.g., dipolar
spins in two dimensions suggests that this and similar
systems, albeit not being properly integrable, undergo a

rather peculiar dynamics at low energy. This dynamics is
dominated by persistent spin-wave oscillations and
approximate recurrences at times OðNÞ—as opposed to
Poincaré times O½expðNÞ�—which reflect the reduced
Hilbert space of the rotor variable. While rotor and spin
waves should eventually come to thermalize with each
other thanks to their residual coupling, the timescales over
which such thermalization occurs are currently unknown to
us. Our findings suggest that effective rotor–spin-wave
decoupling represents the mechanism by which a very large
class of power-law interacting Hamiltonians implemented
by quantum simulators—including Rydberg atoms [8],
magnetic atoms [39], trapped ions [11,47], superconduct-
ing circuits [22]—can evade standard thermalization at low
energy. And, by virtue of this mechanism, they can act as
entangling resources producing scalable multipartite entan-
glement of interest for fundamental studies, as well as for
potential metrological applications.
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