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Entanglement is resolved in conformal field theory (CFT) with respect to conformal families to all orders
in the UV cutoff. To leading order, symmetry-resolved entanglement is connected to the quantum
dimension of a conformal family, while to all orders it depends on null vectors. Criteria for equipartition
between sectors are provided in both cases. This analysis exhausts all unitary conformal families.
Furthermore, topological entanglement entropy is shown to symmetry-resolve the Affleck-Ludwig
boundary entropy. Configuration and fluctuation entropy are analyzed on grounds of conformal symmetry.
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Introduction.—Since its discovery in 1935 [1], entangle-
ment has been at the core of quantum theory [2]. In modern
days, it is advancing our understanding of physics on many
frontiers including phases of matter and quantum informa-
tion [3] or gravity [4], to name a few. It is thus important to
distill the fineprints of entanglement. One recently suc-
cessful route revolves around symmetries. They organize
the entanglement spectrum into various charge sectors,
permitting to investigate how these contribute to entangle-
ment [5-7]. This so-called symmetry resolution of entan-
glement (SRE) has been applied so far to global internal
symmetries in quantum field theories (QFT) and finite-
dimensional systems [6—28]. Reassuringly, some results are
already finding experimental realization [29-32].

For Abelian groups, entanglement is inspected with
regards to fixed charge eigenvalues. Surprisingly, in all
studied systems each charge sector contributes equally to
entanglement to leading order in a UV cutoff e. This
equipartition of entanglement [8] is usually broken at O(e¢).
Turning to non-Abelian groups G, the focus is shifted to
organizing the entanglement spectrum into representations
of G [10,33]. These are also equipartitioned to leading
order, however, only up to O(1). Overall, equipartition is a
ubiquitous feature, yet its origin remains somewhat elusive.
For U(1) CFTs it was recently associated with the Fock
space structure [19].

In this Letter, entanglement is resolved with respect
to conformal symmetry in (1 + 1)d, which is a pillar of
theoretical physics with numerous applications includ-
ing critical phenomena [34-37], strongly interacting
systems [38,39], topological phases of matter [40—43],
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nonequilibrium physics [44,45], and through the AdS/CFT
correspondence [46], it plays a key role even in gravity
[4,33,47].

An obvious choice, in line with the lore on SRE, is to
resolve with respect to L, eigenspaces, corresponding to
states of equal energy. In this Letter, the entanglement
spectrum 1is resolved instead with respect to irreducible
representations of the Virasoro algebra Vir, i.e., conformal
families, as this allows the full power of conformal
symmetry to come to bear. Indeed, this Virasoro resolution
is shown below to harbor remarkably rich physics. Two
novelties, compared with conventional resolution, can be
pointed out right away however. First, conformal symmetry
is a spacetime symmetry. Hence it may contain global and
local transformations [48]; Vir indeed contains an infinity
of the latter. Second, in contrast to conventional non-
Abelian SRE, the investigated representations are infinite
dimensional. This Letter shows that such infinities present
no hurdles for SRE. In fact, as so often in CFT, they are
virtues.

Virasoro resolution is promising on many frontiers. For
instance, it can indicate which families, or anyons, have the
most relevance for ground state entanglement in gapped
and topological phases of matter adjacent to critical points
[37]. By universality, these results extend to a plethora of
systems. Turning to gravity, as shown below, the entangle-
ment stored by the vacuum family is distinguished while all
other families are equipartitioned.

Estabilishing Virasoro resolution and elaborating its
details is the subject of this Letter. At O(e°), it is shown
to be controlled by the topological entanglement entropy
(TEE) [49,50]. The requirements for equipartition between
two conformal families are derived and exemplified in
Virasoro minimal models. Remarkably, Virasoro resolution
can be pushed to all orders in ¢, permitting an in-depth
analysis of equipartition between two families, which
explains its origin and even how it can be manufactured.
Furthermore, the TEE is shown to Virasoro resolve the
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FIG. 1. The factorization 1,4 imposes disks with boundary

conditions «a, f, thereby placing the system on the manifold R.
Replicating this to R, tracing over Hp,; and a subsequent
conformal transformation provides an annulus of width W and
circumference 2zn.

Affleck-Ludwig boundary entropy of the entanglement
spectrum, thereby establishing the former as building
blocks of the latter. Finally, complete equipartition of the
entanglement spectrum is analyzed. Elaborate calculations
are found in the Supplemental Material [51]. It is empha-
sized that Virasoro resolution is performed on general
grounds and applies to entire classes of CFTs. Particular
models are only drawn in as examples.

Entanglement in QFT.—Entanglement requires a fac-
torization into a product Hilbert space H = H, ® Hp,
which is usually associated with spatial domains A and B.
To implement this in QFT [52,53], boundary conditions
need to be assigned on the fields at the boundaries dA and
0B. Specifying to (1 4+ 1)d and a single entangling interval
A, this is achieved by excising the two entangling points
comprising dA with two small disks of radius € < 1 and
imposing boundary conditions @ and S thereon [52], see
Fig. 1. This manifold is called R in the following. Formally,
this is accomplished by a factorization mapping on Hilbert
space

laﬂ: H - HA,aﬂ ® HB,aﬂv laﬂ: |W> = l|W>7 (1)
for |y)€H. In this way, the subfactor Hilbert spaces
depend on boundary conditions in a QFT, as is confirmed
numerically [54-56]. Using QFT as a continuum limit of
lattice systems, the boundary conditions «, f# descend from
boundary conditions imposed at the interval ends dA at the
level of the lattice, as exemplified below.

A density matrix is reduced to H, .4 by tracing over B,
pa=Try, [tlw) (w|i']. Entanglement between degrees of

freedom in A and B is quantified for pure states by the
Rényi entropies

z?
S = (1) ogtpg = (1= ) hog| 2|, 2
=y

where the superscripts associate it with the factorization 1,4,

tr denotes the trace over H, .5 and 7% is the partition
function of the QFT on an n-fold replicated manifold R,
of R.

Conformal factorizations.—The focus of this note lies on
(1 +1)d CFTs. They have symmetry algebra Vir x Vir,

generated by the energy-momentum tensors 7,7 and
a field content captured by a bulk partition function
Zouk (9. @) = > i Mizxi(q)x:(g). It has conformal charac-
ters y;(q) = try, [q"0=%/?4], where H,; = H(c, h;) is an irre-
ducible Virasoro module at conformal weight 4; and central
charge c.

In this text, the entanglement structure of the vacuum in
Zvuk(q. q), denoted |h; =0, h; = 0) with density matrix
p =10,0)(0, 0], is investigated. Furthermore, factorizations
lyp given by conformal boundary conditions a, . They
require T = T at the disks and C = ¢. Such 1,5 are referred
to as conformal factorizations. Their relevance for entan-
glement spectra of gapped phases renders them important
even away from critical points [37,40].

It is useful to restrict to the setups studied in [57] for
which R can be conformally mapped to an annulus of
width W and height 2z, which enter computations via
g=e27IV 5= Eg., for a density matrix p at
zero temperature and on the infinite real line, W =

2log[length(A)/e]. Z&¥ is then calculated on an annulus
of height 27zn and width W, see Fig. 1. In this case, the
reduced density matrix is

Ly—c/24

T Zyle) =D N, ()

Pa =
Za/i(Q) i€c

Lo—c/24

where Z,4(q) = trg quantifies the entanglement

on! . o
spectrum My 5 = @ic,H; ¥, with  multiplicities
n;ﬁ €N, imposed by (1). The normalization secures
trpy, = 1. If the set of all conformal families at central
charge C is denoted I, then ¢ C I denote the conformal
families occurring in the entanglement spectrum. The
ground state |Q) in the entanglement spectrum is the
primary of lowest conformal dimension. For nonunitary
theories it can be negative, hg < 0 [36].

To illustrate this machinery, consider the critical Ising
chain H =} ;. 7(o50%, | + o7), which corresponds to the
Ising CFT in the continuum. The CFT Hilbert space H
in (1) contains three primaries, ¢ = {1, ¢, 5}, which in turn
label the boundary conditions, o €c. When choosing a
subregion A in the chain, the spins at the interval ends 0A
are typically left free. This descends to the CFT boundary
conditions @ = # = &, i.e., it pertains to a factorization ;5
with entanglement spectrum Z;; = y; + y. [52]. On the
other hand, the spins in the chain can also have fixed
boundary conditions at dA. Equal orientation of these two
spins leads to the CFT entanglement spectrum Z;; = yo,
while opposite orientation descends in the CFT to Z;, = y..
Lastly, fixing the spin at one end of the chain and leaving it
free at the other leads to Z;; = y; in the CFT [52].

Returning to generality, this framework readily provides
Rényi entropies for p = |0,0)(0,0| [52],
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1 Zap(q")
afp ap Q af
Sn = 1—n 10g <(Zaﬂ(q)) S + dey . (4)

While the first equality is valid for any CFT, the approxi-
mation is valid only for rational CFTs, for which the set of
conformal families / is finite. It applies in the limit ¢ — 1~
and § — 0", where the character of the ground state Q
dominates the entanglement spectrum. The boundary
log[g,9;), furnished by the Affleck-
Ludwig g factors [58], is a measure of the (asymptotic)
size of the entanglement spectrum associated with the
factorization 1. It cannot be absorbed for all n by rescaling
of € and is thus physical [57]. The first summand is
responsible for the well-known leading behavior of entan-
glement entropy [52,59],

o

where Ceff = C —24hg and W — o0 as ¢ = 0.

Virasoro resolution.—The remainder of this Letter
explains how the conformal families comprising the entan-
glement spectrum, i.e., the set o, contribute to entanglement
in the state p = |0, 0)(0, 0|.

As implicitly used in (3) for conformal factorizations,
Z 5 decomposes into irreducible Virasoro representations i.
Because the reduced density matrix (3) lies in the (global)
conformal group, it decomposes into block-diagonal form

pa = DIipy = @p,qﬁPA(i)- (6)

i€c i€o

entropy, dey

CetWn + 1
~ 5
B e ()

n

= (1= g £

If {|i,m)} is a basis for H; labeled by m €N, then IT; =
% o lm.i)(m,i| is a projector onto H;. Each family i has
a density matrix block

pa(i) = [ngpri(q)] ™ g0/, ()

with L restricted to H?n"” , securing that trp, (/) = 1. Such
blocks comprise the entanglement degrees of freedom in
the family 7, measured with probability

af i )(i(Q)
= tr Hi - na
pz [ pA] ﬂzaﬁ(q)

forieoc (8)

and zero otherwise. This uses (3) and the reader is reminded
that tr = try, . Clearly, 3, p? = 1. The probabilities

(8)arethen = 1 case of charge-projected partition functions,

)(i(qn)
ﬂ [Z(z/}(q)]n

They give rise to the symmetry-resolved Rényi entropies
(SRRE)

ZP(i) = tu[Mpt] = ni forics. (9)

af i) = trMA(i)n} _ 1 Zzﬁ(l)
Su (i) log<[ >

L=n T=n P2V ()
1 i \1=-n )(i(qn)
=1 1%(m ) mme' (10)

This is the central result of this Letter and, after two remarks,
it is shown to bear remarkably rich physics.

(i) One charge operator for Virasoro resolution is the
entanglement Hamiltonian K, = (z/W)(Ly —c/24 +
const) itself, though eigenvalues of L are taken modulo
integers. This identification associates all descendants
generated by the entanglement Vir algebra [56] with a
primary |h;). Hence, Virasoro sectors are easily read out
from the entanglement spectrum by rewriting each energy ¢&
as &£ = h; + n for n €N, thereby connecting any £ to one
family i €o. The central charge (operator) is a second
charge operator. Together, the pair (h;,C) uniquely iden-
tifies a conformal family.

(i) Charged moments are completely bypassed in this
text by the powerful tools of representation theory custom-
ary in CFT. This approach was pioneered in [19] for the
simple case of U(1) symmetry and is further developed here
to suit conformal symmetry. In particular, conformal
characters have more structure than their U(1) counterparts.
This provides profound insight into (10) in what follows.

Asymptotic equipartition and TEE.—The SRRE (10) is
now analyzed for rational CFTs with respect to Vir,
meaning that / is finite, and in the limit g — 1~
(g — 0T); this is referred to as “asymptotic” and corre-
sponds to € — 0". To that end, introduce the modular
S matrix via y;(q) = > e;(S™)uwri(@) ® Siaxa(@) [511-
The SRRE (10) is thus approximated by

S (1) ~ S+ Sgp (i) +

(11)
The appearance of S% explains the origin of leading-order
equipartition for all rational CFTs. The second term is

O(€%), cannot be absorbed for all n by rescaling ¢, and is
thus physical. It is the TEE [49,50],

Ay

top( i) = _1Og[D/( )] = log(n:zﬂsig) (12)
built from the quantum dimensions D, := S,5/S;o and
total quantum dimension D= (3", ,Dz)‘/ 2= (Sy0)!
[60]. The D; measure the “asymptotic size” of the family
i in relation to the vacuum family i =1 [51].

This provides a simple rationale to determine if
two conformal families i and j are asymptotically equi-
partitioned, ie., S¥(i)=SL(j) at g— 0%, (e = 0").
Asymptotic ij equipartition occurs if

Sen(1) = St(i)

(13)

fori,j€c and i#].
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Since the multiplicities N’ op are integer and the D; are
usually not, (13) entails two requirements. Families of
equal asymptotic size, D; = D;, and equal “weight” in the
entanglement spectrum Z,z, nflﬁ = niﬂ, harbor the same

amount of information at leading order in the UV cutoff ¢ in
the factorization 1,4. This is emphasized by noting that (13)

can be rephrased as p?’ = p;lﬂ with asymptotic probabil-
ities, as derived from (8),
n',Sia ni,D;
piﬂ ~—L (14)

gagﬂ Z ]Eana/i J

A large class of solutions to (13) for Virasoro minimal
models is provided in the Supplemental Material [51]. The
simplest example thereof arises in the Ising CFT with its
three primaries 1, ¢, 6 and S;; =Sy, =1/2 [36]. It
possesses a Cardy boundary condition labeled by &
providing an entanglement spectrum Z;; = y1 + x. [61]
pertaining to a factorization 1;5;. Hence nl, =n:, =1
which secures asymptotic le-equipartition. As explained
above, this setup corresponds to an Ising chain with free
boundary conditions imposed at the interval ends.

Exact equipartition.—In order to analyze SRREs to all
orders, and beyond the regime of rational CFT, it is crucial
to recall the relation between irreducible Virasoro modules
‘H; and null vectors. The former is obtained after appro-
priately quotienting out all null vectors in the Verma
module V; for conformal weight k;; details are reviewed
in the Supplemental Material [51]. The character for H;
reflects this null vector structure

1-c

21(q) :j(—;uxq), q) = ql/z‘*kl]](l —g), (15

via a function v;(q). For instance, when H; = V; is a Verma
module, i.e., it has no singular vectors, then v; = ¢"i, and
when V; carries a single null vector at level N,
vi(q) = q" (1 —¢g"). As usual, the Dedekind eta 75(q)
keeps track of descendants.

Plugging this structure into the SRRE (10), it becomes

S (i) =

vi(q") v
log n! Syema, 16
Og |:I/l(q) :| + Og af + n ( )

The first summand encodes now the detailed information
about the family i, the second term indicates its “weight” in
the entanglement spectrum (3) and the third term,

1 n
b{ﬂ@ﬂ
L—n "[n(q)

Wn+1 1 {W] 1logn
[ ] +__

1—-n

Verma ._
syerma .

_ 4. (]7)

T n 27 21—n

is universally appearing for all conformal families and
counts the information contained in a Verma module. The
leading order, obtained from #(g'/") = \/nx/Wn(q"),
mimicks (5), aside from the effective central charge Ce.
Note also the appearance of a double logarithmic term
log(W/z) prominent in U(1) resolution [7]. The analysis
here demonstrates firmly that the origin of this term is
rooted in conformal symmetry.

From (16) it is now clear that two distinct conformal
families i and j can be equipartitioned for all n, i.e.,

S (i) = 8% (}), if and only if
S vi(q") i(q")
=" o Ty Y

This is called (exact) ij equipartition. If this is the case for
all families i in the entanglement spectrum, i € o, then the
factorization 1,43 is completely equipartitioned [62]. Exact
equipartition is now analyzed in various CFTs:

(a) Virasoro minimal models appear at c(p,p’) =
1-6(p — p')?/(pp’) <1 with p,p'€Z,, coprime. The
families are labeled by two integers 1 < r < p’—land 1 <
s<p—1 and have conformal weights
[(pr—p's)> = (p—p')?"]/(4pp’). Bach Verma module
V(,.s) contains infinite null vectors leading to unique null
structures

h(r,s) =

Z(qh(r..r+2/7k) —_ qh

kezZ

(—r.s+2pk) ) .

V(rs) (Q> =

Hence, no two families can be exactly equipartitioned.

(b) Virasoro families at ¢ = 1: Verma modules are
reducible at ¢ = 1 only for h = h,, = m*/4 with me€ Z,
in which case v,,(q) = ¢"(1 — g"™*"). The vacuum, #,,_,
is of this type and has the null vector L_;|0). Two families
h,,, h,y are never equipartitioned unless m’ = m, as seen
from (18). All other families, i.e., h =h, = u>/4 with
p € C\Z, are nonsingular. Thus they have v,(¢) = ¢"+ and
are always equipartitioned, as long as their multiplicities in
the entanglement spectrum coincide. Hence, an example of
complete equipartition is easily found. Consider an XXZ
spin chain. It corresponds to the free boson CFT at ¢ =1
(Luttinger liquid) in the continuum. Picking a subinterval A
in the chain with free (N) boundary conditions at one end
and fixed (D) boundary conditions at the other descends to
a Neumann-Dirichlet (ND) factorization 1y, in the CFT
with entanglement spectrum [63,64],

1 00
_(_Zq

k=1

[Se]

ZND(Q) = Z)(h (k=172 C]
Py

k=1

(19)

It only contains Virasoro families of type &, with unit
multiplicities. Therefore (16) assumes the same value for
all families in Zyp, SNP{h = [(k — 1/2)?]/4} = sYerma,
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This result mimicks the well-known U(1) resolution [7].
This is deceiving, however, since both s1tuat10ns are
entirely different on physical grounds. Indeed, S2(i) =
sVerma  can only be obtained in U(1) resolution for
U(1)-preserving factorizations 1,3, which is not the case
for (19) [19]. The lesson here is that Verma modules
contain as much information as U(1) families, as should be
since their characters are in fact identical.

(c) Unitary Verma factorizations: Define a Verma fac-
torization l}jﬂ as one where all i € o have nonsingular Verma
modules V;, i.e., v;(q) = ¢". By Eq. (16), these are always
equipartitioned once all multiplicities n!, 5 agree, in which
case they can be normalized, naﬁ =1. The converse is not

necessarily true once nonunitary families are involved [65].
Thus, define unitary factorizations zgﬁ, as one for which all
i € are unitary families, i.e., ¢ = ¢(p, p’) > 0 and h; =
R(y.5) orc > 1and h; > 0 [36]. Among the 1aU/,, it is only the
Verma factorizations, labeled laﬂ, which are completely
equipartitioned, once all njlﬂ = 1. This is gathered from the
examples above and the following one.

(d) Unitary factorizations at ¢ > 1: The only unitary
family with a null vector at ¢ > 1, namely, L_,|0), is the
vacuum 1 [36]. This implies v{(g) = 1 — ¢, while all other
families are nonsingular and have v, () = ¢". A power-
ful consequence ensues. Any zgﬂ atc>1 with 1o is

Verma, i.e., lgﬁv , and thus completely equipartitioned so

long as all multiplicities coincide. A necessary condition
for this is f # a, which imposes boundary condition
changing operators.

From an information theoretic point of view, Vir cannot
discriminate amongst its unitary families with /#; > 0 and
¢ > 1 via (10); they store the same amount of information.
This underpins the special role of the vacuum in gravity
[66,67], which is accessed by CFT in the holographic
regime, C > 1. Gravitational duals of Virasoro resolution
must thus accentuate the vacuum.

Virasoro resolution of S”ﬂ —While the previous sec-
tions studied the SRRE (10) in isolation, the remainder of
this Letter investigates its consequences for the full
entropy (4).

The von-Neumann entropy decomposes into the con-
figuration S, and fluctuation entropy Sf [29,68-73], i.e.,

I

aﬁ _ Zpaﬁsa/f S?ﬁ _ _Zp?ﬂ log paﬁ-i (20)

i€o i€o

, Where

While S, collects and averages the entanglement stored
within each family 7, St accounts for the entanglement
between the families. The relation S7 = S +Sfﬁ is
confirmed at all orders in the Supplemental Material
[51]. A profound information-theoretic relation is revealed

when contemplating this decomposition asymptotically,
i.e., in the limit g — 17,

a/} a[)’ (1/3
Shay = P’ (Sigp(i

i€oc

—logp{”), (21)

where Egs. (4), (11), and (14) have been employed. Indeed,

the TEE (12) Virasoro resolves the boundary entropy ngy!

Moreover, this result only requires the existence of a
modular S matrix, lifting (21) to a general lemma in rational
CFTs, where i labels families of an extended chiral sym-
metry algebra appearing in the entanglement spectrum.
Verma factorizations 1,,—To investigate complete equi-
partition further, it is useful to isolate the family- dependent
terms in the entropies (4) and (10) via 5P = 5P — §Yerma
and Sa/}( ) — Sa[)’( )
entropies (20) [51],

sVerma Thyis allows one to recast the

Saﬂ SVerma +Zpaﬁ aﬁ , (22)
i€oc
S =7 = s ). (23)
leG

Once s“ﬁ (i) = 0 for all i €6, synonymous with 1” op and

I =1, it follows that S = $Y*™2 and §? = s¢. In this
case, configuration and fluctuation entropy can be intro-
duced at all neN, Sy’ = S&, + s [19],

1
s, = logtr[pa (i)'] = gVerma, (24)
-n
1
af _ af\n af
1 =5, . 2
{1 = log [}l_eaj(p, | =s (25)

These expressions are derived in the Supplemental
Material [51].

As expected from a configuration entropy, Eq. (24)
accounts for the correlations within each family, resulting
in the information contained in Verma modules. On the
other hand, the entropy between the families i is quantified
by Eq. (25), which contains all information on the primaries
of the theory. Clearly, S?g =0, if and only if ¢ consists of a
single family. A glance at (22) reveals how this entangle-
ment structure is deformed by families with singular Verma
modules. This introduces primary dependence in S,
through null vector structures v; # g

Discussion and outlook.—Many results of this Letter,
such as Egs. (10), (11), (13), (18), or (21), naturally lift to
CFTs with extended symmetry, for instance Kac-Moody
symmetry, by suitably replacing the modular S matrix and
characters. The prevalence of such CFTs [36,38,43,74]
enhances the applicability of the resolution discussed here
tremendously. Equipartition is again analyzed by size
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comparisons of charge sectors. Note that the TEE appeared
in (11) purely on grounds of conformal representations, and
without relation to topological order. Hence, an intriguing
continuation of the present work is to explore connections
with such phases of matter. In these cases symmetry
resolution should correspond to the extraction of entangle-
ment in one anyon sector, promising insight into gapless
[75] and gapped topological systems [76] including the
quantum Hall effect [77].

It will be interesting to apply the reasoning developed
here to gravity. In general, it should be possible to reverse
engineer constraints on the spectrum of a CFT from its
entanglement spectrum. Unfortunately, Virasoro resolution
can only distinguish the vacuum, so it is worthwhile to
generalize the present construction to extended symmetries
attuned to gravity, such as higher spin symmetry [78]. The
study of its entanglement spectrum should provide con-
straints on the spectrum of (2 + 1)d gravity [47,79].

Finally, using the g theorem [80] it will be interesting to

afj

study whether (21) has implications for Siop

(i) under
boundary renormalization group flows.
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