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Triple-q Order in Na,Co,TeOg4 from Proximity to Hidden-SU(2)-Symmetric Point
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In extended Heisenberg-Kitaev-Gamma-type spin models, hidden-SU(2)-symmetric points are isolated
points in parameter space that can be mapped to pure Heisenberg models via nontrivial duality
transformations. Such points generically feature quantum degeneracy between conventional single-q
and exotic multi-q states. We argue that recent single-crystal inelastic neutron scattering data place the
honeycomb magnet Na,Co,TeOq in proximity to such a hidden-SU(2)-symmetric point. The low-
temperature order is identified as a triple-q state arising from the Néel antiferromagnet with staggered
magnetization in the out-of-plane direction via a 4-sublattice duality transformation. This state naturally
explains various distinctive features of the magnetic excitation spectrum, including its surprisingly high
symmetry and the dispersive low-energy and flat high-energy bands. Our result demonstrates the
importance of bond-dependent exchange interactions in cobaltates, and illustrates the intriguing magnetic

behavior resulting from them.
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Introduction.—In the search for quantum spin liquids,
the Kitaev honeycomb model [1] plays a pivotal role. It
features bond-dependent exchange interactions between
neighboring sites and may be realizable in magnetic
Mott insulators involving heavy ions [2]. These materials
are characterized by entangled spin and orbital degrees of
freedom. The physical spin is no longer a good quantum
number and the pseudospin degree of freedom replacing it
typically features a lower symmetry that involves combined
rotations in both pseudospin and lattice spaces. On the
honeycomb lattice, for instance, spin-orbit coupling
reduces the continuous Heisenberg SU(2) spin symmetry
down to a discrete C; symmetry of 2z/3 pseudospin
rotations about a high-symmetry axis, combined with
corresponding lattice rotations [3]. This leads to a large
number of symmetry-allowed exchange couplings, includ-
ing Kitaev and off-diagonal I" and T" interactions [4-6].
Within this large parameter space, there exist, however,
isolated points that feature a hidden continuous SU(2)
symmetry that is different from the usual Heisenberg
symmetry [7,8]. These hidden-SU(2)-symmetric points
can be mapped to standard Heisenberg points via duality
transformations involving local pseudospin rotations [9].
The hidden SU(2) symmetry inevitably causes an
SU(2) degeneracy of the model’s quantum ground state.
Perturbations away from such hidden-SU(2)-symmetric
points can then stabilize a variety of different states,
including states characterized by multiple ordering wave
vectors (multi-q states), noncollinear pseudospin configu-
rations, and/or large magnetic unit cells [9,10]. An inter-
esting such state that has been studied in theoretical works
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of Heisenberg-Kitaev models on the honeycomb lattice is a
noncollinear triple-q state in which each domain features
three Bragg peaks in the first crystallographic Brillouin
zone, with an 8-site magnetic unit cell [10,11].
Identifying such a multi-q state in an experiment, however,
is a challenging task. The structure of the duality trans-
formation limits the position of the Bragg peaks to a fixed set
of symmetry-related points in the Brillouin zone. The Bragg-
peak pattern of a single magnetic domain of a multi-q state, as
measurable, for instance, in neutron diffraction experiments,
is therefore identical to the averaged pattern of multiple
domains of a corresponding single-q state. Since domain
mixing effects are difficult to exclude in most experimental
setups, the diffraction pattern of a multi-q state can be easily
misinterpreted as a domain-averaged single-q pattern. A
class of materials exemplifying this difficulty are d’ honey-
comb cobaltates, such as Na,Co,TeO4, Na;Co,SbOg, or
BaCo,(AsOy),. These compounds have received significant
interest recently as possible realizations of the Kitaev
honeycomb model [12-32]. All three mentioned examples
exhibit long-range magnetic order at low temperatures.
Despite various experimental efforts, however, the natures
of the magnetic ground states have remained under debate. In
Na,Co,TeOg, for instance, many experimental observations
resemble those of a-RuCl; [3,33], which has led to the
assumption that the ground state features the same zigzag
type of single-q order [34,35]. Recent inelastic neutron
scattering results on high-quality single crystals, however,
have revealed a single lowest-energy magnon branch without
any sign of domain superposition [19], and at least five
additional nonoverlapping spin-wave branches at higher
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(a) Classical phase diagram of HKI'T”" model in vicinity of hidden-SU(2)-symmetric point (yellow dot) in the plane spanned by

off-diagonal coupling I'y and ring exchange coupling J, from classical Monte Carlo simulations. For Jo > 0 (J5 < 0), zigzag (triple-q)
order with a 4-site (8-site) magnetic unit cell is stabilized, see insets. Color scales indicate Bragg-peak intensities in different phases in
arbitrary units. The zigzag’ phase at small I'; and large negative J is characterized by a 4-site unit cell, in which the spins along zigzag
chains become slightly noncollinear. (b)-(g) Magnon dispersions from linear spin-wave theory at hidden-SU(2)-symmetric point for (b),
(d),(f) domain-averaged zigzag order and (c),(e),(g) triple-q order, along different trajectories within the first structural Brillouin zone, as
displayed in insets. The triple-q spectra are symmetric along these trajectories, while the zigzag spectra are not. This can be understood
as a consequence of the difference in shape and size of the magnetic Brillouin zones, indicated in gray in the insets.

energy [27], which may be indicative of a multi-q state.
Furthermore, nuclear magnetic resonance experiments have
suggested a noncollinear magnetic structure that is incon-
sistent with the simple zigzag ordering [20]. These results are
at odds with all spin models proposed for Na,Co,TeOg to
date, all of which feature a zigzag ground state [17,18,23,25].
A similar ambiguity between single-q and multi-q scenarios
arises for Na;Co,SbOg [28] on the honeycomb lattice, as
well as for Co; /3TaS, on the triangular lattice [36].

In this Letter, we demonstrate how a multi-q state that
features Bragg peaks at symmetry-related points in the
crystallographic Brillouin zone can be uniquely identified.
We exploit the fact that the shape of the magnetic Brillouin
zone in a multi-q state differs from those of the corre-
sponding single-q states. This leads to different symmetries
of the magnetic excitation energies. Applying this approach
to Na,Co,TeOg, for which high-resolution spectra are
available [27], reveals a noncollinear triple-q ground state
with a hexagonally shaped magnetic unit cell featuring
8 magnetic sites. An effective model, which features
nonbilinear exchange interactions in addition to the usual
Heisenberg-Kitaev-Gamma-type exchanges, stabilizes the
triple-q order and reproduces important features in the
measured magnetic excitation spectrum very well.

Model.—To understand the novel physics of the d’
honeycomb cobaltates, consider an extended Heisenberg-
Kitaev-Gamma-Gamma’' (HKI'T”) model,

H:
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where (i j >y denotes first-neighbor y bonds on the honeycomb
lattice, and ({(ij))) are third-neighbor bonds along opposite
sites of the same hexagon. J; and J; are the corresponding
first- and third-neighbor Heisenberg couplings, K the first-
neighbor Kitaev coupling, and I'j and I'} the two first-
neighbor symmetric off-diagonal couplings. (ij)* and
(ij»®? correspond to second-neighbor bonds between sites
on the same sublattice A and B, respectively. Here, we have
taken a possible sublattice symmetry breaking into account,
parametrized by the two second-neighbor Heisenberg cou-
plings J4 and J5. In Na,Co,TeOy, sublattice symmetry
breaking arises from the two crystallographically inequiva-
lent Co*>* sites [16]. Finally, M, denotes nonbilinear
exchange interactions, such as ring exchanges. These can
be understood as leading corrections to the first-neighbor
bilinear exchange in the strong-coupling expansion of the
Hubbard model [37-40], and are important in a number of 3d
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materials, including various chromium-, manganese-, and
copper-based magnets [41-44]. They will be specified below.

Hidden SU(2) symmetries.—For particular values of the
exchange couplings, the HKI'T' model defined above
features hidden SU(2) symmetries that can be revealed
via suitable duality transformations [9]. These transforma-
tions correspond to local spin rotations and map the hidden-
SU(2)-symmetric HKI'T' model for the original spins to a
pure Heisenberg model for the dual spins. In the parameter
regime K; < 0, relevant for the cobaltates [12,13], such a
hidden-SU(2)-symmetric point can be identified by a 7 {7 4
transformation. Here, 7 | corresponds to a global z rotation
about the [111] axis in cubic spin space, whereas 7,
denotes the 4-sublattice transformation that corresponds to
a z rotation about the x, y, and z axes at sublattices 1, 2, and
3, respectively, and no rotation at sublattice 4 [45], Sec. (a).
Inverting the transformation maps the HKI'T' model with
H.r; = 0 and bilinear couplings

1 28 4
(J17K17FI’F/17JA’J12;)SU(2):<_§7_§7§7_§’0’0>A’ (2)
and arbitrary J3, where A > 0 corresponds to the overall
energy scale, to a J;-J; Heisenberg model for the dual
spins, with dual couplings J, = A and J5 = J;. At this
hidden-SU(2)-symmetric point, the HKI'T" model features
an SU(2)-degenerate ground-state manifold, each member
of which can be mapped to an associated ground state of the
dual J,-J5 model, and vice versa. The Néel state in the dual
model with staggered magnetization along the x, y, and z
cubic axes, for instance, maps to the zigzag state in the
original model with antiferromagnetic neighbor pairs
along the x, y, and z bonds, respectively, see upper inset

of Fig. 1(a). The Néel state with staggered magnetization
along the [111] axis, by contrast, maps to a triple-q state with
an 8-site magnetic unit cell and a vortex spin structure on 1,/4
of the hexagonal plaquettes, see lower inset of Fig. 1(a).

While bilinear exchange perturbations cannot lift the
SU(2) degeneracy in the classical limit, and quantum
fluctuations typically favor collinear zigzag states [45],
Sec. (b), a triple-q state can be stabilized by nonbilinear
exchange interactions. To be specific, let us consider the
ring exchange that is generated in the strong-coupling
expansion of the single-band r — U Hubbard model on the
honeycomb lattice [40],

H nbl

- %O > [2(S:-8,)(Sk-S1)(Sw-S,)
(

ijkimn)
—6(S;i-Sk)(S;-S1)(Sy-Sy) +3(Si-S1)(S;-Si)(S, - Sn)
+3(S:-Sk)(S;-S,,)(8;-S,) = (S;-8,)(S;-S,,)(Sk - S,)
+ cyclic permutations of (ijklmn)], (3)

with summation over elemental plaquettes involving sites
(ijklmn) in counterclockwise order. In Na,Co,TeOy, the
above nonbilinear interaction arises from virtual ring
exchange processes of cobalt electrons around elemental
plaquettes on the honeycomb lattice, with the prefactors
originating from the number of symmetry-equivalent
processes and the involved permutations [53]. Formally,
this form of the interaction is generated at sixth order
in the strong-coupling expansion. At intermediate co-
upling, however, it represents the main correction to the
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Inelastic neutron scattering intensity of Na,Co,TeOg at T =5 K along momentum trajectories indicated in insets of

Figs. 1(b)-1(g). Data are measured with E; = 19.4 meV (upper part), E; = 10.0 meV (middle part), E; = 6.1 meV (lower part), and
merged at energies indicated by left-pointing triangles. All visible magnon bands are symmetric along these trajectories, indicating a
hexagonal magnetic Brillouin zone with an 8-site real-space magnetic unit cell. Black solid lines indicate three representative magnon
band dispersions parametrized with phenomenological functions [45], Sec. (d), which are our fitting targets.
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nearest-neighbor exchange J;, exceeding the second-
neighbor exchange J,, which formally arises already at
fourth order in the expansion: For instance, at t/U = 0.2,
Ref. [40] finds |Jo/J,| ~4. Near the hidden-SU(2)-
symmetric point, this ring exchange favors triple-q order
for J5<0, see Fig. 1(a). For the cobaltates, various
different nonbilinear exchange terms are in principle
possible, and the ring coupling J, defined above consti-
tutes only one representative axis in a large parameter
space. For symmetry reasons, however, all of these cou-
plings will generically have the same qualitative effect:
They will favor zigzag order on one side of the hidden-
SU(2)-symmetric point and triple-q order on the other side.

Magnetic excitation spectrum.—Each zigzag domain has
arectangular magnetic Brillouin zone. The triple-q state, by
contrast, features a hexagonal Brillouin zone. The differ-
ence in the shape of the magnetic Brillouin zones leads to
decisive consequence for the magnetic excitation spectrum.
To illustrate this, let us consider the hidden-SU(2)-
symmetric point. Figures 1(b)-1(g) compare the magnon
spectrum in the zigzag state (top row) with those of the
triple-q state (bottom row), for three different paths within
the first crystallographic Brillouin zone, in linear spin-wave
theory. These paths cover points that are related by the
symmetry of the triple-q state, but not of the zigzag state.
This allows the identification of triple-q order: While the
triple-q magnon spectrum is symmetric with respect to
these paths, the zigzag spectrum is not. We emphasize that
this symmetry argument is independent of a particular
modeling, and applies equally to excitation beyond linear
spin-wave theory, such as magnon bound states or lower
bounds of magnetic excitation continua. It does not apply,
however, to scattering intensities, which depend on abso-
lute momenta.

Figure 2 shows the low-temperature neutron scattering
intensity of Na,Co,TeOq along the same paths as in
Figs. 1(b)-1(g), compiled from the experimental data
initially published in Ref. [27]. Remarkably, all visible
magnon bands are perfectly symmetric along these trajec-
tories, clearly indicating a hexagonal magnetic Brillouin
zone with an 8-site real-space unit cell. Moreover, several
qualitative features of the measured spectrum can be
understood from the triple-q spectrum at the hidden-
SU(2)-symmetric point. This includes the dispersive
low-energy and flat high-energy bands, the number of
excitation energies at the I' point, as well as the small gap
~1 meV at both I' and M. The latter can be considered as a
pseudo-Goldstone mode arising from the explicit breaking
of the hidden-SU(2) symmetry, and be a measure of
proximity to the hidden-SU(2)-symmetric point.

Effective model for Na,Co,TeOg.—The above compari-
son suggests that the magnetic excitation spectrum in the
low-temperature ordered phase of Na,Co,TeOg can be
modeled using a parameter set proximate to the hidden-
SU(2)-symmetric point. In linear-spin-wave theory, the ring

exchange can be mapped to an effective local field along
the local-moment axis, together with a renormalization of
the bilinear couplings [45], Sec. (¢). In order to simplify the
fitting algorithm, and to avoid the ambiguity arising from
the various symmetry-allowed nonbilinear terms, we here
constrain ourselves to an effective modeling using the
local-field term directly, mimicking a ring exchange, i.e.,
Hup = —h Y ;n; - S;, with unit vector n; along the triple-q
spin direction at the hidden-SU(2)-symmetric point. An
alternative fitting procedure using the full ring exchange of
Eq. (3) leads to similar results [45], Sec. (d). Optimizing
the parameters with respect to the three spin-wave modes
indicated by black lines in Fig. 2 [see Ref. [45], Sec. (d) for
details] leads to our best-fit model,

(JI’KI»FDF/I’JQ’JZB’JS)fit
=(1.23,-8.29,1.86,-2.27,0.32,—0.24,0.47) meV, (4)

and 2 = 0.88 meV, for § = 1/2. The resulting magnetic
excitation spectrum is shown in Fig. 3, to be compared with
Fig. 3(a) of Ref. [27]. Importantly, the computed spectrum
does not only reflect favorably the three fitting targets
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FIG. 3. Magnetic excitation spectrum from linear spin-wave
theory of best-fit model, Eq. (4), to be compared with Fig. 3(a) of
Ref. [27]. The ground state is optimized to acquire the lowest
energy, realizing the triple-q order shown in the lower inset of
Fig. 1(a). Different full width at half maxima (FWHM) are used
in simulations at higher and lower energies for better comparison
with experimental data: FWHM(E > 8.3 meV) = 1.18 meV,
FWHM(E < 8.3 meV) = 0.59 meV. Branch indices are indi-
cated after [27], along with their practical degeneracy (defined as
the number of branches within the FWHM).
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(modes No. 1, No. 3, and No. 4), but moreover reproduces
remarkably well also the other experimentally observed
modes No. 2, No. 5, and No. 6, both in terms of their
bandwidths as well as their absolute energies. Further
comparisons between theoretical and experimental results,
as well as a juxtaposition with results of a best-fit model
with zigzag ground state, are presented in [45], Sec. (e).

Discussion.—Our best-fit model suggests that the most
dominant bilinear perturbation away from the hidden-
SU(2)-symmetric point is towards the ferromagnet
Kitaev limit. In [45], Sec. (f), we present extensive exact
diagonalization calculations that show that Na,Co,TeOgq is
in fact similarly close to the Kitaev quantum spin liquid
regime as other intensely studied Kitaev candidate materi-
als, including Na,IrO; and a-RuCl;. Hence, while the low-
temperature behavior in the triple-q phase can be well
understood within the picture of approximate hidden-SU(2)
symmetry, the nearby Kitaev quantum spin liquid should be
expected to play an essential role at intermediate temper-
ature and in external magnetic fields, when the magnetic
order is melted [16,18-21,26]. In fact, the effective energy
scale set by the Kitaev coupling of our best-fit model
|K|/kg =~ 8.3 meV/kg ~ 100 K is well above the Néel
temperature 7T =~ 30 K [19,27,35], leaving an intermediate
temperature regime that might be best described as a
Kitaev paramagnet, similar to what has been observed in
a-RuCly [54-57]. Furthermore, the noncollinear zero-field
ordering implies increased magnetic frustration in external
fields, as not all spins can cant homogeneously towards
the field axis [58,59]. As a consequence, a spin model
proximate to the hidden-SU(2)-symmetric point generically
features a metamagnetic transition between the triple-q
state at small fields and a canted zigzag state at intermediate
fields, before the transition towards the paramagnetic state
at high fields, see Ref. [45], Sec. (g) for details. A recent
variational Monte Carlo study also suggests a possible
field-induced transition from a triple-q state at small fields
towards a field-induced quantum spin liquid at intermediate
in-plane fields [46]. We expect these features of our
minimal models to explain at least some of the various
thermal and field-induced transitions observed in
Na,Co,TeOg4 [19-21,60,61].

Conclusions.—We have demonstrated how a multi-q
state that features Bragg peaks at symmetry-related points
in the Brillouin zone can be distinguished experimentally
from the corresponding multidomain single-q state. While
the Bragg-peak pattern of both states can be identical, the
difference in shape of the magnetic Brillouin zones leads to
different symmetries of the magnetic excitation spectra.
Applying this approach to the honeycomb magnet
Na,Co,TeOq allows the identification of the material’s
low-temperature magnetic order: a triple-q state with a
hexagonal 8-site magnetic unit cell and a vortex spin
structure around 1/4 of the elemental plaquettes. Our
result reveals Na,Co,TeOg as an example of a Kitaev

magnet proximate to a hidden-SU(2)-symmetric point. This
explains not only the small band gap of the pseudo-
Goldstone mode, but also the dispersive low-energy and
flat high-energy bands observed in the spectrum. The most
dominant perturbation away from the hidden-SU(2)-
symmetric point, however, is towards the ferromagnet
Kitaev limit, and plays an essential role at intermediate
temperature and in external magnetic fields. This represents
an intriguing question for future research. In a broader
context, our results suggest that the symmetry of the
magnetic excitation spectrum may be worth reanalyzing
also in other Kitaev magnets, such as Na;Co,SbOg [28], or
again a-RuCl; [56,59,62—-65]. The latter displays multiple
uniform Bragg peaks in fields below 1-2 T [64,66], a fact
that was previously interpreted in terms of domain mixing
arising from bond anisotropies [67,68], but could, in
principle, also stem from multi-q order.

Note added.—A parallel work reports in-field neutron
diffraction data of Na,Co,TeQg4, which are consistent with
our results [72].
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