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We propose exploiting the superluminal plasma wake for coherent Cherenkov radiation by injecting
a relativistic electron beam (REB) into a plasma with a slowly varying density up-ramp. Using three-
dimensional particle-in-cell and far-field time-domain radiation simulations, we show that an isolated
subcycle pulse is coherently emitted towards the Cherenkov angle by bubble-sheath electrons successively
at the rear of the REB-induced superluminal plasma wake. A theoretical model based on a superluminal
current dipole has been developed to interpret such coherent radiation, and agrees well with the simulation
results. This radiation has ultrashort attosecond-scale duration and high intensity, and exhibits excellent
directionality with ultralow angular divergence and stable carrier envelope phase. Its intensity increases
with the square of the propagation length and its central frequency can be easily tuned over a wide range,
from the far infrared to the ultraviolet.
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High-energy subcycle radiation pulses are useful for
many applications, including attosecond-scale spectro-
scopy of living systems [1], ultrafast monitoring and
control of molecules [2,3], attosecond metrology of
electron motion, petahertz signal processing [4–6], etc.
Frequency-mixing [7,8], pulse syntheses [9,10], and para-
metric amplification [11], etc. have been proposed for
generating subcycle pulses, but these often need precise
control and synchronization of the phases of the laser
modes and the carrier envelopes. The pulse energy is also
limited. In relativistic laser-plasma interaction studies,
intense subcycle pulses can be generated from transverse
focusing of an attosecond electron sheet injected into the
laser wakefield by abrupt transition from vacuum to
plateau [12,13] and seed pulse amplification from inter-
action of a foil with an electron beam [14] or laser
wakefield [15]. However, these schemes either require a
sharp density front or multiple driver beams. For many
applications, it is desired to generate subcycle pulses with
tunable frequency, stable carrier envelope phase (CEP),
and foremost a simple setup.
It is well known that when an electron moves faster than

the light in the medium, it emits Cherenkov radiation. The
radiation emitted at different times is phase locked and
coherent at the Cherenkov angle [16,17]. No individual
particles travel faster than light in vacuum and/or a plasma,
while aggregates of particles can move superluminally and
lead collectively to Cherenkov radiation [18,19]. In this

Letter, we propose a simple scheme to generate coherent
Cherenkov radiation by exploiting the rear of the bubble
(ROB) driven by a REB in an underdense plasma with
slowly varying density up-ramp as superluminal radiation
source, as demonstrated in Fig. 1. This new coherence
mechanism [19] does not require bunching the radiating
particles in a spatial region smaller than the radiation
wavelength as that in existing coherent radiation sources
[13]. Three-dimensional (3D) particle-in-cell (PIC) and
far-field time-domain radiation simulations confirm the
generation of an isolated subcycle pulse in the form of an
optical shock in this regime. In particular, such radiation
has many interesting and unique features. It is CEP stable,
as well as of subcycle attosecond-scale duration. It has also
excellent directionality, namely, at the Cherenkov angle
with very small angular divergence, and high intensity that
scales with the square of the propagation distance. In
addition, the frequency can be readily tuned by adjusting
the densities of the plasma and REB.
As a high-density REB propagates into an underdense

plasma, the Coulomb force expels the electrons and forms
a nonlinear wake bubble, the bubble size rb scales with the

plasma density ne as rb ∝ n−1=2e [20,21]. In a plasma with
density up-ramp (down-ramp), the ROB moves forward
(backward) relative to the driver in the comoving frame, as
the bubble gradually shrinks (expands). The ROB velocity
equals to the wake phase velocity, which is directly linked
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to the plasma density gradient along the propagation axis
as [20,22]

vRðz; tÞ ¼
vd

1 − ðdωp=dzÞω−1
p ðvdt − zÞ ; ð1Þ

where vd ≲ c is driver beam velocity, c is the speed of light
in vacuum, ωpðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2neðzÞ=ε0me

p
is the plasma fre-

quency corresponding to the local plasma density neðzÞ,
e andme are the electron charge and mass, ε0 is the vacuum
permittivity, respectively. The ROB velocity can be super-
luminal (vR > vd ∼ c) in a plasma with up-ramped density
(dωp=dz > 0) and surpass the light phase velocity vph ∼ c
in a tenuous plasma. While the ROB is subluminal
(vR < vd ∼ c) in a plasma with constant or down-ramped
density (dωp=dz ≤ 0). The sheath electrons flowing around
the bubble emit strong spontaneous radiations at the ROB,
where they have a large forward velocity and small
curvature radius [20]. The wave fronts of these spontaneous
radiations travel with the speed of light outwards in a

spherical shape, as shown in Fig. 1(a). The wave fronts of
the spontaneous radiations from the superluminal ROB
cross and form coherent radiation in the form of an optical
shock at the Cherenkov angle θch ¼ arccos ðvph=vRÞ [23],
as shown in the upper panel of Fig. 1(a). For an observer
at the Cherenkov angle (which is not dependent on
the radiation frequency in the far field [23]), the arrival
times of all wave fronts [24] t0 ≈ t − n⃗ · r⃗R=cþ R=c ¼
tð1 − vR cos θ=cÞ þ R=c ¼ R=c are constant, where t is
the time that the radiation is emitted from the ROB,
n⃗ ¼ ðsin θ cosφ; sin θ sinφ; cos θÞ is the propagation direc-
tion, R is the distance from the origin to the observer, and
r⃗R ¼ vRte⃗z is the trajectory of the ROB, respectively. While
in a subluminal plasma wake, vR < vph and the sponta-
neous radiations emitted later cannot catch up with those
emitted earlier. The wave fronts are dispersed temporally
and with no coherent Cherenkov radiation, as shown in the
lower panel of Fig. 1(a).
The processes mentioned above are verified by 3D

simulations using the WarpX PIC code [25]. To improve
the accuracy and prevent numerical Cherenkov instabilities,
the modified finite-difference Maxwell-equations solver
CKC [26] as well as the pseudospectral Maxwell-equations
solver PSATD are used [27–29], and they yield similar
results. There are 512 × 512 cells in the transverse ðx; yÞ
directions and 1664 cells in the axial (z) direction, with two
electrons per cell. The immobile ions form a positive
background. In the simulations, a moving window with
speed c is used. The size of the simulation box is Lx ¼
Ly ¼ 32c=ωp0 and Lz ¼ 13c=ωp0, whereωp0 is the plasma
frequency with density n0 ¼ 1.5 × 1018 cm−3. A complete
blowout wake is generated by a high-current REB of density
nb ¼ 16n0, whose normalized peak charge per unit length is
Λ¼4πre

R σr
0 drrnb¼4 and the total charge is Q ≈ 205 pC,

where σr is the spot size of the beam and re is the classical
electron radius. The initial beam density is nbðr; ξÞ ¼ nb for
r < σr and zl < z < zr, where ξ ¼ ct − z, σr ¼ 0.5c=ωp0

and σz ¼ zr − zl ¼ 0.7c=ωp0, respectively. The REB has a
relativistic factor of γb ¼ 2500 and is assumed to have no
energy spread. These parameters are similar to those of
Ref. [20]. Perfectly matched layers are implemented at all
boundaries to avoid reflection of electromagnetic waves.
Here we consider two cases. In case I, an up-ramped plasma
slab is used, the density from zi ¼ 500 μm to ze ¼
2000 μm is neðzÞ ¼ n0=½1 − ðz − ziÞ=Lp�2, with Lp ∼
8174.2 μm (so that ne is 1.5n0 at ze) [30], and then sharply
drops (within a distance 100 μm) to vacuum. Thus, the
velocity of the rear of the first bubble is vR ∼ 1.0021c along
the up-ramp by substituting vdt − z with the bubble radius
rm ¼ 2

ffiffiffiffi
Λ

p
c=ωp in Eq. (1). Such a plasma density profile

has been used in previous simulations [31,32] and can be
realized in experiments by suitably tailoring gas capillaries
[33]. In case II, the plasma slab density is given by
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FIG. 1. (a) Schematic diagram of the coherent optical shock
generation from a superluminal plasma wake. All the spontaneous
radiations are phase locked at the Cherenkov angle in case I, while
they are phase dispersed in case II. Note the background color
represents the plasma density, with darker colors indicating higher
density. (b) 3D PIC simulation results of subcycle pulse gen-
eration from a superluminal plasma wake at z0 ¼ 1000 μm,
compared with that of a subluminal plasma wake, with no
significant radiation generation. Shown is the radial electric field
Er ¼ Ex cosϕþ Ey sinϕ in a visualization of the subcycle pulse
emitted from the ROB in case I, where ϕ is the azimuthal angle
and tanϕ ¼ y=x.
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neðzÞ ¼ n0 ¼ constant in 100 μm < z < 2100 μm, with
sharp drops (within 100 μm) to vacuum on both ends.
The radial electric field Er of the two cases is shown in

Fig. 1(b). It is clearly seen that in case I an isolated,
subcycle and radially polarized electromagnetic pulse in the
form of an optical shock emerges from the ROB. Such
pulse is emitted successively all along the density up-ramp
(see the Supplemental Movies [34]). In case II no such
shock is generated. Figure 2(a) for the subcycle radiation
in case I at z0 ¼ 1000 μm shows that the emission angle is
∼74.0� 2.0 mrad. The duration of the pulse is ∼581.4 as
(FWHM) and the field peak value is 44.1 GV=m, the same
order as that of the wakefield, as shown in Fig. 2(b). As
expected, the corresponding spectrum, shown in Fig. 2(c),
is broad with the frequency bandwidth Δω ∼ 60ωp0. The
frequency at its maximum strength is ∼31.3ωp0, or wave-
length ∼870.7 nm. Note that the rear of the secondary
bubbles can also emit subcycle radiation pulses. However,
they are emitted with larger Cherenkov angles and are
much weaker than that from the first bubble, see the details
in the Supplemental Material (SM) [34].
To understand how the electron dynamics lead to sub-

cycle radiation at the ROB, it is of interest to look at the
trajectories of the sheath electrons and compute the far-
field radiation based on these trajectories. In this case,
simulations are carried out using the quasi-3D cylindrical-
geometry FBPIC code [51], with 416 cells along z, 12
particles per cell, while all other parameters remain the
same. Although the longitudinal spatial resolution dz is
reduced, it is still sufficient to resolve the electron
dynamics involved. FBPIC can mitigate the computing
resource consumption of large-scale plasma wake simu-
lations [52–54], and significantly reduces the number of
electrons to be analyzed, which in turn reduces the computa-
tional burden of far-field radiation simulations as will be
discussed next. Figure 3 shows the trajectories and dynam-
ics of about 400 sheath electrons of case I passing through
the ROB at t ¼ z0=c in the comoving and lab frames,
respectively. The trajectories are mainly 2D in the r-z plane
and they all follow the same pattern: starting at about

ri ∼ 5.3 μm and form the narrow sheath defining the bubble
boundary, with maximum radius rm ∼ 8.1 μm [35,36]. As
the REB propagates forward, the sheath electrons are
eventually pulled back by the charge separation field of
the nearly immobile plasma ions in the channel, merge
at the ROB and get reflected, forming the bubble. At the
ROB they have high (almost c) forward axial velocities but
nearly zero radial velocities, with their relativistic factors
reaching γm ∼ 3.0, as shown in Figs. 3(c) and 3(d). So,
at the ROB the electron trajectories have small curvature
radius ρ and the electrons emit subcycle bursts sponta-
neously contained within a cone of opening angle Δθ ∼
1=γ centered on the axis and with short duration
τb ∼ 1=ωc ∼ ρ=γ3c, where ωc is the critical radiation
frequency [24,37] (see details in the SM [34]).
While for the coherent Cherenkov radiation, the col-

lective effect dominates over the single electron radiation.
A simplified theoretical model is constructed (see details
in the SM [34]), in which the ROB is taken as a super-
luminal current dipole based on the electron dynamics
near the ROB:

J⃗ðz;tÞ¼−enRv⃗R¼−enRcðβzme⃗zþ iβrme⃗rÞeiðωβt−kβzÞ; ð2Þ

where nR ¼ nmax exp½−ðz − vRtÞ2=Δ2� is the density dis-
tribution of electron sheath at the ROB with width Δ and
vR ¼ ωβ=kβ, nmax is the peak density, βzm and βrm are the
maximum oscillation velocities in the longitudinal and radial
direction (which are assumed as constant since they change
very little with a slowly varying density up-ramp [30] and
note they have a phase difference of π=2), ωβ and kβ are the
frequency and wave vector of the nonlinear plasma wake,
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FIG. 3. Trajectories of the sheath electrons passing through the
ROB at t ¼ z0=c in the (a) comoving and (b) laboratory frames.
Their axial and radial velocities as well as their relativistic factors
are shown in (c) and (d), respectively, where the dotted lines mark
the position of the ROB at ξ ¼ ct − z ∼ 30.5 μm. Note that the
variations of the velocity and energy of almost all sheath electrons
overlap before they reach the ROB.
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respectively. The spectral intensity of the far-field radiation
from this superluminal current dipole is [38]

d2W
dωdΩ

¼ cR2

πμ0
jik⃗ × A⃗ωðRÞj2 ¼

cR2

πμ0
jkAωðRÞ sin θj2; ð3Þ

where A⃗ωðRÞ ¼ ðμ0=4πÞðeikR=RÞJ⃗ðω; k⃗Þ is the radiation
vector potential and μ0 is the vacuum permeability.
Then we have d2W=dωdΩ∝ jJ⃗ðω; k⃗Þsinθj2 ∝ ðIsIt sinθÞ2,
where IsðItÞ is the spatial (temporal) Fourier transform of
J⃗ðz; tÞ and θ is the radiation angle. The scaling with
jsin θj2 ∼ jθj2 is different from that of the radiation of a
single sheath electron which is peaked on the axis and allows
improvement of the radiation intensity by changing the
density gradient [34]. Is can be written as

Is ¼
Z

∞

−∞
eizðω=vR−k cos θÞdz ¼ δðω=vR − k cos θÞ; ð4Þ

which means the radiation is only emitted at the Cherenkov
angle. Integrating from 0 to Lu, we have jIsj ¼ Lu at θch,
i.e., the radiation intensity is proportional to the square of the
propagation length, which is a typical feature of the coherent
radiation. The spectral distribution is determined by the
temporal integral of the Fourier transform:

It ¼
Z

∞

−∞
exp

�
−
v2Rτ

2

Δ2

�
e−iðω−ωβÞτdτ ¼

ffiffiffiffiffiffi
2π

p
e
−ðω−ωβÞ2

ω2
d ; ð5Þ

where τ ¼ t − z=vR, ωd ¼ 2vR=Δ ≈ 2c=Δ. The frequency
bandwidth and the duration of the subcycle radiation are
determined byΔ. Since c=Δ ≫ ωβ,ωβ has little effect on the
spectral distribution. The sheath width at the ROB cannot be
determined analytically [35,36,39] (but it can be tuned by
changing the plasma density or driver strength [34]); in
the PIC simulation it is measured to be Δ ≈ 270.3 nm. The
frequency bandwidth is estimated to be Δω0 ≈ 2ωd≈
64ωp0, close to the simulation results.
A postprocessing far-field time-domain code FaTiDo

[34,40] was developed to compute the radiation based
on the trajectories of the bulk electrons, as projected on a
far-field spherical surface. FaTiDo reads the trajectories of
the macroelectrons and computes the total radiation field
emitted by the bulk electrons. A far-field spherical
detector plane is set 1 m away from the origin, i.e.,
R ¼ jr⃗obsj ¼ 1 m. The detector time axis is defined to
completely cover the arrival time of the radiation from
the ROB. The time resolution is dtf ¼ 5 × 10−18 s ¼ 5 as
with Nt ¼ 1600 time steps. The spherical detector θ-φ
plane is resolved as Nθ × Nφ observers, with Nθ ¼ 128

along θ, Nφ ¼ 32 along φ and θ ranging from 0 to
150 mrad, φ from 0 to 2π, respectively. Note that
computing far-field radiation by tracing macroparticles
with large weight will greatly exaggerate the amplitude

of incoherent radiation, but not for the coherent
radiation [55].
The time-resolved as well as time-averaged far-field

radiations are shown in Fig. 4. For case I, the radiations
along the driver path are coherently phase locked at the
Cherenkov angle θ ∼ 72.7 mrad, very close to the one
observed in the near-field PIC simulation and the one
predicted by theory θch ¼ arccos ðc=vRÞ ∼ 65.2 mrad. A
subcycle pulse is clearly seen in Fig. 4(a), where the Ex (Er
at φ ¼ 0) temporal profile is almost the same as that in the
near-field PIC simulation, indicating that the radiation pulse
is CEP stable, and the duration ∼617.1 as (FWHM) is
slightly longer. The time-integrated radiation is concen-
trated around the Cherenkov angle and forms a photon ring
with very small angular divergence ∼5.7 mrad at FWHM.
This is due to the fact that the superluminal phase velocity of
the wakefield stays relatively constant, as can be seen in
Fig. 4(e). Without the density ramp (case II), the radiation is
not phase locked and incoherent, resulting in a much smaller
amplitude and intensity, as shown in Figs. 4(b) and 4(d).

FIG. 4. Far-field radiation computation results: (a),(b) time-
resolved radiation Er on the azimuthal plane φ ¼ 0 and (c),(d)

time-averaged radiation hE2i ¼ R
E2ðtÞdt=R dt on the θ-φ plane.

(a) and (c) are from case I and (b) and (d) are from case II,
respectively. The brown superimposed line in (a) is the 1D slice of
2D Er at θ ¼ 72.7 mrad, at which angle Er obtains its maximum
amplitude. It is labeled on the right axis. (e) Phase velocities of
the first bubbles. Broken lines are for case I (purple) and case II
(green), obtained by tracing the first ROB in FBPIC simulations.
Solid lines are the theoretical values of case I (yellow) βR ¼
vR=c ¼ 1.0021 and of case II (red) βR ¼ 1. (f) Peak radiation
intensity E2 in arbitrary units versus the propagation distance for
case I (orange squares) and case II (red crosses). The solid line
and broken line are the quadric and linear fit for the squares and
crosses, respectively.
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As shown in Fig. 4(f), in case I the peak radiation
intensity presents a quadric dependence on the propagation
distance, while the dependence is linear in case II. These
are signatures of superradiant radiation and incoherent
radiation [19], respectively, which agrees well with our
theoretical model. The total energy of the subcycle pulse of
case I is ϵ ¼ R

S⃗ · dσ⃗dt ≈ 11.5 μJ, where S⃗ ¼ ðE⃗ × B⃗Þ=μ0
is the Poynting vector, dσ⃗ ¼ R2n⃗ sin θ cos θdθdφ is the

surface element vector of the spherical detector, and B⃗ ¼
ðn⃗ × E⃗Þ=c [24]. Thus, the conversion efficiency is
η ¼ ϵ=ϵb ≈ 5.2 × 10−5, where ϵb is the energy of the
injected driver beam. Note that the pulse energy and
conversion efficiency can be greatly improved by using
a longer plasma slab while preserving the same density
gradient as they scale with the square of the plasma length.
Plasma slab length of the order of 10 cm can already be
realized in experiments [56].
The proposed scheme is highly robust over a wide range

of parameters and allows us to control the properties of the
subcycle pulse, e.g., pulse width and pulse intensity, which
is supported by a parameter scan over density profile
shapes, density gradients, and driver strengths (see details
in the SM [34]). Most importantly, it is possible to tune the
central wavelength from the far infrared to the ultraviolet by
simply adjusting the plasma and beam densities while
maintaining the same density profile shapes.
In summary, we have proposed a new scheme of

exploiting the Cherenkov radiation for generating coherent
isolated, intense, CEP-stable subcycle radiation pulses
from a superluminal plasma wake in a plasma with density
up-ramp. A theoretical model has been developed and it
agrees well with the simulation results. In particular, the
far-field radiation has an excellent directionality, low
angular divergence, a well-defined wave front, and high
frequency tunability. These attributes make the proposed
method highly attractive for a variety of applications. It is
worth noting that the necessary plasma and high-energy
drivers are already available in current experimental
setups [57,58].
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