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We investigate the conformational properties of self-avoiding two-dimensional (2D) ideal polymer
networks with tunable mesh sizes as a model of self-assembled structures formed by aggrecan. Polymer
networks having few branching points and large enough mesh tend to crumple, resulting in a fractal
dimension of df ≈ 2.7. The flat sheet behavior (df ¼ 2) emerges in 2D polymer networks having more
branching points at large length scales; however, it coexists with crumpling conformations at intermediate
length scales, a feature found in scattering profiles of aggrecan solutions. Our findings bridge the long-
standing gap between theories and simulations of polymer sheets.
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Sheetlike two-dimensional (2D) polymers have attracted
considerable attention in manufacturing and electronics
applications as composites associated with energy storage
[1,2] and 3D printing [3,4]. Graphene is perhaps the most
familiar realization of this type of polymeric structure [5,6].
They are also prevalent structures in biology in the form of
open membranelike structures or closed vesicular structures
that exhibit biological functions in living systems. Well-
known examples include living cell membranes [7,8] and
red blood cell cytoskeletons [9,10]. Recently, there have
been efforts to create such structures synthetically, such as
DNA origami [11–13] and as vehicles for precision
medicine [14]. Finally, as in the case of linear polymer
chains, these structures arise as natural mathematical
objects in the high-energy physics and field theory [15].
Unlike linear chain polymers, 2D polymers exhibit

exotic conformational properties since no single universal-
ity class encompasses all types of surfaces [16]. Theoretical
models [8,17] initially suggested that 2D polymers in good
solvent exhibit a flat conformation, corresponding to a
Flory exponent of ν ¼ 1=2 [18], but beyond a characteristic
size it was predicted that they should “crumple” due to
thermal fluctuations, in a fashion similar to linear polymers
having a length larger than their “persistence length” [19].
The Flory-type approximation for ν of these hypothetical
crumpled sheets was ν ¼ 0.4 [20,21], while subsequent
independent theoretical arguments predicted an exponent in
the range ν ≈ 0.35� 0.07 [8,22–24]. An exponent ν < 1=2
has been observed experimentally in partially polymerized
vesicles [25–27] and in graphite oxide membranes [28,29]
suggesting the possibility of the predicted crumpling
transition. However, extensive computer simulations con-
vincingly demonstrated that in the presence of excluded
volume interactions, 2D polymers stabilize the flat sheet

conformation in a good solvent and thus do not crumple
[10,30–34]. The nature and even the existence of a
crumpling transition remains unresolved.
The gap between the theory and simulations is attributed

to the nontrivial influence of excluded volume, which is a
local effect and intrinsic in molecular models, on the shape
of the whole structure. However, this influence is absent in
the theoretical framework just mentioned [10,34]. We note
that previously used molecular models of 2D polymers
have a small or no mesh size. This structural feature was
thought to be essential to mimic the continuous description
of 2D polymers used in theories, and its influence has
remained unexplored. To bridge this gap, we hypothesize
that by increasing the mesh size, the excluded volume
interactions progressively become weaker since the prob-
ability of segment-segment contacts is expected to decrease
while the network’s topology is maintained. Effectively, the
mesh size provides a way to reduce the influence of
excluded volume; a similar conclusion was reached in
perforated 2D sheets [35]. Our proposed 2D polymer
network model also draws inspiration from recent advance-
ments in the synthesis of precisely controlled polymer
networks that bring us closer to the realization of ideal 2D
polymer networks [36–39].
Our study’s original and unexpected motivation is to

understand the nature of self-assembled structures formed
by aggrecan, a bottlebrush-like polymer and an essential
component in the extracellular matrices of living systems.
In articular cartilage, aggrecan associates with hyaluronic
acid and a small glycoprotein, a link protein, to form
hierarchical polymeric networks within an extracellular
organized fibrillar collagen network [40,41]. These net-
works exert a high osmotic swelling pressure necessary for
cartilage to resist external compressing loads. Moreover,
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the structure of aggrecan assemblies exhibits ion insensi-
tivity, and it is opposite to the typical behavior of poly-
electrolyte solutions, which phase separate in the presence
of high valence ions [42,43]. This ion insensitivity is
essential in aggrecan participation in cartilage skeletal
metabolism contributing to bone mineralization by binding
calcium ions [44,45]. Despite extensive experimental
studies on the structure of aggrecan assemblies [44–47],
a microscopic model to reproduce the observed behavior is
missing. In particular, we have investigated recently the
structures of aggrecan solutions and compared them to
structures of synthetic bottlebrush polymers in which the
chemical composition of the backbone and the side chains
were carefully controlled [48,49]. These studies revealed
that typical molecular models found in the literature
provide a good agreement with the synthetic (neutral or
charged) bottlebrushes but fail to describe the polymer
network structures formed by aggrecan, suggesting non-
trivial aggrecan association interactions. We then felt that a
molecular model of aggrecan assemblies was required to
understand this important class of biological materials.
We briefly describe the simulation model; additional

details on the simulations and experimental methodologies
can be found in the Supplemental Material (SM) [50]. We
use molecular dynamics simulation of a bead-spring model
suspended in an implicit solvent, previously used in the
modeling of gels and nanogel particles [56,57]. All
particles are assigned the same massm, size σ, and strength
of interaction ε; we set ε and σ as the units of energy and
length. The segmental interactions are described by the cut-

and-shifted Lennard-Jones (LJ) potential with a cutoff
distance corresponding to an athermal solvent. The seg-
ments along a chain are connected with their neighbors via
a stiff harmonic spring to avoid bond crossing. The 2D
polymer network is composed of repeating units arranged
in a square lattice and with two or more of the free ends
connected with the neighboring repeating units, see
Fig. 1(a). A repeating unit has a core particle connected
to one of the free ends of f ¼ 4 chains, and each chain is
composed ofM segments. The number of repeating units in
each direction is labeled as Nx and Ny. We focus on
symmetric 2D sheets having Nb ¼ Nx ¼ Ny. The molecu-
lar mass of a 2D polymer network is Mw ¼ N2

bðfM þ 1Þ.
Previous coarse-grained models [30–34] of 2D polymers
correspond in our model as the limiting case of M ¼ 0.
The mass scaling of the radius of gyration (Rg) of equi-

librated 2D polymer networks in good solvent conditions
exhibits a nontrivial behavior. We identify two limiting
behaviors. On the one hand, 2D polymer networks having
Nb ¼ 2, where the influence of branching is minimum,
exhibit a mass scaling Rg ∼Mν

w with ν ¼ 0.588. An
exponent similar to the mass scaling exponent for self-
avoiding random walks suggests that the structure is
dominated by the linear chain statistics in an athermal
solvent, see Fig. 1(b). On the other hand, a mass scaling of
Rg ∼M1=2

w is found for 2D polymer networks having small
mesh size 1 ≤ M ≲ 4 for the range of Nb values explored
here and the molecular conformations resemble a flat sheet,
Fig. 1. A similar scaling behavior Rg ∼M1=2

w is found for

FIG. 1. (a) Schematic of a regular 2D polymer network having Nb ¼ 4 branches in each direction. Screenshots of typical equilibrated
2D polymer networks are also presented. For clarity, the repeating units located at the edge of the polymer network are in blue and for the
units in the middle in red. (b) Radius of gyration Rg of 2D polymer networks as a function of molecular mass Mw. The highlighted
regimes approximately outline the emergence of crumpling (pale yellow) and flat sheet regimes (pale blue). The dotted lines are power
laws with an exponent of 0.588 and 1=2 and the dashed line is a power law with an exponent of 1=2.7; all lines are guides for the eye.
The uncertainty estimates correspond to two standard deviations. Inset: Rg normalized by M1=2

w and l0 as a function of Nb. The dashed

line is Rg ≈ l0M
1=2
w ð1.3=N1.3

b þ 1Þ.
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2D polymer networks having Nb > 20 irrespective of the
value of M. Specifically, we find that the mesh size
influences the prefactor in this mass scaling behavior,
Rg ≈ l0M

1=2
w , where l0 is found to have a weak dependence

onM as follows: l0 ≈M0.08=3.28. This ν ¼ 1=2 exponent is
also the exact solution proposed by Parisi for randomly
branched polymers [58]. These results would seem to
indicate that randomly branched polymers can be viewed
as perforated polymer sheets [56,59,60]. The same scaling
exponent also appears in scattering profiles at large length
scales, which we will discuss below, in complex materials
such as gels [61,62], polyelectrolyte complexation [63],
colloidal aggregates [64], and randomporousmaterials [65].
Between the flat sheet behavior and the regime domi-

nated by linear chain behavior, we find a crossover regime
where the molecular parameter space ðM;NbÞ of the above-
mentioned limiting behaviors describes 2D polymer net-
works when the mesh size (characterized by M) becomes
comparable to the polymer network’s size Nb < 20 and
M ≫ 1. The mass scaling exponent in this crossover
regime is found to be ν ≈ 1=2.7 ≈ 0.37 for fixed M, see
Fig. 1(b). This effect is more pronounced for larger mesh
sizes. A smaller value of ν means that the molecular
conformations deviate from the flat sheet conformation
and resemble crumpled sheets; compare screenshots in
Fig. 1(a). All the 2D polymer network Rg data can overlap,
suggesting a universal behavior, according to the following

zero-order approximation: Rg ≈ l0M
1=2
w ð1.3=N1.3

b þ 1Þ, see
inset Fig. 1(b). The flat sheet state occurs when the 2D
polymer network is large enough, i.e., 1.3=N1.3

b ≈ 0.
To quantify the spatial correlations between the polymer

segments in the 2D polymer networks, we calculate the
polymer networks’ form factor PðqÞ. The scattering profile
exhibits two common structural features found in the
calculation of PðqÞ of polymeric materials: a peak at
qσ ≈ 7 corresponding to the distance between the bonded
segments and PðqÞ reaches a plateau PðqÞ ≈Mw in the low
q regime, known as the Guinier region. Based on previous
understanding of polymer sheets, at intermediate length
scales, the form factor PðqÞ is expected to be described by a
single power law, i.e., PðqÞ ∼ q−2. However, a deviation
emerges at shorter length scales as the mesh size increases
in the 2D polymer networks in the flat sheet states (based
on the Rg scaling), see Fig. 2 reveals a deviation at shorter
length scales, see Fig. 2. The 2D polymer networks exhibit
a hierarchical and complex structure described by three
power-law regimes, PðqÞ ∼ q−1=ν, where the scaling expo-
nent ν describes the nature of polymer segment correlations
in each of the associated regimes, see Fig. 3(a). These
regimes are the linear chain, the mesh, and the flat sheet.
Moreover, PðqÞ curves of 2D polymer networks, having
the same M, overlap before reaching the Guinier region.
The linear chain regime is associated with relatively

small length scales where a single polymer chain within the

polymer network structure is probed, i.e., smaller than the
mesh size. In this regime, the scattering profile PðqÞ scales
with an exponent −1=ν ≈ −1.7 corresponding to ν ≈ 0.588,
see Fig. 3. Polymer networks dominated by this power-law
regime haveNb ¼ 2 and they exhibit Rg ∼M0.588

w as seen in
Fig. 1(b). Larger length scales than the linear chain regime,
corresponding to polymer networks having Nb > 2, are
associated with the emergence of the mesh structure (partial
structure of the network). In these length scales, we observe
an extensive power-law regime with an apparent power
law of ν ≈ 0.37, corresponding to a “fractal” dimension
1=ν ¼ df ¼ 2.7. This is the expected value of df for
branched polymers having a relatively high grafting density
or a three-dimensional network corresponding to the θ
value of the Wiener sheet model [60]. At this regime, the
2D polymer networks resemble crumpling sheets and Rg

scales as Rg ∼M1=2.7
w , see Fig. 1(b). The range of this

power-law regime increases by increasing Nb until
Nb ≈ 20. This −2.7 exponent is not influenced by changing
the topology of the mesh in the polymer network; an
example of a triangular lattice is presented in the SM [50].
A similar crossover has also been noted recently for the
scattering patterns of the aggregates of carbon nanotubes in
solution [66]. For polymer sheets having Nb > 20 and at
lower q values q ≲ 2π=Rg, where a significant part of the
network structure is probed, we find the emergence of the
third power-law regime associated with df expected for
polymer sheets, df ¼ 2. In other words, the flat sheet
characteristics emerge in PðqÞ once Nb > 20 irrespective
of the mesh size, see Fig. 3. This is consistent with the
emergence of power-law exponent ν ¼ 1=2 in the mass
scaling of Rg, as discussed above. The location of the

FIG. 2. Form factor PðqÞ of polymer networks having two
different mesh sizes. The highlighted regimes approximately
outline the regions at which the polymer networks exhibit
common structural features and where they deviate due to
differences in the internal structure of these polymer networks.
The exponent λ is a parameter to overlap the normalized PðqÞ
curves in the low q regime.
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crossover from one power-law regime to another (from
linear chain to mesh and from the mesh to flat sheet
regimes) of 2D polymer networks having Nb > 20 scale as
q ∼M−3=5; see SM [50] for more details.
Aggrecan association results in the formation of clusters

whose structure resembles that of the crumpling structures
found in our model; see SM [50] for details of the
experimental setup. Figure 3(b) shows the combined
neutron (SANS) and SLS spectra of aggrecan solutions.
The absence of a plateau regime at low q shows that the size
of these clusters exceeds the resolution of the light

scattering measurements, i.e., several hundred nanometers.
The structure of the aggrecan assemblies is poorly defined,
but our model provides key insights. The mesh structure in
our 2D polymer network model appears to be an essential
characteristic of aggrecan solutions. We note that breaking
the bonds between repeating units without deteriorating the
2D polymer network structure up to the percolation thresh-
old results in the disappearance of the mesh regime in PðqÞ
[56], suggesting aggrecan assemblies have a mesh with
closed-loop structures. Moreover, only 2D polymer net-
works with no or few defects exhibit the −2.7 scaling at
intermediate length scales at scattering profiles. Randomly
branched structures where the connectivity is isotropic have
their excluded volume interactions screened, resulting in
the absence of this structural feature [56,67]. Thus, our
findings suggest that aggrecan self-associates to form
structures with closed loops resembling flat sheets at longer
length scales. The full scattering profile of aggrecan
solutions exhibits an additional rodlike behavior at length
scales of a few monomers related to the stiff side chains; see
the SM [50] on how our model captures this behavior.
We return to characterizing the crumpling state. We

calculate the hydrodynamic radius (Rh) with ZENO package
[68] and utilize the ratio Rh=Rg to quantify the shape of the
2D polymer networks; see SM [50] for more details. The
values of Rh=Rg for a smooth sphere is 1.29, for a random
walk is 0.79, and for an infinitely long rod is 0 [69,70].
There is a peak in Rh=Rg ≈ 1.05 (close to percolation
clusters [69]) at Nb ≈ 7, indicating the highest degree of
crumpling sheet conformations, see Fig. 4. The 2D polymer

FIG. 3. (a) Form factor PðqÞ of polymer networks having chain
length M ¼ 20 based on our simulation model. The highlighted
regimes approximately outline the different power-law regimes
that the polymer networks exhibit. The dashed lines indicate
power laws as guides to the eye. The drawings illustrate structural
features probed at different length scales in 2D polymer net-
works. The vertical arrows approximately point to the size of the
corresponding polymer network, qσ ¼ 2π=Rg. (b) Combined
static light scattering (SLS) and small angle neutron scattering
(SANS) measurements of the scattering from 0.1% (w=w)
aggrecan solutions with no salt (circles) and 100 mM CaCl2
(squares). The drawings illustrate aggrecan assemblies probed at
different length scales; an outline of the self-assembled structures
is drawn for the case of low q to highlight the 2D polymer
network formation. The experimental data are from Refs. [44,45].
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networks at this peak tend to curl, evident from negative
values of normal-normal correlations at large distances
presented in the SM [50]. As Nb increases, normal-normal
correlations decay more slowly, indicating the emergence
of resistance to curling and bending; see the SM [50].
Moreover, Rh=Rg decreases until it reaches a plateau at
Rh=Rg ≈ 0.92 for Nb ≳ 200, corresponding to the flat sheet
conformation, which is slightly larger than the molecular
shape of circular plates, Rh=Rg ≈ 0.9 [69]. The difference is
due to the fluctuations in the polymer network, effectively
making the sheet’s thickness thicker than a nonfluctuating
circular plate.
We utilized a coarse-grained self-avoiding two-

dimensional polymer network model having a tunable
mesh size to bridge the gap between the theory and
simulation models on polymer sheets and to gain insights
about the nature of aggrecan assemblies in solution.
Increasing the mesh size in our model, which was not
found previously in molecular sheet models, reduces the
strength of the effective excluded volume interactions,
resulting in the emergence of crumpling conformations.
The crumpling conformations have a fractal dimension of
df ¼ 2.7, a somewhat larger value than predicted by the
Flory theory for crumpled 2D polymers. This state occurs
once the mesh size becomes comparable to the size of the
overall polymer network. However, irrespective of the
mesh size, we find a fractal dimension of df ¼ 2, resem-
bling flat sheets, for 2D polymer networks having more
branching points Nb > 20. In other words, crumpling
emerges in small polymer networks, i.e., having few
branching points, contrary to the theoretical predictions
that crumpling would emerge in large polymer sheets
beyond a characteristic length scale. The scattering profiles
of the larger 2D polymer networks exhibit complex
structural features, where both flat and crumpling features
coexist at different length scales, indicating an alternative
foundation to the previous understanding of having flat and
crumpling as exclusive states. This coexistence of structural
features is found in the structure of aggrecan solutions, thus
providing a framework for developing bottlebrush models
that can reproduce the observed associative behavior of
aggrecan.
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