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Using the phenomenological theory of turbulence, a direct link between the Stanton number—a
dimensionless number that represents the ratio of transferred heat to the thermal capacity of the fluid—and
the scalar spectrum is established for both smooth wall and rough wall conditions. The effect of different
scales of motion on heat transfer is demonstrated by investigating relevant limits of the scalar spectrum. It is
shown that two important observations in literature—the lack of increase in heat transfer beyond a certain
roughness size and the nonclassical Prandtl number scaling—are reproduced if only the viscous inertial and
diffusive range of the scalar spectrum is accounted for.
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Most fluid flows in both nature and industry are turbulent
flows. A turbulent flow is characterized by the formation of
vortices, which break up into smaller and smaller vortices
[1,2]. This phenomenon is well described by phenomeno-
logical theory as well as power law spectra. Even so,
turbulence is a phenomenon from classical physics that is
not yet fully understood to this day. This is especially the
case for turbulent flows in the presence of a rough wall
[3,4]. A wall is hydrodynamically rough when its topo-
logical features are large enough to affect the smallest
eddies close to the wall. In phenomenological theory [5,6],
the Kolmogorov length scale η is said to represent the size
of the smallest eddy. Then, if the rough wall can be
characterized by a length scale k, the turbulent flow can
be said to be affected when k > η.
The most well-known description of the effect of wall

roughness is the Moody diagram, which relates the friction
factor (a measure of the shear stress τw exerted on the wall)
to the bulk Reynolds number Re ¼ UbD=ν (where Ub is
the time averaged bulk velocity, D the hydraulic diameter,
and ν the kinematic viscosity) and the wall roughness
length scale k for turbulent pipe flows. However, a more
convenient method to describe the effect of roughness on
drag exists. Prandtl [7] showed that for flows past a smooth
wall, the time averaged velocity can be described by the
relation Uþ

s ¼ κ−1 ln yþ þ A, where the subscript s denotes
smooth wall conditions, Uþ

s ¼ Us=uτ (uτ ≡
ffiffiffiffiffiffiffiffiffiffi
τw=ρ

p
is the

friction velocity, τw is the wall shear stress, and ρ is the
fluid density), yþ ≡ yuτ=ν, κ ≈ 0.4 is the von Karman
constant, and A ≈ 5.1. Similarly, for a rough wall,
Uþ

r ¼κ−1 lnðy=kÞ−BðkþÞ (where kþ≡uτk=ν). Clauser [8]
and Hama [9] exploited these log laws to define a rough-
ness function ΔUþ¼Uþ

s −Uþ
r ¼ κ−1 lnðkþÞþA−BðkþÞ,

which depends on kþ only and where Uþ
s and Uþ

r are
evaluated at matched yþ and frictional Reynolds number
Reτ ≡ uτD=ð2νÞ. ΔUþ > 0 and ΔUþ < 0 correspond to

an increase and decrease in drag, respectively. Recent
research shows that different surfaces appear to have a
distinct roughness function, but also have an asymptote
for large kþ where B is no longer a function of kþ.
Furthermore, ΔUþ is directly related to the shear stress
according to the relation ΔUþ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi

2=Cf;s
p

−
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2=Cf;r

p
,

where the friction skin coefficients (Cf ≡ 2τw=ρU2
b) are

evaluated at matched Reτ [10]. Thus, the effect of rough-
ness on drag in a duct is completely described by the
combination of Re and k=D or by Reτ and kþ.
It is known that drag and heat transfer are affected

differently by roughness as there is no pressure-drag analog
for the latter [11–14]. Moreover, heat transfer is largely
determined by the magnitude of the Prandtl number Pr ¼
ν=α (where α is the thermal diffusivity). For ducts with
roughness characteristics that are similar to sand grains,
Dipprey and Sabersky [11] found that the Stanton number,
St≡ q=ðρUbcpΔT), scales with Pr−0.44 when the rough-
ness was relatively large; this scaling deviates signi-
ficantly from the scaling in smooth wall conditions, i.e.,
St ∼ Pr−2=3. Here, q, cp and ΔT refer to the wall heat flux,
specific heat capacity and the difference between the wall-
and bulk temperature, respectively.
The mean temperature profile in a heated duct can also

be described by a log-law in smooth wall conditions and
rough wall conditions [15]. MacDonald et al. [16] showed
that a scalar roughness function ΔΘþðkþÞ which denotes
the downward shift of the mean temperature profile at
matched yþ can be formulated. Like ΔUþ, ΔΘþ > 0
means an increase in heat transfer. Unlike ΔUþ, ΔΘþ
approaches a constant value for large values of kþ. A
similar trend was also found by Peeters and Sandham [17].
This means that there is a critical value kþ beyond which
heat transfer cannot be increased by enlarging the wall
roughness. Furthermore, a relation between the Stanton
number and the wall roughness function exists [16]:
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ΔΘþ ¼
ffiffiffiffiffiffiffiffi
Cf;s

2

r �
1

Sts
−
Prt
κ2

�
−

ffiffiffiffiffiffiffiffi
Cf;r

2

r �
Prt
Str

−
1

κ2

�
; ð1Þ

where Prt is the turbulent Prandtl number, which represents
the ratio of the turbulent mixing of momentum to that of
heat. Equation (1) is valid when the Stanton numbers and
skin friction coefficients are evaluated at matched Reτ.
In this work, a relationship between the Stanton number

and the power spectrum of thermal fluctuations is used to
explain the trends of the scalar wall roughness function as
well as the deviatory Prandtl number scaling. This relation-
ship was previously derived by the author [18] through the
extension of the work of Gioia and Chakraborty [19], who
consider a rough surface whose elements are spaced apart
by a distance equal to their height. Such a surface resembles
the sand-grain surface that was used by Nikuradse [20]
(consequently, the symbol ks will be used instead of k here-
after). Using physical arguments, Gioia and Chakraborty
[19] show that τ ∼ ρUbus. Here, us is the velocity of an
eddy of size s, which is related to the spectrum of turbulent
kinetic energy at a length scale σ as u2s ¼

R
s
0 EðσÞσ−2dσ.

Noting that the largest eddy that fits between two roughness
elements has a dominant contribution to τ, a relation for Cf

is ultimately derived:

Cf ¼ K
Z

s=R

0

x−1=3cd

�
b0Re−3=4

x

�
ceðxÞdx; ð2Þ

where K ¼ 0.03, x ¼ σ=R, s=R≡ ð2ks=DÞ þ ab0Re−3=4,
with a ¼ 3 and b0 ¼ 11.4 × ð1=2Þ−3=4. The functions
ceðxÞ ¼ ½1þ γx2�−17=6 (with γ ¼ 6.783) and cdðxÞ ¼
expð−βuzÞ (with βu ¼ 2.1) describe the energetic- and
diffusive range of the spectrum, respectively [18,19].
The thermal analog of Eq. (2) is found by considering the

eddy of size s and velocity υ shown in Fig. 1. The eddy
transports relatively hot fluid (ts > 0) away from the wall
and relatively cold fluid (ts < 0) toward it, creating
two thermal structures of size sϕ. Both structures contri-
bute positively to the net heat transfer rate across the
plane W. Consequently, the net heat flux across W scales
as q ∼ ρcpυts.

The magnitude of the temperature of sϕ relative to Tb is
related to the scalar spectrum Eϕ as

t2s ¼
Z

sϕ

0

EϕðσÞσ−2dσ: ð3Þ

It is convenient to rewrite Eϕ ≡ ðχη3=νÞẼϕ, where Ẽϕ

is nondimensional, χ is the scalar dissipation rate, and
η≡ ðν3=ϵÞ1=4. For the dissipation of turbulent kinetic
energy ϵ, Taylor’s scaling is used: ϵ ¼ cϵU3

R=R (where
UR is the velocity of the largest eddy, R the hydraulic
radius, and cϵ ¼ 5=4) [21,22]. Furthermore, UR ¼ cuUb.
Thus, ϵ ¼ cϵc3uU3

b=R. Using dimensional analysis
[23,24,36], a thermal analog of Taylor’s scaling can be
formulated as χ ¼ cχΔT2

RUR=R=Pr, where cχ is a constant,
ΔTR is the temperature difference across the largest eddy.
The difference between the wall- and bulk temperatures is
ΔT ¼ cTΔTR. Then, χ ¼ cχcuc2TPr

−1ΔT2Ub=R. Applying
the latter to Eq. (3), while using x ¼ σ=R yields

t2s ¼
cχc2T

c3=4ϵ c5=4u

�
UbR
ν

�
−5=4ΔT2

Pr

Z
sϕ=R

0

ẼϕðxÞx−2dx: ð4Þ

The most important characteristics of the scalar spectrum
Eϕ (see Fig. 2) are Eϕ ∼ σ5=3, which is valid for the inertial
convective range, Eϕ ∼ σ17=3 for the inertial diffusive range
(when Pr < 1), and Eϕ ∼ σ for the viscous- convective
range (when Pr > 1) [25]. Hill [26] derived several physical
models for the scalar spectrum that can reproduce this rich
structure. The simplest of these models is written as

ẼϕðxÞ ¼ βQ5=2FðxÞ; ð5Þ

where

FðxÞ≡ �
yðxÞ−5=3 þ yðxÞ−1�
× exp

�
−A

�
3

2
yðxÞ4=3 þ yðxÞ2

��
; ð6Þ

FIG. 1. Sketch of a rough wall at a temperature Tw and with
elements of size k. The wall is covered by a conductive sublayer
with a width of aΘηB. The bulk temperature of the flow Tb < Tw.

FIG. 2. Spectrum of scalar variance for fluids with different
Prandtl numbers versus wave number σ−1.
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σ−1, A≡ βPr−1Q−2 and β is the Obukhov-Corrsin constant
[27,28]. Q is a free parameter that was determined by
comparing Eq. (5) with experiments. Hill [26] determined
β ≈ 0.68 − 0.77 andQ ¼ 2.2 − 2.5. In the last five decades
or so, a wider range of values for β was found [29,30].
Because Eq. (6) does not include the energetic range, the
formulation by Gioia and Chakraborty [19] is adopted by
multiplying FðxÞ by ceðxÞ.
As the wall is covered by a conductive sublayer of size

aΘηB, the largest thermal structure that fits between two
roughness elements is sϕ=R ¼ 2ks=Dþ aΘηB=R. Here,

ηB ¼ η=
ffiffiffiffiffi
Pr

p
is the Bachelor length scale, while aΘ is a

proportionality constant. Then, as q ∼ ρcpυts, an appro-
priate scaling for υ must be found [36]. Since the scaling
υ ¼ us yields results that contradict Stanton number scal-
ings found earlier in literature, the scaling υ ∼ cυUb is used
instead, which leads to

St ¼ KT

	
Pr−1Re−5=4

Z
sϕ=R

0

ceðxÞFðxÞx−2dx


1=2

; ð7Þ

where KT ¼ cυ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βQ5=2ðcχc2T=c3=4ϵ c5=4u Þ�1

2

�
−5=4

q
.

Equation (7), is compared to a database consisting of
both experimental and numerical data: (1) Dipprey and
Sabersky [11] (experimental; close packed granular sur-
face); (2) MacDonald et al. [16] (numerical, sinusoidal
roughness), and (3) Peeters and Sandham [17] (numerical;
grit-blasted surface). The aforementioned numerical studies
are direct numerical simulations (DNS), in which all scales
of motion and scalar transfer are resolved. The database
was extended by performing additional DNS of channel
flows past a grit-blasted surface with nonunity Prandtl
numbers (Pr ¼ 2 − 6). Between these sources of data, a
large range of relevant parameters is covered: St ¼
1.2 × 10−3 − 7.7 × 10−3, Re ¼ 6.8 × 103 − 4.9 × 105,
Pr ¼ 0.7 − 6.0 and ks=D ¼ 0.0024 − 0.11.
The integral in Eq. (7) is evaluated by setting Q ¼ 2.5,

β2 ¼ 0.7, γ ¼ 6.783, and aΘ ¼ 3.3. Furthermore, KT is
determined such that the Reynolds analogy, St ¼ Cf=2,
(valid for smooth wall conditions and when Pr ¼ 1) is
obeyed, which results in KT ¼ 0.087. To investigate if
Eq. (7) can predict the correct trend of ΔΘþ, a value for ks
is chosen first. By subsequently choosing a range of Reτ, a
corresponding range of kþs is obtained. Then for every Reτ
value, corresponding bulk Reynolds numbers for both
rough and smooth walls, i.e., Reb;r;Reb;s are computed
using the recursive relation Reb ¼ 2Reτ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CfðReb; ksÞ=2

p
.

Thereafter, Cf;r, Cf;0, Stf;r, and Stf;0 and thus ΔΘþ can be
computed. In Fig. 3, predictions of ΔΘþ are compared with
results obtained from two different DNS databases. It is
clear that Eq. (7) yields excellent agreement for smaller
values of kþs . However, the same relation does not predict
that ΔΘþ levels off for large kþs .

To investigate further, the role of the different scales of
scalar turbulence—the energetic, inertial-convective, and
viscous- convective and dissipative range of the scalar
spectrum—are analyzed. The effect of the energetic range
can be omitted by setting ceðxÞ ¼ 1. Looking at Fig. 4, two
conclusions can be drawn. First, the energetic range is not
the cause of the plateau in the scalar wall roughness
function. Second, the energetic range must affect heat
transfer in the presence of a rough wall adversely, as the
magnitude of ΔΘþ is larger for all kþs when the energetic
range is omitted. This result also shows that the effect of the
inertial and dissipative range must outweigh the effect of
the energetic range.
To isolate the role of the inertial-convective (IC) range,

the following limit can be considered. When y ≪ 1, Eq. (6)
reduces to

FICðxÞ ¼ yðxÞ−5=3: ð8Þ

FIG. 3. ΔΘþ vs the sand grain equivalent wall roughness height
as predicted by Eq. (1) while using Eq. (7) to compute Str and Sts
(solid blue and solid yellow lines). DNS by MacDonald et al.
[16], Pr ¼ 0.7 (yellow inverted triangles), DNS by Peeters and
Sandham [17], Pr ¼ 1.0 (blue diamonds).

FIG. 4. ΔΘþ while considering the full scalar spectrum (5)
(solid blue line), no energy containing range (green dash-dotted
line), the inertial-convective range (8) (red dotted line) and the
viscous- convective and diffusive range (10) (yellow dashed line).
In this example, Pr ¼ 1.
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If FICðxÞ is now substituted for FðxÞ in Eq. (6), Eq. (7)
reduces to

St ¼ K0
T

�
2 ks

D Re3=4Pr1=2 þ aΘb0
�
1=3

Re1=4Pr2=3
; ð9Þ

where K0
T≡KT

ffiffiffiffiffiffiffiffi
3=2

p
=ðb05=6Q5=4Þ. When only the inertial-

convective range is considered—shown in Fig. 4 as well
—ΔΘ appears to almost level off, only to increase there-
after. Therefore, ΔΘþ leveling off is not the result of the
inertial-convective range either.
The previous result leaves the viscous- convective and

diffusive range. In the limit A ≪ 1 and y ≫ 1, while
neglecting the energy containing scales, Eq. (6) reduces
to the viscous- convective and diffusive form predicted by
Batchelor [31],

FVCðxÞ ¼ yðxÞ−1 exp f−AyðxÞ2g: ð10Þ

Please note that A ¼ 0.112, when Pr ¼ 1. Replacing F with
FVC results in

St ¼ K00
T

Pr1=2Re1=4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E1

�
C1

ð2 ks
D Re3=4Pr1=2 þ C2Þ2

�s
; ð11Þ

where E1 is the exponential integral, E1ðxÞ≡R
∞
1 x−1 expð−xÞdx [32], C1 ≡ b02Qβ2 and C2 ≡ aΘb0 and
K00

T ≡ KT=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b0Q3=2

p
. For a more convenient form,

E1ðxÞ ≈ −γ − lnðxÞ for sufficiently small x (where γ ¼
0.577 � � � is the Euler-Mascheroni constant). Looking again
at Fig. 4 shows that the wall roughness function levels off at
large values of kþs when only the viscous- convective and
diffusive range is considered. Therefore, the fact that ΔΘþ
levels off must be the result of the interaction between the
viscous- convective and diffusive scales and the rough wall.
It is interesting to note that the inertial-convective range

produces a different Prandtl number scaling than the
viscous-convective range does. Equation (9) has two
important limits. As ks → 0, then St ∼ CfPr−2=3, which
is consistent with both the Chilton-Colburn analogy and
the Gnielinski correlation for smooth walls [33]. How-
ever, when ks=D ≫ 1

2
aΘb0Re−3=4Pr−1=2, it becomes clear

that St ∼ Pr−1=2. Furthermore, Strictler’s scaling appears:
St ∼ ðks=DÞ1=3, which suggests that an analogy between
skin friction and heat transfer may exist when heat transfer
by the inertial scales is dominant. Following Gioia and
Chakraborty [19], it can be shown that Cf ∼ K

ffiffiffiffiffiffiffiffi
3=2

p
×

ð2ks=DÞ1=3 when 2ks=D ≫ ab0Re−3=4. Likewise, when
2ks=D ≫ aΘb0Re−3=4Pr−1=2, St ∼ 21=3K0

TPr
−1=2ðks=DÞ1=3.

Thus,

St ∼
�

K0
T

K
ffiffiffiffiffiffiffiffi
3=2

p �
Cfðks=DÞPr−1=2: ð12Þ

This analogy can only be true when the characteristic size
of the wall roughness is much larger than both the
Kolmogorov- and Batchelor scale, and when the contribu-
tion of the inertial convective scales is dominant. The latter
occurs when Re ∼ 108 [19]. Thus, it is logical that this
analogy is not valid in the experimental and numerical
studies of heated ducts, as those studies were performed at
much lower Reynolds numbers. However, the scaling
St ∼ Pr−1=2 does appear in meteorological studies where
Reynolds numbers are typically much larger than flows
encountered in laboratories or industry [34].
Compared to Eq. (9), the Prandtl number scaling in

Eq. (11) is not readily apparent. Therefore, Eq. (11) is
compared to the results of the DNS database in Fig. 5. Two
separate observations can be made. First, the DNS results
scale as Pr−n, where n ¼ 0.43 − 0.47. Second, Eq. (11)
reproduces a similar scaling with n ¼ 0.41 − 0.45. Conse-
quently, it can be concluded that the scaling St ∼ Pr−0.44

found by Dipprey and Sabersky [11] experimentally must
stem from the contribution of the viscous- convective and
diffusive range.
The previous analyses regarding the trend of the wall

roughness function and the Prandtl number scaling suggest
that heat transfer in the presence of a rough wall can be
understood by considering the viscous- convective and
diffusive range only—at least for sufficiently small
Reynolds numbers, i.e., Re ≪ 108. To test this hypothesis,
Eq. (11) is fitted to both the numerical and experimental
database. C1 is determined by the properties of the scalar
spectrum, while K00

T and C2 are considered fittable param-
eters. K00

T and C2 may depend on the characteristics of the
surface; a similar argument was made by Goldenfeld [35]
who stated that different types of roughness may alter the
scaling of the friction factor. Fitting Eq. (11) against the
DNS database (Pr ¼ 1 − 6) by minimizing the least-
squares error yields K00

T ¼ 3.01 × 10−2, and C2 ¼ 15.4.

FIG. 5. Stanton number as a function of the Prandtl number.
DNS data: ks=D ¼ 0.0181 (blue diamonds), ks=D ¼ 0.0363 (red
diamonds), ks=D ¼ 0.0725 (yellow diamonds) with correspond-
ing power law fit (dashed lines; scaling shown on the right).
Predictions by Eq. (11) (solid lines, scaling shown on the left).
The scaling Pr−2=3 (dash-dotted line) is shown as well.
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In Fig. 6 it is shown that Eq. (11) is able to reproduce the
trend of the scalar wall roughness function ΔΘþ very well.
However, a plateau is not predicted. Another interesting
feature of Eq. (11) is that the Stanton number data should
collapse onto a single curve if StRe1=4Pr1=2 is plotted
against 2ðks=DÞRe3=4Pr1=2. This prediction is shown in the
inset of Fig. 6, along with the experimental data of Dipprey
and Sabersky [11]. Equation (11) (with C1 ¼ 3.9 × 10−2,
C2 ¼ 50.8) describes the experimental data accurately up
to 2ðks=DÞRe3=4Pr1=2 ≈ 700. Beyond this value, the exper-
imental data show a downward trend that is not predicted
by the current theory. These results mean that the turbulent
heat transfer in the presence of a rough wall is well
described by the motions in the viscous- convective and
diffusive range for relatively small values of ks=D. Noting
that ηB=D ¼ 1=2b0Re−3=4Pr−1=2, this statement can be
rephrased in physical terms as; turbulent heat transfer in
the presence of a rough wall is dominated by the eddies of
the viscous-convective and diffusive range, when the
roughness size ks is smaller than 36 times the Batchelor
length scale ηB.
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