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We propose a new probe of inflationary gravitational waves (IGWs): the cross-correlation of the lensing
of inflationary B-mode polarization with a large-scale structure (LSS) tracer, which can also be a cosmic
microwave background (CMB) lensing map. This is equivalent to measuring a three-point function of two
CMB B-modes and an LSS tracer. We forecast expected 1σ constraints on the tensor-to-scalar ratio r, albeit
with a simplistic foreground treatment, and find constraints of σr ≃ 7 × 10−3 from the correlation of
CMB-S4-Deep B-mode lensing and LSST galaxies, σr ≃ 5 × 10−3 from the correlation of CMB-S4-Deep
B-mode lensing and CMB-S4-Deep CMB lensing, and σr ≃ 10−2 from the correlation of LiteBIRD
B-mode lensing and CMB-S4-Wide lensing. Because this probe is inherently non-Gaussian, simple
Gaussian foregrounds will not produce any biases to the measurement of r. While a detailed investigation
of non-Gaussian foreground contamination for different cross-correlations will be essential, this observable
has the potential to be a useful probe of IGWs, which, due to different sensitivity to many potential sources
of systematic errors, can be complementary to standard methods for constraining r.
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Introduction.—Measurements of the cosmic microwave
background (CMB) anisotropies have played a key role in
developing the current picture in cosmology [1,2]. In the
coming decades, measuring the polarization of the CMB
will be at the forefront of observational cosmology. In
particular, measurements of the parity-odd component—
the B-modes—in the CMB polarization will be of great
importance [3,4], as these provide us with a unique avenue
to test the presence of gravitational waves predicted by
cosmic inflation [5–8] and gain new insights into the early
Universe (see reviews [9,10] and references therein).
Observations have not yet confirmed the presence of these
inflationary gravitational waves (IGWs) but have placed
upper bounds on the IGWamplitude, which is parametrized
by the tensor-to-scalar ratio r, as r≲ 0.03 (2σ) [11–13] at a
pivot scale of 0.05 Mpc−1, using data from BICEP/Keck
Array, Planck, and WMAP. These measurements have
already ruled out several inflationary models. Several
ongoing and upcoming CMB experiments, including the
BICEPArray [14], Simons Array [15], Simons Observatory
(SO) [16], LiteBIRD [17], and CMB-S4 [18], are targeting
detections of, or much tighter constraints on, IGW B-modes
over the next decade.
A high-precision measurement of the large-scale B-mode

polarization has the potential to tightly constrain r at the
level of σr ≲ 10−3 in future CMB experiments [17,19].

However, precise measurements of IGW B-modes must
overcome bias and noise arising from other B-mode
sources. One of the most challenging issues is Galactic
foregrounds (e.g., [20,21]). The large-scale B-modes are
dominated by polarized Galactic foregrounds, so that we
need to mitigate Galactic foregrounds very accurately.
Multiple studies have presented increasingly powerful
techniques for modeling or mitigating foregrounds (see,
e.g., [22–36]), but no observations have yet demonstrated
bias-free foreground cleaning at the level of r < 10−2 in
data. Foreground cleaning can also lead to a significant
increase of statistical uncertainties in a B-mode measure-
ment, especially if the foregrounds are very complex [17].
Here, we propose a new way to search for IGWs, which

has an entirely different—and potentially lower—sensitiv-
ity to Galactic foregrounds. The method utilizes the fact
that the IGW B-modes are affected by the gravitational
lensing effect induced by the large-scale structure (LSS),
while the polarized foregrounds are not. More specifically,
we propose to estimate a lensing signal that scales with r
from two observed B-modes, using the standard lensing
quadratic estimator [37] but optimized for IGW B-modes.
Cross-correlations of this r-dependent lensing signal with
the LSS then provide a constraint on r. This correlation is
equivalent to the bispectrum between two B-modes and a
LSS tracer. The correlation is immune to Galactic
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foregrounds if either (i) the measured LSS tracer does not
contain significant imprints of Galactic foregrounds or
(ii) the Galactic foregrounds can be well approximated
as Gaussian since the bispectrum observable is fundamen-
tally non-Gaussian. The LSS tracer can correspond to a
CMB lensing map reconstructed from small-scale data or to
a galaxy number density map, both of which may only have
minimal contamination by Galactic foregrounds. While the
foregrounds are, of course, known to be non-Gaussian, we
note that any remaining non-Gaussian foreground bias can
be mitigated with a suitable choice of LSS tracers or CMB
lensing maps as we will outline in the Discussion.
Method.—We first begin with a brief reminder of the

properties of CMB polarization anisotropies. CMB obser-
vations measure the Stokes Q and U parameters in each
line-of-sight direction n̂ on the unit sphere. We then define
the scalar and pseudo-scalar E- and B-modes of the CMB
polarization from the Stokes parameters as [38]

Elm � iBlm ¼ −
Z

d2n̂(Y�2
lmðn̂Þ)�½Q� iU�ðn̂Þ; ð1Þ

where Y2
lmðn̂Þ are spin-2 spherical harmonics.

The path of CMB photons is affected by the gravitational
potential of the LSS along the geodesic. The lensing
distorts the polarization map by remapping it with a
deflection angle dðn̂Þ (see Ref. [39] for a review). This
lensing distortion mixes the E- and B-modes at different
angular scales. Introducing the lensing potential ϕ so that
d ¼ ∇ϕ, the B-modes are modified as follows [40]:
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where ϕLM is the spherical harmonic coefficients of the
lensing potential, and we ignore higher-order terms in ϕ.
We define
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with q�lLl0 ≡ ½1� ð−1ÞlþLþl0 �=2.
We now propose our new approach to detect the IGWs.

We first note that lensing breaks the statistical isotropy of
the B-modes, leading to correlations between the lensed
primary CMB B-modes at different angular scales:

hB̃lmB̃l0m0 i ¼
X
LM

�
l l0 L

m m0 M

�
fψlLl0rϕ�

LM; ð4Þ

where the ensemble average is taken over CMB realiza-
tions with a fixed ϕ, and we introduce a response function
fψlLl0 ¼Wþ

lLl0C
BB;r¼1
l0 þð−1ÞlþLþl0Wþ

l0LlC
BB;r¼1
l (see also

Ref. [41] for the nonperturbative response in the flat-sky
approximation). Here, CBB;r¼1

l is the IGW B-mode power
spectrum with r ¼ 1. We therefore can use this correlation
to reconstruct ψ ≡ rϕ. The reconstructed ψ fields from the
large-scale lensed B-modes alone are then cross-correlated
with an external LSS tracer, x. This is equivalent to
measuring a cross-bispectrum between two CMB B-modes
and the LSS tracer, x. More specifically, for the idealistic
full-sky case, we follow closely the construction of quad-
ratic CMB lensing estimators in Ref. [42] and define an
estimator to reconstruct ψ from the observed B-modes,
B̂lm, as

ψ̂�
LM ¼ 1

2
AL

X
ll0mm0

�
l l0 L

m m0 M

�
fψlLl0

B̂lm

ĈBB
l

B̂l0m0

ĈBB
l0

; ð5Þ

where ĈBB
l is the best estimate of the observed power

spectrum from theoretical computation or simulation. AL is
the estimator normalization and is given in the idealistic
full-sky case by

A−1
L ¼ 1

2Lþ 1

X
ll0

ðfψlLl0 Þ2
2ĈBB

l ĈBB
l0

: ð6Þ

As defined above, hψ̂i ¼ rϕ is proportional to r. The cross-
power spectrum between ψ̂ and an LSS tracer is therefore
also proportional to r. Thus, we can constrain r by mea-
suring the amplitude of the cross-power spectrum Cψx

L ¼
rCϕx

L and, provided that Cϕx
L is well determined by other

measurements, finding the best fit value of r.
The observed B-modes in Eq. (5) suffer from a large

cosmic variance due to the presence of B-modes converted
from E-modes by lensing, i.e., the first term in the second
line of Eq. (2). To reduce this variance, we consider
applying the following template-delensing method. One
can create a template of the lensing-induced E-to-B leakage
using an estimate of lensing potential ϕ̂ and observed
E-modes, and then subtract this template from the observed
B-modes (e.g., [43,44]) as follows (note that ϕ̂ can either
derive from CMB lensing reconstruction or from a suitably
scaled LSS tracer as in [45]):

B̂del
lm ¼ B̂lm −

X
LMl0m0

ð−1Þm
�

l L l0

−m M m0

�

×

�
Cϕϕ
L ϕ̂LM

Cϕϕ
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��
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l0 Êl0m0

CEE
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l0

�
W−
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Here, Nϕϕ
L and NEE

l are the noise power spectra of the
lensing estimate and E-modes, respectively. The delensed
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modes B̂del
lm and their power spectra are then used for the ψ

reconstruction with the estimator of Eq. (5). To leading
order in ϕ, this delensing method only reverses lensing of
E-modes but, crucially, does not undo the lensing of IGW
B-modes in Eq. (2); it hence does not affect the mode
coupling of Eq. (4) that allows us to reconstruct ψ . To a
good approximation, the method just reduces the residual
lensing B-mode power that contributes to ĈBB

l by a factor
Alens and thus lowers the reconstruction noise of the
estimator of Eq. (5).
The expected 1σ uncertainty of r from the cross-

correlations between ψ and an LSS tracer is

σ−2r ¼
X
L

ð2Lþ 1Þfskyð∂Cψx
L =∂rÞ2

ðr2Cϕϕ
L þ Nψψ

L ÞĈxx
L þ ðrCϕx

L Þ2 ; ð8Þ

where fsky is the sky fraction of a CMB polarization
observation, Ĉxx

L is the observed power spectrum of x, and
Nψψ

L is the reconstruction noise spectrum. For small fiducial
values of r, the above equation can be approximated as

σ−2r ≃
X
L

ð2Lþ 1Þfsky
ρ2LC

ϕϕ
L

Nψψ
L

; ð9Þ

where ρL ≡ Cϕx
L =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cϕϕ
L Ĉxx

L

q
is the correlation coefficient

between the true CMB lensing potential and the observed
LSS tracer. In the idealized full-sky case, the reconstruction
noise is equal to the estimator normalization and we adopt
Nψψ

L ≃ AL. Note that the cosmic variance of the IGW B-
modes increases Nψψ

L as in Eq. (6). In our analysis, we
assume r ¼ 0 and focus on the significance of rejecting the
null hypothesis.
Forecast.—We first estimate σr for specific experimental

specifications. We assume that the different experiments
listed in Table I (SO-SAT, LiteBIRD, S4D-SAT) measure
ψ . Table II summarizes our results, where we assume that
the experiments in the second column of Table II (SO-LAT,
S4W, S4D-LAT, LSST galaxies) provide the LSS tracer

x used for cross-correlation with ψ . Note that “SO,”
“LiteBIRD,” “S4W,” and “S4D” mimic the Simons
Observatory, LiteBIRD, CMB-S4 Wide Survey, and
CMB-S4 Ultra-Deep Survey, respectively. To compute
σr, we evaluate Nψψ

L and ρL in Eq. (9) as follows.
To compute Nψψ

L , we use a CMB noise spectrum with a
polarization noise level σP and include the effect of beam
deconvolution with angular resolution θ. We include in our
forecasts the degradation of the noise level due to compo-
nent separation as in Ref. [47] for LiteBIRD and S4. For
SO-SAT, we use the noise curve corresponding to the goal
noise level for the optimistic 1=f case shown in Fig. 11 of
Ref. [16]. We set the lowest multipole of the S4D-SAT to
50, corresponding to the lknee of the 1=f noise [19]. We
note that the residual foregrounds increase the variance of
the large-scale B-modes and affect the ψ-reconstruction
noise. In component separation with suitable algorithms,
however, the residual foregrounds can typically be sup-
pressed to be small compared to the noise (e.g., [47]), and
so we neglect these residuals in our forecasts except for
LiteBIRD where we include the residual foregrounds of
Ref. [47]. We also include delensing prior to the ψ
measurement by simply scaling the overall amplitude of
the lensing B-mode power by a value Alens, which describes
the appropriate level of residual B-modes after delensing
each experiment.
To compute ρL, we consider either reconstructed ϕ or

galaxy number density. For the ϕ measurement, since the
large-scale B-modes from a high-resolution experiment
usually suffer from high atmospheric 1=f noise levels, we
do not use B-modes at l < 500 for computing the ϕ-
reconstruction noise. This split also avoids any delensing
bias arising from the correlation between the B-modes in
the ϕ reconstruction and those to be delensed (e.g.,
[44,48,49]). For E-modes used for the ϕ reconstruction,
we use l ≥ 100 where the CMB signal is dominant [16].
We compute the ϕ-reconstruction noise using the iterative
approach to mimic optimal lensing reconstruction [50].
We find that, for S4D, σr ≃ 5 × 10−3. The constraints

will be somewhat degraded if we use, as an LSS tracer,

TABLE I. Specific experimental setup for a ψ measurement
used in our forecasts. For each experiment, the noise level
includes degradation due to the component separation and the
remaining fraction of the lensing B-mode power parametrized
with Alens. For SO-SAT, we use the noise curve corresponding to
the goal noise level for the optimistic 1=f case shown in Fig. 11
of Ref. [16]. Alens for SO-SAT, LiteBIRD, and S4D-SAT are
derived by assuming delensing of Ref. [46], S4W, and S4D
internal, respectively.

Experiment for ψ σP (μK0) θ ( 0) lmin lmax Alens

SO-SAT 30 300 0.3
LiteBIRD 2.6 30 2 500 0.2
S4D-SAT 0.5 20 50 500 0.05

TABLE II. Forecasts for 1σ constraints on r using Cψx
L at L in

[10, 500]. We choose fsky to only include the overlap regions
between experiments. We choose σP ¼ 6 μK0 for SO-LAT, 1 μK0
for S4W, and 0.4 μK0 for S4D-LAT. We assume θ ¼ 10 for all
these CMB experiments and use multipoles between l ¼ 100 and
4000 but remove l < 500 for B-modes used for reconstructing ϕ
to be correlated with ψ . For the LSST galaxies, we assume a
constant correlation coefficient with lensing of 70%.

ψ x fsky σr

SO-SAT SO-LAT ϕ 0.1 0.04
LiteBIRD S4W ϕ 0.4 0.01
S4D-SAT S4D-LAT ϕ 0.03 0.005
S4D-SAT LSST galaxies 0.03 0.007
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galaxies that have a lower correlation coefficient with the
CMB lensing map instead of the lensing reconstruction
map. However, this may be worthwhile because such a
cross-correlation might reduce potential concerns from
foregrounds. For LSST galaxies [51], the correlation
coefficient is expected to be ρL ≳ 0.7 at L≲ 1000 (e.g.,
[46]); then the constraint becomes σr ≃ 7 × 10−3.
Note that the high sensitivity of our method to r comes

first from the fact that the estimator is not limited by the
cosmic variance until we detect nonzero IGW B-modes,
and second, from the fact that cross-correlations can boost
the signal-to-noise ratio if only one of the fields being
correlated has high noise.
Since the sensitivity to r might be further improved by

optimizing the experimental setup, including the number of
frequency bands and detectors currently assumed in each
experiment, we next discuss how σr changes if we vary
instrumental specifications. The constraint depends on at
least four factors: (1) the observed sky fraction, (2) the
correlation coefficient of the measured LSS tracer to ϕ,
(3) the noise level of the large-scale B-modes after
component separation, and (4) the delensing efficiency.
The dependence on fsky is trivial. The correlation coef-
ficients become close to unity if we use a CMB-S4 lensing
map and are not much lower if we use a future, high-z LSS
survey. The last two determine the reconstruction noise of
ψ , which enters into the denominator of Eq. (9).
Figure 1 shows σr for a configuration that resembles the

LiteBIRDþ S4Wsetup, except that we now allow the post-
component-separation noise level of LiteBIRD σLBP and the
delensing efficiency to vary. These two parameters change

the performance of the ψ reconstruction. Since the variance
from the residual foregrounds is much smaller than that
from the noise, we ignore the residual foregrounds in the
calculation for simplicity. We assume the S4W ϕmap as an
LSS tracer for cross-correlation, but the improvements
when using a perfect ϕ map are negligible. On the other
hand, a precise ϕ map is crucial for delensing: The
constraints cannot improve without delensing as the noise
level decreases below σLBP ≪ 1 μK0 due to the lensing
B-mode cosmic variance.
We also explore the dependence of σr on the multipole

range of the large-scale B-modes used in the ψ
reconstruction. We find that removing B-modes below l≲
30 or above l≳ 200 only increases σr by 10% for the
LiteBIRDþ S4W case. Even removing multipoles below
l≲ 60 or above l≳ 100 only increases σr by 50%. For
S4D configurations, our findings are similar: Assuming the
standard minimum multipole for the S4D setup, lmin ¼ 50,
only increases σr by ∼20% compared to the case when
multipoles l < 50 are included. This is because the lensing
becomes important at higher multipoles but then the noise
(and lensing noise) become dominant, so the recombination
bump (60 < l < 100) contains the most information on the
lensing of the IGW B-modes. Our method thus does not
require B-mode information from the largest (or smallest)
angular scales that can be most challenging for CMB
experiments to observe and foreground clean.
Discussion.—We first discuss a comparison with r

constraints from the standard analysis using the B-mode
autopower spectrum. For example, if we assume the
LiteBIRDþ S4W case with Alens ¼ 0.2, the statistical
uncertainty from the standard method in the same analysis
setup is σr ≃ 2 × 10−4, which is more than an order of
magnitude better than our method. However, the standard
method suffers from a large bias from residual Galactic
foregrounds (e.g., [52]). A more realistic estimate by [17]
reports σr ≃ 10−3 with a conservative method to reduce the
level of residual foreground biases and instrumental sys-
tematics. Since Gaussian foregrounds do not bias our
estimator, this level of conservatism may not be required
for our method, so that our simple forecasts may be more
realistic. Moreover, we note that in the standard method the
residual foreground bias can depend sensitively on the
assumptions in the foreground model, so that a small
mismatch between assumptions and real data can lead to
a significant bias in the r estimate. Thus, our new method
will provide a valuable, independent test of constraints on r.
Our estimator could be biased by the foreground non-

Gaussianity. However, tracers can be chosen to minimize
the non-Gaussian foregrounds. For example, we can select
galaxy catalogs to minimize the impact of extinction, or use
a ϕmap measured from small-scale CMB fluctuations with
subdominant or near-independent foreground fluctua-
tions that are negligibly correlated with large-scale fore-
grounds. Furthermore, different LSS tracers can be used to

FIG. 1. The 1σ constraints on r arising from our method; we
consider an experimental setup that resembles LiteBIRDþ S4W
but allows for a variation of the polarization noise level of
LiteBIRD, σLBP and the delensing efficiency, parametrized via
Alens. We use a reconstructed lensing map from S4W as an LSS
tracer for the cross-correlation, although the results are not very
sensitive to the detailed properties of this tracer. Note that Alens ¼
0.05 corresponds to the S4D case, although fsky and the noise
level are allowed to vary here. We conclude that our method is
capable of producing competitive constraints on r, especially if
efficient delensing can be implemented.
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cross-check foreground stability and gain confidence in the
robustness of the results. Although much further work on
this subject is needed before conclusions can be drawn, it
seems plausible that foreground contamination could be
much less limiting for our method than for the standard
method. Even if foreground biases are not immediately
negligible, multifrequency foreground cleaning could cer-
tainly also be used. In any case, our method will provide a
complementary cross-check of standard results, with any
sensitivity to Galactic foregrounds entering in a qualita-
tively different manner.
Polarized extragalactic foregrounds—in particular, pola-

rized radio sources—could be an additional concern; if the
sources contributed a B-mode signal SB, they could, in
principle, bias our measurement by a bispectrum contri-
bution SBSBϕ. The delensing process also potentially
introduces a bias [53]. Fortunately, we can use standard
techniques from lensing reconstruction to mitigate potential
point source biases. In particular, we can combine aggres-
sive source masking with modifications of the estimator,
using analogs of bias hardening in lensing reconstruction
[54,55], to further mitigate any foreground biases.
We note that our analysis did not include the non-

Gaussian covariance of the bispectrum. The B-modes are
non-Gaussian due to the lensing B-modes even after
foreground cleaning. However, the large-scale lensing
B-modes are well described by a Gaussian field [56],
and such non-Gaussianity should hence be small.
We have also ignored terms arising from higher orders in

ϕ. While we defer a detailed analysis to future work, we
will discuss this issue briefly and schematically here. By
expanding the delensed B-modes to higher orders in ϕ and
substituting this expansion into our ψ estimator, we find
that the leading higher-order terms in the cross-correlation
are either (i) terms such as (schematically) ∼CEE

l A1=2
lensϕ

4

and ∼CEE
l Alensϕ

3 that are proportional to Alens and hence
should be substantially reduced by efficient delensing, or
(ii) terms such as ∼NEE

l ϕ3 that arise from E-mode noise
and can be removed by cross-correlation of different splits
of the data. Although these terms may not be entirely
negligible, we therefore expect them to be small enough
that any bias they produce could simply be modeled and
subtracted.
Summary.—We have proposed a new method to measure

r using cross-correlations of an LSS tracer with lensing of
primary B-modes, reconstructed with a quadratic estimator.
We have explored the sensitivity of this cross-correlation to
IGWs for upcoming CMB experiments and have found that
the cross-correlation can constrain r with σr ≃ 5 × 10−3−
4 × 10−2. Compared to the B-mode power spectrum, our
method is insensitive to Gaussian foregrounds and would
be less limited by Galactic foreground uncertainties more
generally. Our method can thus potentially constrain r in a
manner that is complementary to standard analyses with the
B-mode autopower spectrum.

In closing, we note a number of interesting features of
our method. Compared to standard B-mode power spec-
trum analyses, our method is expected to have somewhat
different sensitivity to the spectral shape of the IGW power
spectrum. Furthermore, in principle, our method can also
probe a redshift dependence of B-mode sources by using a
tomographic measurement of the cross-correlation with
LSS tracers at different redshifts. We will discuss these
points in more detail in our follow-up papers.
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