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The inspiral phase of gravitational waves emitted by spinless compact binary systems is derived through
the fourth-and-a-half post-Newtonian (4.5PN) order beyond quadrupole radiation, and the leading
amplitude mode (¢, m) = (2,2) is obtained at 4PN order. We also provide the radiated flux, as well
as the phase in the stationary phase approximation. Rough numerical estimates for the contribution of each
PN order are provided for typical systems observed by current and future gravitational wave detectors.
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At the time when the LIGO and Virgo gravitational-wave
detectors were approved, there was no theoretical prediction
available for gravitational waves (GWs) generated by
compact binary systems, apart from that of the famous
Einstein quadrupole formula [1-3]. However, it was soon
realized that, given the frequency band and the expected
sensitivity of these ground-based detectors, the waveform
modeling was to be drastically improved in order to extract
all the potential information from the signal, at least in the
case of the inspiral of two neutron stars [4,5]. The break-
through came with the merging of the post-Newtonian (PN)
and the multipolar post-Minkowskian (MPM) expansions
into a single formalism [6—10], that was applied with success
to derive step by step the waveform of compact binary
systems up to 3.5PN order [11-20] (the results are
also known at 4PN order for the spin-orbit coupling
and the spin-spin coupling; see, e.g., Refs. [21,22]). Since
then, many works (outlined below) have aimed at extending
the precision of this result to the next level, namely 4PN or
even 4.5PN order beyond the Einstein quadrupole formula.

This Letter provides the final results of these efforts, i.e.,
the GW phasing of nonspinning compact binary systems on
quasicircular orbits up to 4.5PN order, as well as the
dominant GW mode, given by (¢,m) = (2,2), at 4PN
order. Ready to be used for building accurate PN template
banks for the detection and analysis of the inspiral phase of
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compact binaries, they should be important for third-
generation ground-based detectors (Einstein Telescope
and Cosmic Explorer), future space-borne detectors
(LISA and TianQin), and of course the current second-
generation detectors (LIGO, Virgo, and KAGRA). All
results presented in this Letter are to be found in the ancillary
file [23] associated with the companion paper [24].

Besides improving the detectors’ data analysis, the
motivation for computing high PN orders is also to perform
high-accuracy tests of general relativity (GR), since the PN
coefficients directly probe the nonlinear structure of the
theory. By confronting results from the PN expansion
against data, one can put constraints on potential deviations
from GR [25,26]. This has already allowed for the con-
firmation of the signature of GW tails [27,28], and is
promising for tests with future multiband detections
between LISA and ground-based detectors [29].

We denote by f(7) the frequency of the dominant (2,2)
mode of the GW as measured by an observer in the
asymptotically flat region far from the source (recall that
this is twice the orbital frequency), and by w(t) =
7 [di f(r) the corresponding half phase. As usual, we
define the directly measurable PN parameter x = O(c~?) by

. <nGl3nf) 0 0

c

where m = m; + m, is the binary’s total mass, m; and m,
being the constant masses of the progenitors. For circular
orbits, x may be defined invariantly from the Killing vector
of the helical symmetry in the asymptotically flat space-
time. Since compact binaries tend to have circularized by the
time they enter the detector’s frequency band [30], we only
consider the case of quasicircular orbits, for which the time
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evolution of the frequency and phase (or “chirp”) is entirely
driven by the energy flux-balance equation,

dE
= 2

where E denotes the invariant energy of the compact binary
and F the total energy flux (or GW luminosity). Both E and
F in the balance equation are unique functions of the PN
parameter x and the two masses. They have to be evaluated
with the same relative PN precision, in the present case
4.5PN (~x%/?). From Eq. (2), we derive a simple ordinary
differential equation for the frequency as a function of time,
and, once it is solved, a further integration yields the phase as
a function of frequency.

The invariant energy E follows from the conservative
dynamics of the compact binary at 4PN order, which have
|

been obtained by various groups using different methods:
(i) the Arnowitt-Deser-Misner (ADM) Hamiltonian formal-
ism [31-34] yielded the first derivation of the 4PN energy,
although with an ambiguity parameter obtained by matching
the near-zone computation to results imported from gravi-
tational self-force (GSF) [35]; (ii) the Fokker Lagrangian
formalism in harmonic coordinates [36-39] derived the
complete result, without ambiguity and without resorting to
GSF, by using a specific regularization procedure which was
proven to be equivalent to dimensional regularization;
(iii) the effective field theory approach [40—47] rederived
the 4PN energy by using dimensional regularization. From
this series of works, the binary’s invariant energy was
obtained as the Noetherian quantity associated with tem-
poral translation, and reads at 4PN order (see, e.g.,
Refs. [48,49] for partial results up to 6PN order):
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We denote by v = m;m,/m? the symmetric mass ratio (yg, is the Euler constant). Since there are no terms of half-integer PN
order for circular orbits, this expression is actually valid up to 4.5PN order (as indicated by the final error term).

The second input is the energy flux, which we have computed using the PN MPM formalism applied to compact binaries
at 4.5PN beyond the leading quadrupole formula. Crucial to this computation was the recently completed source mass
quadrupole moment at 4PN order [50-53], the source current quadrupole moment at 3PN order [54], and the nonlinear tail-
of-memory effect [55,56]. We provide the technical details of the derivation in the companion paper [24], and report here
only the final result:
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In the test-mass limit v — 0, we exactly retrieve the result
of linear black-hole (BH) perturbation theory [57-61].
Since BH perturbations have recently been extended
numerically to second order in the mass ratio v [62-64],
it would be interesting to verify the consistency of this
numerical result with the PN prediction [Eq. (4)]. Note also
that in the case of black holes, the contributions due to the
absorption by the BH horizons are not included in the PN
calculation, and should be added separately. The BH
absorption is a 4PN effect for Schwarzschild black holes
[65], and a 2.5PN effect for spinning ones [66—70].

With both Eqgs. (3) and (4) in hand, we apply the flux-
balance equation (2) and readily obtain the time evolution
of the GW frequency. Sophisticated techniques exist to
increase the precision of the PN results and the overlap with
numerical relativity [71-74], but we do not discuss
them here and simply present the results in the form of

|

a fully expanded Taylor PN series. We employ the time
variable

l/C3

5Gm

4 (to — 1), (5)

where 7 is the coordinate time in the asymptotic radiative
coordinate system, and 7, an integration constant. We have
the freedom to redefine it as 7y — t, + a(Gm/c?) where a
is any constant, which amounts to the replacement
7 — [l + av/(57)]. Although 7, is not uniquely defined,
it might be formally interpreted as the instant of coales-
cence, when x — +o0, and then it satisfies #, — t = O(c?)
in the PN regime. At the 4PN order, using the fact that
771 = O(c7?) is a small 4PN quantity, we conveniently
adjust a so as to simplify as much as possible the result:
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Then, the GW half phase y of the dominant harmonics is
related to the binary’s orbital phase ¢ by

2xGMf n(i)

y=p-""0 (7)
C

0

where M is the ADM mass of the binary, and f( is an
arbitrary unphysical scale, reflecting the different origins
of time between the local coordinates covering the source
and the radiative coordinates. The logarithmic phase
modulation was determined in Refs. [75,76] and is

|

physically due to the scattering of GWs on the Schwarzs-
child background associated with M (i.e., GW tails).
While the GW half phase y and the corresponding
GW frequency f = /zn are directly measurable, the
orbital phase ¢ can only be inferred via the theoretical
prediction [Eq. (7)]. When expressing the results in
terms of the GW observables y and f, the arbitrary scale
fo 1s canceled out (see Sec. VIB in the detailed
paper [24]). The explicit expression of the time-domain
GW half phase y/(¢) in terms of x(¢) [given by Ref. (6)]
reads as
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where the integration constant v, is determined by initial conditions, e.g., when the wave frequency enters the detector’s
band. The results above, i.e., Egs. (6)—(8) give the prediction of Einstein’s general relativity for the GW frequency and phase
chirp of nonspinning compact binaries up to 4.5PN precision.

Up to now we dealt with the time-domain GW half phase w(¢). It is useful (especially for data-analysis purposes) to also
control the frequency-domain GW half phase, which we denote W(F'). Its PN expansion is obtained by using the stationary

phase approximation (SPA) [77] and reads as
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where v = (zGmF/c®)'/? with F being the Fourier fre-
quency, and where Ty and ¥, are two integration constants.
Again we have adjusted T, in order to simplify the result
(and we have absorbed the usual —(z/4) into ¥;). The
coefficients up to 3.5PN, as well as the 4.5PN piece, are
already in use; see, e.g., Appendix A of Ref. [78].

In order to get intuition on the relative contribution of
each PN order to the signal, we provide in Table I rough
numerical estimates for the number of accumulated GW
cycles in the frequency band of current and future detectors.
Our naive estimation does not take the various detector

noises into account, and a more realistic estimation
should be performed [79]. Nevertheless, it can be useful
to gain insight on the behavior of the PN expansion, which
seems to converge well, as we see from Table 1. For all the
typical compact binaries in Table I, we find that the
4PN and 4.5PN orders amount to about a tenth of a cycle
(Iess than 1 radian). This suggests that systematic errors
due to the PN modeling may be dominated by statistical
errors and negligible for LISA. However, this should be
confirmed by detailed investigations along the lines
of Ref. [80].
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TABLE L.

Contribution of each PN order to the total number of accumulated cycles inside the detector’s frequency band, for typical

(but nonspinning) quasicircular compact binaries observed by current and future detectors. We have approximated the frequency bands
of LIGO-Virgo, Einstein Telescope (ET), and LISA with step functions, respectively between [30,10%] Hz, [1,10*] Hz and
[1074, 107" ] Hz. When the merger occurs within the frequency band of the detector, the exit frequency is taken to be the Schwarzschild
innermost stable circular orbit (ISCO), fisco = ¢*/(6°/>2Gm). The contributions due to the nonlinearities of GR (e.g., tails) increase

with the PN order and are detailed in Ref. [24].

Detector LIGO-Virgo ET LISA

Masses (M) 14x14 10 x 10 14x1.4 500 x 500 10° x 10° 107 x 107
PN order Cumulative number of cycles

Newtonian 2562.599 95.502 744 401.36 37.90 28 095.39 9.534
1PN 143.453 17.879 4433.85 9.60 618.31 3.386
1.5PN —-94.817 -20.797 —1005.78 —-12.63 —265.70 —5.181
2PN 5.811 2.124 23.94 1.44 11.35 0.677
2.5PN -8.105 —4.604 -17.01 -3.42 —-12.47 —1.821
3PN 1.858 1.731 2.69 1.43 2.59 0.876
3.5PN -0.627 —-0.689 -0.93 -0.59 -0.91 —0.383
4PN -0.107 —-0.064 -0.12 -0.04 -0.12 -0.013
4.5PN 0.098 0.118 0.14 0.10 0.14 0.065

Besides the chirp described by the results displayed in
Egs. (6)—(8), it is also important to compute the wave
amplitude, in view of the data analysis of LISA [§1-83] and
high-accuracy comparisons with numerical relativity (see,
e.g., Refs. [84-87]). We decompose the waveform, at
leading order in the distance R to the source, onto a basis
of spin-weighted spherical harmonics (following the con-
ventions of Refs. [88,89]):

) 8Gmux 1R & _imy y#m
hy =il ==p 5450 D Heme ™Y, (10)
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where the half-phase variable is given by Eq. (8). All H,,
modes are currently known at 3.5PN order for spinning,
nonprecessing, quasicircular orbits [88-92]. Although
we were able to derive the phase with 4.5PN accuracy,
the same precision for the modes is yet out of reach,
since, even though the 4.5PN radiation-reaction terms in
the equations of motion are known [93,94], neither the
source quadrupole moment nor the nonlinear contributions
to the GW propagation are fully controlled at
4.5PN order (only the contributions that enter the 4.5PN
flux for circular orbits are known). We thus report the
extension of the dominant quadrupole mode (Z,m) =
(2,2) for nonspinning, quasicircular orbits up to 4PN order:
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Satisfyingly, this result is in perfect agreement with linear black-hole perturbation theory in the limit when v — 0; see
Appendix B of Ref. [58]. Again, it would be interesting to compare the PN prediction of Eq. (11) with second-order

(numerical or analytical) BH perturbation theory.
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