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Quantum theory admits ensembles of quantum nonlocality without entanglement (QNLWE). These
ensembles consist of seemingly classical states (they are perfectly distinguishable and nonentangled) that
cannot be perfectly discriminated with local operations and classical communication (LOCC). Here, we
analyze QNLWE from a causal perspective, and show how to perfectly discriminate some of these
ensembles using local operations and classical communication without definite causal order. Specifically,
three parties with access to an instance of indefinite causal order—the Aratjo-Feix—Baumeler-Wolf process
—can perfectly discriminate the states in a QNLWE ensemble—the SHIFT ensemble—with local
operations. Hence, this type of quantum nonlocality disappears at the expense of definite causal order
while retaining classical communication. Our results thereby leverage the fact that LOCC is a conjunction
of three constraints: local operations, classical communication, and definite causal order. Moreover, we
show how multipartite generalizations of the Aratdjo-Feix—Baumeler-Wolf process are transformed into
multiqubit ensembles that exhibit QNLWE. Such ensembles are of independent interest for cryptographic
protocols and for the study of separable quantum operations unachievable with LOCC.
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Introduction.—The famously counterintuitive nature of
quantum theory owes much to the phenomenon of entan-
glement that forces “its entire departure from classical
lines of thought” [1]. Perhaps the deepest consequence of
entanglement is its role in revealing the tension between
quantum theory and locality that is central to Bell’s theorem
[2]. This tension, however, does not stop at entanglement
and Bell’s theorem. It persists in a different form even
without entanglement, as captured by the phenomenon of
quantum nonlocality without entanglement (QNLWE) [3].

At the heart of quantum nonlocality—with or without
entanglement—is the interplay of causation and correlation
[4,5]. While in Bell’s theorem the notion of locality at play
is local causality [6], in QNLWE, it is the locality of
operations [3]. To demonstrate QNLWE, Bennett et al. [3]
present locally imperfectly discriminable ensembles of
mutually orthogonal product quantum states, e.g., the
SHIFT ensemble

{|000), [111), | 4 01),| = 01),
[1+40),[1—0),|01+),[01-)}. (1)

Although states in such an ensemble can be prepared
locally, parties sharing an unknown state from the ensemble
cannot perfectly identify the state with local operations and
classical communication (LOCC). The classical commu-
nication in LOCC is implicitly assumed to respect a
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“definite causal order” (“causal order” for short). In
each round, the direction of communication is determined
from all past data. A necessary consequence of this
constraint is that at least one party must initiate the
communication. By contrast, in the case of Bell non-
locality, all communication is excluded by the require-
ment of spacelike separation. The background assumption
of definite causal order, however, is common to both types
of nonlocality.

What if we drop the assumption of a definite causal order
and regard it as a physical quantity sensitive to quantum
indefiniteness [7]? This possibility has attracted much
interest in recent years, e.g., as in the quantum switch
[8] achievable through indefinite wires connecting quantum
gates [9] or through indefinite spacetime geometries
formed from matter in a superposition of locations [10].
Oreshkov, Costa, and Brukner [11] show that if, without
further assumptions on causal connections, one insists that
parties locally cannot detect any deviation from standard
quantum theory, then indefinite causal order arises natu-
rally: Their process-matrix framework encompasses the
quantum switch [12,13], and also exhibits noncausal
correlations, i.e., correlations unattainable under a global
causal order among the parties (see also Refs. [14-16]).
Moreover, they show that the exotic causal possibilities that
arise between two parties disappear in the classical limit.

For three parties or more, however, logically consistent
classical processes that create noncausal correlations
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exist [17] (the interested reader may consult the Appendix
for more details). For example, the deterministic
Aradjo-Feix—Baumeler-Wolf (AF-BW) process [18,19]
exchanges bits among three parties—Alice, Bob,
and Charlie—in the following way. Each party receives
a bit

a=(y@®l)z, b=(z@®x, c=xl)y (2
from the process and thereafter provides a bit of their
choice x, y, z to the process. This resource allows every
pair of parties to communicate to the third (e.g., Alice
receives a which nontrivially depends on y, z of Bob and
Charlie) in a single round. Each party acts in the causal
future of the other two.

The possibility of indefinite causal order—in particular,
the AF-BW process—raises the following natural question:
What happens to the tension between quantum theory and
locality once the assumption of definite causal order is
dropped?

Results.—In this Letter, we show how one can trade
causal order for the locality of operations in perfectly
discriminating QNLWE ensembles. The tension between
quantum theory and locality suggested by QNLWE thus
disappears in the absence of a definite causal order.
Specifically, local quantum operations assisted with
classical processes can allow the parties to perfectly
discriminate ensembles of quantum nonlocality without
entanglement. Three parties communicating through the
classical AF-BW process [Eq. (2)] can discriminate the
SHIFT ensemble [Eq. (1)]. In fact, this process allows
the parties to measure quantum systems in the SHIFT basis.
Conversely, we show that such a measurement implements
the classical channel underlying the AF-BW process. We
use the insights from these protocols to show how any
Boolean n-party classical process without global past can
be turned into an n-qubit ensemble of states that exhibits
quantum nonlocality without entanglement. These results
establish an operational link between QNLWE and
classical processes without causal order. (See also
Ref. [20] for a suggested link between such processes
and Bell nonlocality and Ref. [21] for a tension between the
assumptions of definite causal order and parameter
independence).

SHIFT-basis measurement from AF-BW process.—The
parties Alice, Bob, and Charlie hold a quantum system in
the three-qubit state |y). The following protocol imple-
ments a measurement of |y) in the SHIFT basis (see Fig. 1).
First, each party receives a classical bit a, b, ¢ from the
process. Then, each party applies a Hadamard transforma-
tion on their share of |y) if the received bit is 1, i.e., the
parties apply H(“?¢) := H* @ H” ® H°. Now, they mea-
sure the quantum system in the computational basis, obtain
the postmeasurement state |xyz), and forward x, y, z to
the AF-BW process. Finally, the parties apply H(@?<) to the
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FIG. 1. Schematic of protocol to implement the SHIFT-basis
measurement on an arbitrary quantum state |w) with local
operations and classical communication without causal order.
Thick wires represent classical bits, normal wires qubits, and the
stars represent the interface to the AF-BW process.

postmeasurement state. By this, the final state of the
quantum system is

D |Gael 0y | H 0y (xyz 2. (3)

X,).Z

Note that the AF-BW process determines the values of a, b,
¢ as a function of x, y, z.

First, we show that if |y) € SHIFT, then this protocol
returns the state [y) with certainty. If [y) = |000), then the
probability

|<xyz|H((y@1)z,(zea1)x,(x@1)y) |000>|2 (4)

is one for x =y =z =0, and zero otherwise: The final
state is |000). Instead, if |y) = |01+), then the only
contribution arises for x=z=0 and y=1
(|(010[H©%D|014)> = 1), and the final state is
H*01|010) = [014). By symmetry, the same follows
for all SHIFT-ensemble states. In other words, for each
SHIFT state there exists a unique and distinct triple x, y, z
that contributes to the sum; namely, x, y, z encode the
qubits of the SHIFT state (0 if the qubit is in the state |0)
or |+), and 1 otherwise). By linearity, this analysis extends
to any quantum state |yp). Measuring an arbitrary state
W) = >y esmrr ¥wy|k) in the SHIFT basis yields
> esarrr [ [*1k) (k|, which is identical to the returned
state of the protocol

|a‘000>|2\000> <000| (5)

et ony [PH1091001) (001 [H 100 (©)
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+|a|01+>|2H(0,0,1)|010><010|H(O.O,1) (7)
4ol .

Now it is clear that if the parties communicate through
the AF-BW process, then they perfectly discriminate the
SHIFT ensemble. The classical data collected in the above
protocol uniquely specifies the SHIFT state they were
given. The bits a, b, c they receive from the process specify
the basis, and the bits x, y, z they receive from the
measurement specify the state in the corresponding basis,
eg,a=0,b=0,c=1,x=0,y =1, z=0 encode the
state [01+).

AF-BW channel from SHIFT-basis measurement.—
Conversely, suppose three parties, Alice, Bob, and
Charlie, have access to a measurement device that measures
a three-qubit system in the SHIFT basis and returns to each
party the classical description of the postmeasurement qubit
state. For instance, if the three-qubit postmeasurement state
is | 4+ 01), then Alice receives the label +, Bob 0, and
Charlie 1. The following protocol (see Fig. 2) implements
the classical channel underlying the AF-BW process via
such a SHIFT-basis measurement, i.e., the parties start with
three bits x, y, z of their choice and end up with
a=® 1)z, b= (z® 1)x, c = (x ® 1)y. (If the varia-
bles a, b, ¢ were in the respective local pasts of the
variables x, y, z—as they are in the complementary
protocol of Fig. 1—this AF-BW channel would correspond
to the noncausal AF-BW process).

First, each party encodes the respective bit in the
computational basis of a qubit, i.e., they locally generate
a quantum system in the state |y/) = |xyz). In the second
step, they feed |y) into the measurement device and record
the outcome £y, €, £ €{0, 1,4+, =}, where £, is Alice’s
outcome and so forth. Finally, they apply the function
f:0—0,1+0,++— 1, — — 1 to obtain the bits a, b, c.

Suppose the bits x, y, z are chosen such that x =y = z.
The prepared quantum state |xyz) is a member of the
SHIFT basis. The measurement device therefore replies the
labels ¢4, = ¢ = £ €{0, 1}, and, according to the pro-
tocol, the parties set a = b = ¢ = 0, which is the correct
value. If the bits are specified as x =y =0 and z =1,
then the prepared state |xyz) in not a member of the
SHIFT ensemble and the measurement device responds

Alice

|z) la
z > @ a=(yd1l)z
bob ly) ¢
v > N Elril—b=(o1
- SHIFT @ (Z @ ):I:
Charlie 1) 0
z > < /] c=(z@ 1)y

FIG. 2. Schematic of protocol to realize the AF-BW channel
from a SHIFT-basis measurement.

probabilistically: [(+01|001)[> = [(=01|001)[> = 1/2. In
either case, however, the parties correctly end up with
a =1, b = ¢ = 0. By symmetry, the parties compute a, b,
¢ as desired for all inputs x, y, z.

The correspondence between the SHIFT ensemble and
the AF-BW process that we have shown above can be
understood as a consequence of the following mathematical
fact: the global correlations between the local basis choices
(Z or X) and the local basis states (|0) or |+) vs |1) or |—))
in the SHIFT ensemble are exactly the correlations between
local inputs (a,b,c€{0,1}) and local outputs
(x,y,z€{0,1}) specified by the AF-BW process. This
mathematical fact allows us to use the AF-BW process to
implement the SHIFT measurement via local operations
and, conversely, to use any implementation of the SHIFT
measurement to realize the classical channel underlying the
AF-BW process. Indeed, this observation holds more
generally for multiqubit instances of QNLWE, as we
now demonstrate.

Multipartite  QNLWE.—We show that all Boolean
classical processes that violate causal order in a maximal
sense—classical processes where each party can receive a
signal from at least one other party—give rise to ensembles
that exhibit quantum nonlocality without entanglement.
Classical processes are characterized by a unique fixed-
point condition [22,23] as follows. Let @" be a Boolean
function {0, 1}" — {0, 1}", and F the set of all functions
{0,1} - {0, 1}. The function @" is a Boolean n-party
classical process if and only if

VoueF,  3pefo.1}: B:w"(ﬂ@), 9)

i.e., if and only if for each choice of interventions y; of each
party there exists a unique fixed point of @"ou. Here, u =
(H1s Mo, ..o fty) is a tuple of n local Boolean functions.
Moreover, we say that @" has no global past if and only if

Voidk,  xe{0.1}": o'(x) # 0" (xV), (10)

i
where x®) = (x1, ..., x4_1. X @ 1, Xgi1, ..., X,) is the same
as x but where the kth bit is flipped, and where @? is the ith
component of @”". This condition states that every party i
can receive a signal through the process from at least one
other party k; no party lies in the global past of all other
parties.

Theorem.—If @" is a Boolean n-party classical process
without global past, then

s = {HDreay}

is a basis of orthonormal states that exhibits QNLWE.
Proof.—The states in the set S,» with cardinality 2" are
normalized. Now we show that they are orthogonal, i.e.,
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v E?EX <X‘H(w"(z)®w"(£))|£> =0, (12)

where @ is bitwise addition modulo 2. Pick two n-bit
strings x # y and suppose without loss of generality that
they differ in the first k& positions only. Orthogonality
[Eq. (12)] states that there exists some i<k with
! (x) = 0! (y). Toward a contradiction, however, assume

V i<k: o(x)# o!(y). Since ®" is a classical process,

the reduced function @": {0, 1}* — {0, 1}* with

2 012 Xgs o X))y o @R (2 X010 X)) (13)
is a classical process as well (see the Appendix or [ [24],
Lemma A.3]). To simplify notation, let x’ be the first k bits
of x, and similarly for X/ , and define a:=@"(x'),
b:=a&"(y'). Now, a and b are fixed points under the

following two k-party interventions a and /3, respectively,

ie,a=a" (a(g)), b=a" <[;’(Q)) for

a,p: {O, l}k — {O, l}ke]-'k (14)
a:w=xX adw (15)
prw—y ®bdw. (16)

However, because V i<k: x; @y, =a; ®b; =1, the
function @"oa has a second fixed point b

i (o)) ="y @a®b) ="y ®b®E) (17

— 3" (B(b)) = . (18)

and therefore " is not a classical process. This proves that
the set S,» forms a basis of orthonormal states. What
remains to show is that this set exhibits QNLWE. This
follows from the assumption that " has no global past.
From Eq. (10) we have that for each party i there exist two

bit strings x, y such that the ith qubit of H (" @) |x) is in the
computational basis {|0),|1)}, while the ith qubit of
H(“’"<5))|y) is in the Hadamard basis {|+),|—)}. This
means that each party must change its basis depending
on the bases of the other parties at least once: it follows that
no party makes a basis choice that is independent of the
other parties’ measurements. Therefore, in an LOCC
protocol for perfect discrimination, no party can initiate
the communication. L]

Examples.—The following is an ensemble exhibiting
QNLWE for four parties. It is constructed from the classical
process of Ref. [20] inspired by the Ardehali-Svetlichny
nonlocal game [25,26]:

{|0000), |0 + 01), | + 01+),|001-),

|01 +0),| +—01), |01 —0), [0111),

[1+0+4), [1++=),| = 01+), |1+ ——),
I1—00),| ——01), [111+), |1 — 1-)}. (19)

Another example based on the generalizations of the AF-
BW process proposed in Ref. [27] is the following:

{|0000), [0101), |0111), [1010),
11011), [1101), [1110), |1111),
1001+),[001=), |01 + 0), |01 — 0),
11+ 00), |1 —00),|+001),|—001)}.  (20)

Conclusions.—We have shown that Boolean n-party
classical processes without global past can be mapped to
a family of n-qubit ensembles exhibiting quantum non-
locality without entanglement (QNLWE) and, as such, can
discriminate these ensembles via local quantum operations.
We illustrated this connection explicitly for the tripartite
case of the SHIFT ensemble [3] with respect to the AF-BW
process [18,19]. This discovery therefore refines the notion
of QNLWE: ensembles of QNLWE consist of mutually
orthogonal product states that cannot be perfectly discrimi-
nated with LOCC under a definite causal order.

Several open questions arise from our results. We have,
in particular, not discussed bipartite instances of quantum
nonlocality without entanglement, e.g., the two-qutrit
domino states [3]. This is because in the bipartite case,
logically consistent classical processes have a definite
causal order, as shown by Oreshkov et al. [11]. To be
sure, this instance of QNLWE can be interpreted as an
instance of classical communication without causal order
[28,29], but this requires a relaxation of the constraint of
logical consistency that is central to the process-matrix
framework [11]. Indeed, in the bipartite case, Akibue et al.
[28] show that the set of transformations achievable via
local operations and classical communication without
causal order (their “LOCC*”) coincides with the set of
separable operations. This means that the two-qutrit
domino states can be perfectly discriminated by LOCC*,
as shown explicitly in Ref. [28,30]. Hence, while bipartite
instances of QNLWE can be achieved under an arbitrary
relaxation of causal order (as represented by LOCC¥), it
cannot be achieved under a relaxation of causal order that is
consistent with the process-matrix framework. Our results,
on the other hand, show that multipartite instances of
QNLWE can be achieved under a relaxation of causal order
that is consistent with the process-matrix framework, i.e.,
without the possibility of logical paradoxes.

In the multipartite case, our results allow us to reinterpret
the phenomenon of QNLWE as an operational witness of
noncausality that has a qualitatively different character than
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the violation of causal inequalities. This opens up several
potential connections with the wider literature on QNLWE
and calls for a deeper understanding of its connection with
noncausality. Indeed, as we have demonstrated, these
results also offer a route to construct new instances of
QNLWE. These instances are of relevance for quantum
cryptography, e.g., in quantum data hiding [31,32]. We also
know that in standard quantum theory, multiqubit instances
of QNLWE are incapable of witnessing a strong form of
nonclassicality, i.e., logical proofs of the Kochen-Specker
theorem [33], and it would be interesting to investigate the
implications of this fact for (non)causality in the process-
matrix framework [11]. Similarly, higher-dimensional gen-
eralizations of multipartite QNLWE [34] could also inspire
new types of noncausal classical processes. The domino
states, however, suggest that a mapping from ensembles of
QNLWE to noncausal classical processes is in general
impossible. The bipartite case, together with other gener-
alizations of our results in the multipartite setting—in
particular, the gap between separable and LOCC opera-
tions—will be taken up in forthcoming work.

The tradeoff between causal order and locality has also
been studied in other senses. Costa de Beauregard [35]
explains entanglement through retarded waves (see also
Price [36]), and Deutsch’s time-travel model [37] can be
turned into a local-realistic hidden-variable model for Bell
correlations [38]. However, this latter approach—just as the
results by Akibue et al. [28]—diverts from the process-
matrix framework, and therefore predicts nonlinear statis-
tics, allowing the possibility of detecting new physics
locally. In contrast, processes from the process-matrix
framework do not alter local physics by design, e.g., they
do not allow signaling from the output of a party to its
input. However, if one requires the correlations to be
nonsignaling under any choice of interventions, then unlike
QNLWE, Bell nonlocality is unaffected by any relaxation
in causal order that is consistent with the process-matrix
framework.

Let us also remark that whether the AF-BW process
arises in general relativity would affect the interpretation of
the noncausality witnessed via the perfect state discrimi-
nation task we have considered. In a Minkowski spacetime,
three parties cannot discriminate the SHIFT ensemble with
local operations and classical communication. However, if
the parties are situated in a general-relativistic spacetime
that realizes the AF-BW process, then this task becomes
feasible. A successful discrimination of the SHIFT ensem-
ble would then be an operational signature for the non-
causal nature of such a general-relativistic spacetime. On
the other hand, if the AF-BW process turns out not to be
realizable in a general-relativistic spacetime but instead
requires an intrinsically nonclassical notion of spacetime
(arising from, e.g., quantum gravity), then this discrimi-
nation task would serve as an operational signature of
noncausality that is intrinsically nonclassical. To be sure, in

such a situation, the communication between the labs
would still be classical but the physical conditions for
achieving this communication would be outside the realm
of possibilities afforded by general-relativistic spacetimes.
The latter possibility could have interesting implications for
how one might interpret time-delocalized realizations [39]
of the AF-BW process [40].
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Appendix: Classical processes.—The process-matrix
framework [11] describes the most general interconnec-
tions among various parties under the assumption that it
is impossible for the parties to locally detect any
deviation from quantum theory. Crucially, no restriction
on the causal relations among the parties is made.
Classical processes, as invoked in this Letter, arise as
the classical limit of the process-matrix framework [19],
but can also be derived independently and without
referring to quantum theory, as it is done in this
Appendix.

For the following description of the classical processes,
you may consult Fig. 3. Consider an n-party scenario,
where we label the parties with the natural numbers
[n] :=={0,1,...,n — 1}. Each party k€ [n] is formalized
as a pair of sets (Z;, Oy ). The set Z, is the input space of k,
and Oy the output space of party k. Moreover, we define
Fr={Z; = O} as the set of all functions from the input
space to the output space of party k. The assumptions of the
framework are (A) each party k € [n] can implement any
function (hereafter called intervention) u, € F, of their
choice, (B) the parties are isolated and may only commu-
nicate by reading messages from the input spaces and
inscribing messages to the output spaces, and (C)
each party k € [n] gets an input iy €Z, exactly once and
applies the chosen intervention y; exactly once. For the
sake of presentation, we define the Cartesian product
7 = XieyZk, and similarly for O and F. Also, we
define the collection i:= (i;),c, and similarly for o.
Assumptions (B) and (C) require i to functionally depend
on o, i.e., w(o) = i, for some function w: O — Z. The
value of o, then again, functionally depends on i through
the choice of interventions u, i.e., 0 = u(i). By invoking
assumption (A), an n-party process is a function w: O —
7 that satisfies the fixed-point condition
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VueF,  3ielii=o(ud). (Al
Thus, for any choice of interventions u of the parties, a
well-defined input i to the parties exists. This fixed-point
condition [Eq. (Al)] has as consequence [23] the unique
fixed-point condition [Eq. (9) in this Letter]:

VueF  3uelii=o(ud). (A2)
where 3! is the uniqueness quantifier. This, actually,
ensures logical consistency. The input i to the parties is
unambiguously determined (see Ref. [23] for a detailed
discussion).

Processes are generalizations of shared states, commu-
nication channels, and circuits. A shared state—where the
parties do not communicate—is simply given by a process
(A3)

Wsgare -+ O > (007 Clseens Cn—l)

for some constants (c;);cp,- Here, the fixed-point con-

dition is satisfied independently from the choice of inter-
ventions u by the constants (ci);e(,- An example of a

communication channel, as schematically depicted in
Fig. 3, is given by

Oeom: (00,01, .y 0,_1) > (€, 00,01, ...,0,22) (A4)
for some constant c. This communication channel provides
the constant ¢ to party O, and each remaining party k
obtains o0,_; on their input space. Here, the fixed-point
depends on the choice of interventions. It is given by iy = ¢
for party 0, and iy = py_j0 - - - opyopg(c) for each remain-
ing party k. More complex situations are also expressible
with processes. For instance, take a circuit C composed out
of classical gates, and now let each party k € [n] occupy the
region of a gate in C (see Fig. 4). Here, the process w,
simply implements the transformations on the nonoccupied
regions of C.

oo ApRAR |

1 '
1 1 I-l :
(90 Ol On—l 1
1
1
g 3 | 1
3 -
T 7, Tn1 3
£ zS A 11
1 ! N __s
@ 0 e T ]

FIG. 3. Each party k € [n] implements a function y;: Z, — O
of their choice. The process, i.e., the grayed-out higher-order
map, interconnects the parties. In red, we have schematically
displayed an example where party O receives a constant ¢, party
1 < k < n — 1 receives the output of party k — 1, and the output of
party n — 1 is discarded. A corresponding process is w: O — T
with w(0g, 01, ...,0,_1) = (¢, 00, ..., 0,_5).

Classical communication without definite causal
order: Classical processes for three or more parties allow
for scenarios beyond those discussed above. In the above
examples, a global causal ordering of the parties always
exists. This is radically contrasted with the AF-BW process
[18,19] [Eq. (2) in this Letter]:
arpw(%.7,2) = [(y @ 1)z. (2 @ Dx, (x @ 1)y].  (AS5)
To see this, we can devise causal inequalities—similar to
Bell inequalities [2]—that limit the possible correlations
among the parties under the assumption of a global causal
order. Let P(a,b,c|x,y,z) be three-party correlations
where a party—say Alice—specifies a setting x and
observes the outcome a, and similarly for the other two
parties Bob and Charlie. The assumption of a global causal
order limits the parties to only influence events in their
causal future. So, three-party correlations are called causal
if and only if they can be decomposed as

P(aa b’c|x7y’ Z) :AAP(a|x)Pa,x(bycy’ Z) (A6)
+ AgP(bly)P, (a, c|x,z) (A7)
+AcP(clz) P (a, blx, ), (A8)

with A4, A, Ac 20, A4 +4ip+4ic=1, and where
P, (b, cly,z) and the other terms denote two-party causal
correlations. Here, 1, specifies the probability that Alice
acts first. Recursively, two-party correlations P(a, b|x, y)
are causal if and only if they can be decomposed as

P(a,blx,y) = yP(alx)P(bly.a.x) (A9)

+(L=y)P(bly)P(alx,b.y), (A10)
for some y > 0.

Let a,b,c,x,y,z be the values of binary random
variables. If the three-party correlations P(a, b, c|x,y,z)
are causal, then they satisfy the following causal inequality
for uniformly distributed x, y, z [19]:

Pr[(a,b,c) = wappw(x.y.2)] < 3/4. (A11)

Clearly, this inequality is deterministically violated when-
ever Alice, Bob, and Charlie communicate through the

FIG. 4. A circuit with holes is a process.
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AF-BW process: The AF-BW process allows for correla-
tions incompatible with any global causal order of the
parties.

Reduced processes: 1In this Letter we make use of
reduced functions. Consider a function @: Xie[Or =
Xie i with its components {@; ! Xie(Or = L trey)-
We call the function w component-wise nonsignaling if and
only if for all Z, the Zth input to @ does not influence the
output of the component wy, i.e.,

Y £€(n], ,0,)e0?, e x 0O Al12
[n] (04,0) ¢ O\ celm\(e) k ( )
wp(07,0\0) = wp (0, 0\0). (A13)

If the function w is component-wise nonsignaling, we can
define the reduced function " for all parties £ # r, where
the intervention u, of one party r is taken into account

wly ke[Z}(\{r}Ok -7, (Al4)
(0 )kepp gy P> @021, 04,0141, ) (A15)

by specifying
Oy = U@, (cey 01y, CryOpps-.n) (A16)

for some arbitrary c,. This allows for the following
statement [24]. If @ is an n-party process, then  is
component-wise nonsignaling, and for all parties r € [n]
and all interventions u, € F ,, the reduced function o/ is an
(n — 1)-party process.
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