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Energy exchange mechanisms have important applications in particle physics, gravity, fluid mechanics,
and practically every field in physics. In this Letter we show, both in the frequency and time domain, that
energy enhancement is possible for waves scattering off fundamental solitons (time-periodic localized
structures of bosonic fields), without the need for rotation nor translational motion. We use two-
dimensional Q-balls as a test bed, providing the correct criteria for energy amplification, as well as the
respective amplification factors, and we discuss possible instability mechanisms. Our results lend support
to the qualitative picture drawn in Saffin et al. [preceding Letter, Q-ball superradiance, Phys. Rev. Lett. 131,
111601 (2023).]; however, we show that this enhancement mechanism is not of superradiant type, but
instead is a “blueshiftlike” energy exchange between scattering states induced by the background Q-ball,
which should occur generically for any time-periodic fundamental soliton. This mechanism does not seem

to lead to instabilities.

DOI: 10.1103/PhysRevLett.131.111602

Introduction.—Energy exchange phenomena play a piv-
otal role in the small and large scale dynamics of all
observed phenomena. A class of these are termed “super-
radiant” and take place when an object with many internal
degrees of freedom—which can internally dissipate energy
—is able to amplify certain impinging radiation modes,
while increasing its internal energy [1]. In this mechanism
the necessary energy to enhance the radiation (and increase
the object’s internal energy) is usually provided by kinetic
energy. For objects in uniform linear motion superradiance
requires a velocity larger than the characteristic phase
velocity in the medium (e.g., Vavilov-Cherenkov effect),
while rotational superradiance requires angular velocities
larger than the characteristic (angular) phase velocity in the
medium [1-4]. A different energy exchange mechanism is
realized by the interaction of radiation with a time-
dependent background. Time-periodic backgrounds tend
to induce a coupling between a discrete set of modes,
leading to an effective energy exchange with radiation. In
particular, the energy of radiation may be enhanced through
a blueshift of incoming modes to higher frequencies (as it

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

0031-9007/23/131(11)/111602(6)

111602-1

happens with oscillating cavity walls and objects [5-8] or
moving objects [9]).

Superradiance has attracted a considerable amount of
attention in black hole physics, since it may be a viable way
to power violent phenomena in the cosmos, or even to
transfer energy between black holes and new fundamental
degrees of freedom [4]. Spinning black holes have two
properties which are ideal for superradiance: an ergoregion
that effectively couples radiation to spacetime, and a
horizon that quenches negative-energy modes, allowing
for energy exchange in a stable manner [10]. It was recently
claimed that Q-balls—a type of nontopological scalar field
soliton [I1,12]—are also prone to superradiance, not
requiring rotation nor any type of motion in real space [13].

Here, we argue that even though the original proof was
flawed, energy extraction from Q-balls is indeed possible.
It is not of superradiant nature, but it involves rather a
blueshift mechanism powered by the time-periodic back-
ground, akin to Doppler shift of radiation in oscillating
cavities. Because of Derrick’s theorem [14]—showing that
there is no stable time-independent solution of finite energy
for a wide class of nonlinear wave equations—most
fundamental solitons are expected to be time periodic.
This energy extraction mechanism most likely extends to
all these objects, since nonlinearities will induce the
necessary mode mixing in impinging radiation. We have
explicitly proved that this is the case for (Newtonian) boson
stars, which have attracted attention in connection with
dark matter physics and black hole mimickers [15-17].

Published by the American Physical Society
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Q-balls as a test bed—Consider a simple U(1)-
symmetric theory of a complex scalar field @ in a three-
dimensional flat spacetime (R?,7,5) described by the
action

s=— [ @3 FIFESas V(BN (1)

where 7 :=det(n,s), with the potential V = p?|®|*—
A|®|* + g|®@[°. We work with the rescaled dimensionless
quantities x := uX, ®:=+AD/u and ¢:=u2g/1%, in
terms of which the potential reads V = |®|’-
|®|* 4 g|®|°. We restrict to g > 1/4 (so that ® =0 is
the true vacuum). The field satisfies the equation of motion

v

,®— = 2
n ob* O’ ( )

and possesses the divergenceless Noether current
JH = 3(@*0"®), (3)

and energy current (as measured by a family of parallel
inertial observers with four-velocity &%)

J% - _naﬁTﬁyé}t/’ (4)

with the (also divergenceless) energy-momentum tensor
1

Using polar coordinates (r, ) on the hypersurfaces %,
orthogonal to 67, Q-balls are solutions of the form

ylt.r.9) = —
, - =
9] 4 \/z

that are regular at r =0 and r = oo (without loss of
generality, we consider wy >0 and my € Z). Some
radial profiles with different wy are shown in Fig. 1. To
exist, the Q-ball frequency must be W™ < wy < 1, with
the lower bound w{}™ := min[2V/|®|*] corresponding to
the so-called thin-wall limit [11].

Linear perturbations.—A sufficiently small perturbation
@, to a Q-ball background solution, ® ~ ®, + ®; with
|®;| < |Dy|, satisfies the linearized equation of motion

f(r)eitwat=men), (6)

0,®, — U(r)®, — e~ 2(@e=me?) W (r)®; =0, (7)

where U:=1-2f>+3gf* and W:=—f>+3gf* The
last term gives rise to mode mixing and, thus, this equation
does not admit monochromatic solutions.
Frequency-domain  analysis.—The solutions
minimal frequency content are of the form

with
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FIG. 1. Radial profile f(r) of the Q-balls studied in this work,

with @y = (0.58,0.70,0.76), my = 0, and g = 1/3. The values
at the origin are, respectively, f(0) = (1.78,1.70, 1.54), their
charge is Q= [, Jp = (70.77,13.70,9.76) and energy is
E= fz Ji, = (47.02,12.00,9.14). We consider only ground-
state (nodeless) Q-ball solutions.

O, = . (Peiwrt-md) 4 ¢ (p)e-i@i-me)  (g)

where 0, =wp+® and my =my+ m. The mode
functions (¢, ¢_) satisfy the coupled system

1 2 mi *
10,00,0) + | = U ="] g - Wp =0, )

which clearly shows the mode mixing between ¢, and ¢_
introduced by the background Q-ball. At infinity the mode
functions are

1 . o
m¢:ﬁ: ~ (Aiutezkir —|—A$€_lkir), (10)

li —_—
roe 2rlks|r

and at the origin
limgp. ~ Cy([ks|r), (11)

where k = +s, (02 — 1)"/? with s,, := sign(w). From the
scale invariance of the linear perturbations, we can choose
C, = 1 without loss of generality.

In this work we focus on perturbations satisfying the
double condition |w.| > 1, in which case both modes
describe propagating waves (i.e., scattering states); the
waves with amplitude A" (resp., A'l) have radial group
velocity (dw.. /dk. ) (resp., —(dw../dk..)). This means that
A describe outgoing states propagating in the &y direc-
tion, the opposite to the direction of propagation of
incoming A™" states.

The time-averaged flux of Q charge through a one-
sphere of radius r (with r — o0) is
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2r
Fo= limr/ do(Jp)

r—00 0

w0 D SUAMP = |ARP), (12)
s=+,—

)
that of energy is

2r
Fe= limr/ do(J%)

r—0o0 0

~sy s (|AM — AR P), (13)
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and of angular momentum is

2z
Fr= limr/ do(T,,)
0

r—o0

msy p smy(JAP P — AR, (14)

s=+,—

where () = limy_ o (1/T) [T di(-).
It is easy to see from Eq. (9) that the quantity

Ty = (0., + p-0,0%), (15)

is independent of r on shell, i.e., d,J, = 0 for a solution of
Eq. (9). Regularity of the linear perturbations at the origin
[cf. Eq. (11)] implies then that J, =0. But, since

Ty(r = 00) o« X2, (JAS™ 2 ~ |AP[2), one finds
ASP 4 AR = [ARP 4 |ATR. (16)

The time-averaged fluxes can then be written as

Fo 25, (A2 — [AB2), (17)
Fi 25,00 (A - |AT]), (18)
Fi m2s,mo(JAT - |AT2). (19)

Thus, Q-charge, energy, and angular momentum can be
exchanged with the background (exchange of angular
momentum is only possible with a spinning Q-ball).
Energy extraction from a spinning Q-ball is necessarily
accompanied by angular momentum extraction.

The amplification factors of Q-charge, energy, and
angular momentum in the scattering process, defined as
(the absolute value of) the ratio of the time-averaged
outgoing flux to the incoming flux are, respectively,

|A3_ut|2 _ ‘Aoul|2
¢ ’ |AT? — |AR P

, (20)

0 AL = |4
1+ZE :‘ ) |Ain|2_a) |Ain‘2 ’ (21)
+14% -2
m |A0ut|2_m_|A(iut|2
1+ 27, =|——= ——. 22
| )

The Z factors measure the relative amplification (or
attenuation) in the scattering process: Z > 0 for amplifi-
cation, whereas Z < 0 for attenuation.

Note that asymptotic fluxes are the appropriate quantities
that allow one to discriminate between amplification and
attenuation in a scattering process. In Ref. [13] an alter-
native criterion for energy amplification was used, based
instead on (the absolute value of) the ratio of energy
contained in outgoing states to incoming ones in some
asymptotic annular region r; < r < r,. Given the different
propagation speeds of the ¢, modes, this is not an
appropriate measure. In fact, in the limit where one mode
has arbitrarily small group velocity, its energy density
becomes arbitrarily large (cf. Fig. 2 of [13]), but its energy
flux—which determines the rate of energy exchanged with
the exterior—may still be small.

From Eq. (21) it is clear that energy amplification will
occur for any incoming state with A™ =0 and o > 0, or
A" = 0 and @ < 0. On the other hand, there will be energy
attenuation (Z; < 0) for any incoming state with A" =0
and @ > 0, or A" =0 and @ < 0. These sufficient con-
ditions for energy amplification do not agree with the ones
found in Ref. [13], due to the different criteria for
amplification given there. The outcome of a more general
scattering process in which the incoming state contains a
mixture of ¢, and ¢_ modes depends on the details of the
process, i.e., on the scattering parameters @, m, and
Aln /Aﬂ Similarly, one can immediately see from
Eq. (22) that for a spinning Q-ball (my > 0) there is
angular momentum amplification for an incoming state
with Ai+“ =0and m > mg, or A" =0and m < —mg, and
attenuation for an incoming state with A" =0 and
m > mg, or AT =0 and m < —my,.

The energy extraction mechanism discussed here is
not of superradiant type. In fact, enhancement of energy
(or Q-charge, or angular momentum) of a single incoming
state is never observed, as can be seen by noting that
|A%|/|AIn| < 1, either directly from Eq. (16), or from the
lower panel of Fig. 2. Instead, the energy extraction is
accomplished through a “blueshiftlike” exchange, where
the time-dependent background effectively pumps energy
from the lowest energy (i.e., frequency) state to the highest.
As we discuss in the next section, the Q-ball will then
evolve to a new Q-ball with different parameters as to
conserve the total Q-charge, energy, and angular momen-
tum in the process.
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FIG.2. Upper panel: relative energy amplification factor, Z, of
an incoming mode ¢, with m = 0 scattering off a nonspinning
Q-ball; the coupling is g = 1/3. The dashed lines are the results
from time-domain simulations. Lower panel: ratio |A3"|?/|A™|?,
which is seen to be < 1 for all w.

The Z factor is shown in the upper panel of Fig. 2 for an
incoming ¢, mode (i.e., A" = 0) from solving numerically
Eq. (9); these results show a remarkable agreement with
those from evolving a wave packet in the time-domain
(discussed in the next section). As expected, we find energy
amplification of @ < 0 modes for all Q-balls, and attenu-
ation of @ > 0 modes. Note also how energy extraction is
more effective for Q-balls closer to the thin-wall limit, for
which the field profile is nearly constant in the interior
(cf. Fig. 1).

Time-domain analysis.—To verify the consistency of our
results, we performed a time-domain evolution of a m = 0
wave packet scattering off a Q-ball, solving Eq. (7) with
initial conditions appropriate for a Gaussian wave packet
with (average) frequency @, and radial width o,,

_(r—ro)z

@ (0,r) = e i e SwVerl, (23)

0,0,(0,r) = —iwy®, (0, r). (24)

Additionally, we have also evolved the full nonlinear
Eq. (2) around nonspinning Q-ball solutions, using the
initial conditions

(r=rg)?

®(0,7) = Dp(0,7) + 8¢ 7 e Vil (25)
0,9(0,r) = —ilwo®Py + wo(® — @y)](0,7). (26)

For small enough 6 < ®,(0,0) the nonlinear scattering
results are consistent with the linearized calculations. We
employ a fourth-order finite difference scheme in space and
a standard Runge-Kutta 4 algorithm in time. The results

FIG. 3.

Wave packet scattering off a nonspinning Q-ball with
g = 0.76; the coupling is g = 1/3 and we use initial conditions
with o, =5, ry = 100, and w, = {-2.24,3.76}. Upper panel:
energy flux J7.(r = 60) as a function of time, with the outgoing
flux enlarged. Lower panel: integrated energy flux EM"=
JedtJ7(r=60), with an inset showing attenuation (Z =-0.022)
for w = 3 and amplification (Z; = 0.037) for w = —3. These
results are in excellent agreement with the frequency-domain
analysis (cf. Fig. 2).

are summarized in Figs. 2 and 3. Figure 3 shows how a
smooth nearly monochromatic wave packet scatters off and
acquires extra energy. For an incoming wave packet with
@y = 3.76, a Fourier transform shows that the scattered
wave packet contains the modes w_=—-2.24 and
o, ~3.76, in agreement with the analysis around
Eq. (9) for @ = 3. The calculation of the amplification
factor Z from time-domain data is straightforward, and the
results are shown in Fig. 2 together with the frequency-
domain prediction. The agreement is remarkable.

The fact that the currents J, and Ji are divergenceless,
implies the conservation of both Q charge and energy; so,
any change in Q and E of the scattering states, must be
accompanied by a symmetric change in the Q-ball. Indeed,
our results from full nonlinear evolutions show that, after
the scattering takes place, the remnant relaxes to a
configuration compatible with a new Q-ball with param-
eters such that charge and energy conservation are verified.
This allows us to predict the maximum extractable energy
from these Q-balls. We verified numerically that the entire
family of Q-balls in our test bed model (with g = 1/3) is
absolutely stable (i.e., have E/Q < 1), and their energy
decreases monotonically to E =~ 5.85 in the limit @ — 1;
this is a qualitative agreement with the analytic approxi-
mation of Ref. [18]. Thus, the maximum extractable energy
for the Q-balls with w, = (0.58,0.70,0.76) is, respec-
tively, (88%,51%,36%) of their initial energy. One can
then—in principle—extract more energy from these objects
than from spinning BHs [19].
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Other fundamental objects.—The simplicity of the
energy extraction mechanism discussed in this work
indicates that other fundamental objects (like boson
stars [15], Proca stars [20], etc.) might be prone to the
same mechanism. For instance, the extension of the proof
to spherically symmetric Newtonian boson stars is particu-
larly simple. It goes as follows. Consider a four-dimen-
sional complex scalar field ® of mass ¢ minimally coupled
to gravity. In the nonrelativistic limit the scalar field © :=
e~/ /u satisfies the Schrodinger-Poisson system [21]

1 .
H

VNVU = dzu|¥)°. (28)

Newtonian boson stars are solutions of the form ¥, =
wo(r)e™ ™" with 0 < wy < u, and a static gravitational
potential uy(r), both satisfying regularity at » =0 and
r = +4o0. Inspired by the Q-ball treatment, it is not hard to
see the following: (1) The linearized system contains time-
periodic coefficients, and all of these are of the form
o e~ 20lPr and o« e~ 'V . (2) This leads to mode mixing
between the states w_ = wy — w; and o, = @y + w;; so,
the minimal frequency-content solutions ¥; must contain
these two modes [cf. Eq. (8)], while U, is real valued and
has frequencies +w;. This was also seen, e.g., in
Refs. [21,22]. (3) The current

Jy/,u = 23 <1//10,1//+ +w_oyt

u I
~ 5 U ou, — 7 u_d,u_) (29)

satisfies 0,J,,, = 0. Regularity at the origin implies
Jyu=0, and the asymptotic behavior  gives
Jyu(r = 00) o > (JAQM? = |AR). (4) As for the
Q-ball, an incoming state with AT =0 and w; > 0, or
A" = 0 and @, < 0 will necessarily extract energy from the
boson star.

Discussion.—Our results establish that energy extraction
from Q-balls is allowed by a process that does not require
rotation nor any motion in real space, but merely an
interaction with a time-periodic background. As we
showed, there is no superradiance in this process, since
an incoming single state is never enhanced. Instead, this
mechanism bears strong similarities to the blueshift mecha-
nism reported when a wave is trapped within a cavity
whose boundaries oscillate periodically [5-8]. In general,
an interaction of radiation with a time-periodic background
tends to lead to mode mixing, effectively coupling a
discrete set of modes. If initially the radiation has only
support in the lowest frequency (i.e., energy) mode, the
interaction with the background will then redistribute

radiation over the several coupled modes, leading to an
overall energy amplification of radiation powered by
the internal energy of the background. The simplicity of
this argument indicates that other types of fundamental
solitons—expected to be time dependent due to Derrick’s
theorem—might be prone to the same mechanism. We have
showed it explicitly for Newtonian boson stars.

If a continuous family of (stable) soliton solutions exists
(as for Q-balls, boson, and Proca stars) the backreaction of
the scattering process on the soliton is straightforward. For
instance, if we continuously “illuminate” a Q-ball with a
single state ¢, of frequency w, > 1, the deposition of
energy in the object will drive a secular change in the
soliton through a continuous sequence of (Q-balls with
increasingly larger energy and charge (i.e., along the thin-
wall limit). The process will eventually saturate if o_ = —1
is attained. Similarly, illuminating a Q-ball with a single
state ¢, of frequency w, < —1 will continuously extract
energy and charge from the object driving the soliton
through a continuous sequence of Q-balls with increasingly
smaller energy and charge, which saturates if @, = —1 is
attained. The evolution picture drawn here is compatible
with our full nonlinear time evolutions of wave packet
scattering. Note, however, that this evolution may be
hindered by the soliton reaching some unstable
configuration.

In the case of superradiance, energy extraction can also be
associated with instabilities when the radiation is confined
and forced to repeatedly interact with the amplifying body
(the cavity can be artificial, arise naturally as part of the
geometry) [4-8,23,24]. However, for the energy extraction
mechanism discussed in this work, it is not as obvious (as it
is for superradiance) that confining the radiation should lead

—100 A
5 —200 7
—300 1
—400 A

—500

—50 1

Eﬂux

—100 A

—150 A

T T T T
0.0 0.2 0.4 0.6 0.8 1.0
t x10%

FIG. 4. Integrated energy flux E™* = [!dtJ}, at r =20 for a
wave packet scattering off a nonspinning Q-ball with w, = 0.76
inside a cavity; the coupling is g=1/3 and we use initial
conditions with o, =5, ry = 80, and wy = {-2.24,3.76}. We
impose Dirichlet conditions ®; =0 at r = 100 to model the
cavity.
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to an instability. This is because, even if the initial (incom-
ing) state is chosen so that its energy must be necessarily
amplified, the scattered state will be in a mixture of modes
whose energy does not need to be enhanced. Although we
are unable at this point to provide statements of sufficient
generality, we can trap radiation in a cavity with a Q-ball
inside and study numerically its evolution. Our results are
summarized in Fig. 4 for a moderately large cavity.
Interestingly, they indicate that the system relaxes to a state
with a Q-ball that overall has absorbed energy, even when
starting with a state that initially extracts energy from the
soliton (cf. lower panel of Fig. 4). We have not investigated
trapped radiation around fundamental solitons in full gen-
erality, neither have we studied them when orbited by a
pointlike charge, a good proxy for some astrophysical
systems. Is it possible for a soliton to lose energy to an
orbiting pointlike charge, making it out-spiral (something
known as floating orbit)? This and other aspects
remain open.

V.C. is a Villum Investigator and a DNRF Chair,
supported by VILLUM Foundation (Grant No. VIL37766)
and the DNRF Chair program (Grant No. DNRF162) by
the Danish National Research Foundation. V. C. acknowl-
edges financial support provided under the European
Union’s H2020 ERC Advanced Grant “Black holes:
gravitational engines of discovery” Grant Agreement
No. Gravitas-101052587. Views and opinions expressed
are, however, those of the author only and do not neces-
sarily reflect those of the European Union or the European
Research Council. Neither the European Union nor the
granting authority can be held responsible for them. R. V. is
supported by Grant No. FJC2021-046551-1 funded by
MCIN/AEL/10.13039/501100011033  and by  the
European Union NextGenerationEU/PRTR. R. V. also
acknowledges support by Grant No. CERN/FIS-PAR/
0023/2019. Z.Z. acknowledges financial support from
China Scholarship Council (No. 202106040037). This
project has received funding from the European Union’s
Horizon 2020 research and innovation programme
under the Marie Sklodowska-Curie Grant Agreement
No. 101007855. We acknowledge financial support
provided by FCT/Portugal through Grants
No. 2022.01324.PTDC, No. PTDC/FIS-AST/7002/2020,
No. UIDB/00099/2020, and No. UIDB/04459/2020.

[1] J.D. Bekenstein and M. Schiffer, The many faces of
superradiance, Phys. Rev. D 58, 064014 (1998).

[2] Y. B. Zel’dovich, Pis’'ma Zh. Eksp. Teor. Fiz. 14, 270 (1971)
[JETP Lett. 14, 180 (1971)].

[3] Y.B. Zel’dovich, Zh. Eksp. Teor. Fiz. 62, 2076 (1972)
[Sov. Phys. JETP 35, 1085 (1972)].

[4] R. Brito, V. Cardoso, and P. Pani, Superradiance: New
frontiers in black hole physics, Lect. Notes Phys. 906, 1
(2015).

[5] J. Dittrich, P. Duclos, and P. Seba, Instability in a classical
periodically driven string, Phys. Rev. E 49, 3535 (1994).

[6] J. Cooper, Long-time behavior and energy growth for
electromagnetic waves reflected by a moving boundary,
IEEE Trans. Antennas Propag. 41, 1365 (1993); 70,
049903(E) (2004).

[7] C. K. Law, Resonance Response of the Quantum Vacuum to
an Oscillating Boundary, Phys. Rev. Lett. 73, 1931 (1994).

[8] T. Ikeda, V. Cardoso, and M. Zilhao, Instabilities of Scalar
Fields Around Oscillating Stars, Phys. Rev. Lett. 127,
191101 (2021).

[9] V. Cardoso and R. Vicente, Moving black holes: Energy
extraction, absorption cross-section and the ring of fire,
Phys. Rev. D 100, 084001 (2019).

[10] R. Vicente, V. Cardoso, and J. C. Lopes, Penrose process,
superradiance, and ergoregion instabilities, Phys. Rev. D 97,
084032 (2018).

[11] S.R. Coleman, Q-balls, Nucl. Phys. B262, 263 (1985);
B269, 744(A) (1986).

[12] M. 1. Tsumagari, The physics of Q-balls, Ph.D. thesis,
University of Nottingham, 2009, arXiv:0910.3845.

[13] P. M. Saffin, Q.-X. Xie, and S.-Y. Zhou, preceding Letter,
Q-ball superradiance, Phys. Rev. Lett. 131, 111601 (2023).

[14] G.H. Derrick, Comments on nonlinear wave equations as
models for elementary particles, J. Math. Phys. (N.Y.) 5,
1252 (1964).

[15] S.L. Liebling and C. Palenzuela, Dynamical boson stars,
Living Rev. Relativity 15, 6 (2012).

[16] V. Cardoso and P. Pani, Testing the nature of dark compact
objects: A status report, Living Rev. Relativity 22, 4 (2019).

[17] We use geometric units with G =c¢ =1 and a mostly
positive signature for the spacetime metric throughout.

[18] T. Multamaki and I. Vilja, Analytical and numerical proper-
ties of Q-balls, Nucl. Phys. B574, 130 (2000).

[19] D. Christodoulou and R. Ruffini, Reversible transformations
of a charged black hole, Phys. Rev. D 4, 3552 (1971).

[20] R. Brito, V. Cardoso, C. A. R. Herdeiro, and E. Radu, Proca
stars: Gravitating Bose—Einstein condensates of massive
spin 1 particles, Phys. Lett. B 752, 291 (2016).

[21] L. Annulli, V. Cardoso, and R. Vicente, Response of
ultralight dark matter to supermassive black holes and
binaries, Phys. Rev. D 102, 063022 (2020).

[22] C.F. B. Macedo, P. Pani, V. Cardoso, and L. C. B. Crispino,
Astrophysical signatures of boson stars: Quasinormal
modes and inspiral resonances, Phys. Rev. D 88, 064046
(2013).

[23] V. Cardoso, O.J.C. Dias, J.P.S. Lemos, and S. Yoshida,
The black hole bomb and superradiant instabilities, Phys.
Rev. D 70, 044039 (2004); 70, 049903(E) (2004).

[24] V. Cardoso and O. J. C. Dias, Small Kerr-anti-de Sitter black
holes are unstable, Phys. Rev. D 70, 084011 (2004).

111602-6


https://doi.org/10.1103/PhysRevD.58.064014
https://doi.org/10.1007/978-3-319-19000-6
https://doi.org/10.1007/978-3-319-19000-6
https://doi.org/10.1103/PhysRevE.49.3535
https://doi.org/10.1109/8.247776
https://doi.org/10.1103/PhysRevLett.73.1931
https://doi.org/10.1103/PhysRevLett.127.191101
https://doi.org/10.1103/PhysRevLett.127.191101
https://doi.org/10.1103/PhysRevD.100.084001
https://doi.org/10.1103/PhysRevD.97.084032
https://doi.org/10.1103/PhysRevD.97.084032
https://doi.org/10.1016/0550-3213(86)90520-1
https://doi.org/10.1016/0550-3213(85)90286-X
https://arXiv.org/abs/0910.3845
https://doi.org/10.1103/PhysRevLett.131.111601
https://doi.org/10.1063/1.1704233
https://doi.org/10.1063/1.1704233
https://doi.org/10.12942/lrr-2012-6
https://doi.org/10.1007/s41114-019-0020-4
https://doi.org/10.1016/S0550-3213(99)00827-5
https://doi.org/10.1103/PhysRevD.4.3552
https://doi.org/10.1016/j.physletb.2015.11.051
https://doi.org/10.1103/PhysRevD.102.063022
https://doi.org/10.1103/PhysRevD.88.064046
https://doi.org/10.1103/PhysRevD.88.064046
https://doi.org/10.1103/PhysRevD.70.044039
https://doi.org/10.1103/PhysRevD.70.044039
https://doi.org/10.1103/PhysRevD.70.049903
https://doi.org/10.1103/PhysRevD.70.084011

