PHYSICAL REVIEW LETTERS 131, 111401 (2023)

From Black Hole Spectral Instability to Stable Observables

Théo Torres
Aix Marseille Université, CNRS, Centrale Marseille, LMA UMR 7031, Marseille, France

® (Received 4 May 2023; revised 16 June 2023; accepted 8 August 2023; published 11 September 2023)

The quasinormal mode spectrum of black holes is unstable under small perturbation of the potential and

has observational consequences in time signals. Such signals might be experimentally difficult to observe

and probing this instability will be a technical challenge. Here, we investigate the spectral instability of
time-independent data. This leads us to study the Regge poles (RPs), the counterparts to the quasinormal
modes in the complex angular momentum plane. We present evidence that the RP spectrum is unstable but
that not all overtones are affected equally by this instability. In addition, we reveal that behind this spectral
instability lies an underlying structure. The RP spectrum is perturbed in such a way that one can still

recover stable scattering quantities using the complex angular momentum approach. Overall, the study

proposes a novel and complementary approach on the black hole spectral instability phenomena that allows

us to reveal a surprising and unexpected mechanism at play that protects scattering quantities from the

instability.
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Introduction.—Resonant phenomena are found ubiqui-
tously in various branches of physics, from mechanical
vibrations and electromagnetism to quantum mechanics
and gravitational interactions. Resonances constitute a
powerful mathematical framework that reveal striking
similarities and connections across fields.

In nonconservative systems, described in the general
framework of non-Hermitian physics [1], the spectrum of
resonance may undergo the elusive phenomena of spectral
instability. Spectral instability refers to the susceptibility of
a system’s spectrum to perturbations. In other words, a
small modification to the system’s environment might
change drastically the spectrum of its resonances.

Within this context, it is important to note that reso-
nances provides a tool to describe physical phenomena but
they are not the observables measured in experiments. A
close consideration of the link between spectral instabilities
and physical observables is therefore warranted and it is the
main purpose of this Letter.

We will address this issue by focusing on a specific
system: a classical Schwarzschild black hole (BH).

Motivated by early works by Nollert and Price [2] and
others [3,4], Jaramillo et al. have recently identified and
described the quasinormal mode spectral instability of
BHs [5]. Quasinormal modes (QNMs) are a set of damped
sinusoids characterized by discrete complex frequencies:
the QNM spectrum. QNMs are of prime importance in BH
physics as they relate to the late-time gravitational waves
signal, sometimes referred to as the “ringdown,” emitted
after BH mergers [6-8].

In [5,9,10], it was shown that the QNMs spectrum of
BHs exhibits an instability and may deviate drastically if a
small perturbation is added to the BH environment. The
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natural question of the observational consequences of this
instability was quickly asked and signs of it were found in
the natural physical quantity associated to QNMs: the
ringdown of perturbed BH [11]. Soon after, it was shown
that some perturbations of the BH surroundings could also
destabilize the fundamental QNMs [12], which can also be
seen in ringdown signals [13].

Naturally, the recent discovery that the QNM spectrum
of BHs is unstable under certain small perturbations of
the potential poses a challenge to the influential black hole
spectroscopy proposal [14-17]: that the detection of
multiple quasinormal modes can be used to test the no-
hair theorem [18,19].

In this context and in light of the incredible technological
progresses, exemplified by the first picture of a BH shadow
by the Event Horizon Telescope [20,21] and the future
LISA mission [22], modeling and understanding wave
propagation around BHs in our inhomogeneous and mat-
ter-filled Universe is therefore of the utmost importance.

While considerable progress has been made regarding
the implication of a BH spectral instability on time-
dependent data, no attention has been paid to the effect
of this instability on time-independent observables. Such
time-independent quantities (deflection angle, scattering
and absorption cross section) are known to be linked to the
spectrum of resonances [23-26].

A natural framework to address the link between spectral
instability and scattering quantities is that of the Regge
poles (RPs). RPs are the counterpart to QNMs and they are
a different point of view of the BH resonances. QNMs are
resonances with a real angular momentum and complex
frequency while RPs are resonances with a real frequency
and a complex angular momentum. RPs provide a direct
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link to scattering and absorption via the complex angular
momentum (CAM) approach, which allows one to recon-
struct time-independent quantities from the RPs’ spectrum
[26-28]. Such approach has been successfully applied to
BHs and compact objects in various contexts [23,28-31].

Considering the strong link between QNMs and RPs
[23], it is natural to ask the following questions: Is the RP
spectrum unstable? If so, what are the observational
consequences on quantities constructed from them?

In this Letter, we link features and properties of time-
independent scattering quantities to the spectral instabilities
of BHs. We present evidence of the following observations:
(i) the RP spectrum is unstable, and (ii) the spectral
instability does not manifest itself in the observable
scattering quantities linked to the RPs and one can
reconstruct them using either the perturbed or unperturbed
RP spectrum.

The observation of the stability of physical observables
despite the instability of an underlying spectrum is par-
ticularly surprising as it implies the existence of compen-
sating mechanisms and suggests that the RP spectrum is not
modified in an arbitrary manner.

We will work in geometrical units where G = ¢ = 1.

Model and Methods.—Efforts in studying wave propa-
gation in BH surrounded by an environment have already
been made, and authors have considered wave scattering by
BH surrounded by matter with specific forms [32,33].
Here, we adopt a more general approach and consider a BH
surrounded by a generic perturbation. We consider a scalar
field propagating over a Schwarzschild background. Upon
separation of variables, the radial profile of the scalar field,
¢(r), satisfies the Regge-Wheeler equation [34]:

¢

2
drs

+ (@ = V,)p =0. (1)

In the above, V, is the effective potential for the £ mode
given by V, = V(} + 6V, with

w-(-3)(A3) o

r r r

and 8V is a perturbation of the radial potential. Here, we are
interested in the way that the instability that afflicts the
QNM spectrum may also manifest in the RP spectrum, we
choose a Gaussian perturbation 6V that causes a drastic
modification of the QNMs spectrum when placed far from
the scattering center. We follow [12] and choose

5V—{€exp <_(”_—a)2> Hratw, (3)
0 ifa+w<r.

We note that this model is an ad hoc perturbation. While
it may relate to some matter surrounding an isolated black

hole [32], it does not correspond to a solution to the
Einstein’s equations modeling an astrophysical BH sur-
rounded by matter. In addition, while the amplitude of 6V is
very small compared to potential barrier, and can be
considered as a small perturbation, it may lead to a large
energy content for large values of a [35]. The motivation
for the adopted model is qualitative and the goal is to
investigate the link between spectral instabilities and
physical observables. The cut is introduced to calculate
high overtones of the RP spectrum efficiently with the
method described below. For w > ¢, the cut does not
qualitatively affect the RP spectrum, as shown in the
Supplemental Material [36].

Resonances are defined as solutions to Eq. (1) that satisfy
purely outgoing boundary conditions at infinity and
ingoing at the horizon, corresponding to energy leaving
the system. Practically, the spectrum of resonances is
determined from the condition W(g™", $*P) =0, where
W is the Wronskian of the solutions ¢™ and ¢"P that
separately satisfy the boundary condition at infinity and at
the horizon, respectively. The spectrum is a discrete set
labeled by the integer n called the overtone number. For
real 7, the spectrum is the set @, €C and correspond to
QNMs while for real w, the spectrum lies in the complex #
plane and correspond to the RPs.

In order to compute the RP spectrum of the perturbed
BH, we apply an extension of the well-known continued
fraction method [37,38]. This method consists of construct-
ing a series solution at an arbitrary point b, rather than at the
horizon, and to construct a continued fraction from the
value of the field and its derivative at this point, which are
obtained by solving numerically Eq. (1) subject to ingoing
boundary condition at the horizon. This method was
originally developed to study resonances of compact
objects and allows one to calculate high overtones of the
resonance spectrum while modifying at will the potential
for r < b [31,39,40] (see Supplemental Material). We have
checked that this method and a direct integration scheme
[41] give the same spectrum (see Supplemental Material).

Results.—We now consider a particular perturbation of
the radial potential, fixing 2M = 1 and given by Eq. (3)
with the parameters: ¢ = 107, a =10, ¢ = 0.1, and
w = 200. With this set of parameters, the fundamental
QNM frequency is destabilized, as expected from [12] (see
Supplemental Material). We now investigate if this QNM
spectral instability translates into the complex angular
plane. Our results can be cast into two main statements.

Instability of the RP spectrum: We begin by computing
the RP spectrum of the perturbed BH, which is displayed in
red in Fig. 1 and given in Table I in the Supplemental
Material. The spectrum and in particular the high overtones
is clearly unstable and deviates from the unperturbed
spectrum shown in blue. We can identify three branches
in the perturbed spectrum: (1) an “original” branch made of
low overtones that follow the unperturbed spectrum

111401-2



PHYSICAL REVIEW LETTERS 131, 111401 (2023)

T T T

15} = 1
T ! .
O L
. A
0 L]
T A ]
~—~ O L]
5 O 3 A
E O . A
o A
5 ¢° A |
ﬂ A . €=
e oOA: e=107°
=
=
0 = I I I I
5 10 15 20 25 30
Re(\,)
FIG. 1. RP spectrum of the perturbed BH (red squares,

diamonds, and triangles) and of the unperturbed BH (blue dots)
for the frequency 2M @ = 3. We can distinguish three branches in
the perturbed spectrum, represented by the different markers. The
red squares follow the unperturbed spectrum while the diamonds
and the triangles describe the inner and outer branches, respec-
tively. The parameters used in SV are ¢ = 1/10, w = 200,
and a = 10.

(represented in red squares), (2) an “inner” branch (red
diamonds) with lower real parts and regularly spaced
imaginary part, and (3) an “outer” branch (red triangles)
with larger real parts and an increasing spacing of imagi-
nary parts. Some properties of the RP spectral instability
are investigated in the Supplemental Material and in a
future work [42]. Of particular interest is the observation
that, for the perturbation considered, the fundamental
RP and the first few overtones remain stable while the
fundamental QNM is already destabilized.

Stability of physical observables: We have established
that the RP spectrum is unstable and answered the first
question raised at the beginning of this Letter. We now turn
our attention to the second question and address whether or
not the spectral instability manifests itself on observable
quantities linked to the RP spectrum.

There are two fundamental scattering quantities that can
be related to the RP spectrum: (1) the scattering cross
section, do/dQ, and (2) the absorption cross section, ¢
[43]. The scattering cross section at a fixed frequency is
constructed from the scattering amplitude f(w,6) via
(do/dQ) = |f(w,0)|*. Using the partial wave method,
the scattering amplitude and the absorption cross section
can be computed from a summation over the different £
components and their ingoing and outgoing amplitudes at
infinity [44,45]. The scattering amplitude and the absorp-
tion cross section can be related to the RP spectrum via the
CAM approach [26,29,30]. The main idea of the CAM
approach is to turn the sum over £ modes into an integral
over a continuous variable, 1 = ¢ + 1/2, in the complex

angular momentum plane. Via the CAM approach, the
scattering quantities can be exactly expressed as

fl@.0) = %+ [,

where the superscript B is a contribution from a back-
ground integral and the superscript RP denotes the con-
tribution from the RPs. The background contribution is
dominant at low frequency while it is the RP contribution
that dominates at high frequencies, independently of the
perturbation of the potential.

Equation (4) makes a direct link between the RP
spectrum and physical observables; and it is this link that
we should investigate now.

First, we observe that the scattering quantities are stable
under the perturbation considered here. If we denote f, (6,)
the scattering amplitude (absorption cross section) of the
perturbed potential and f (6,) the one of the unperturbed
potential, one can see that the difference between the two is
of order e. This is represented in Fig. 2, which depicts the
two differences computed numerically using the partial
wave method in conjunction with the reduction series
technique [46,47]. Note also that the difference scales
linearly with epsilon, indicating that nonlinear contribu-
tions in e are negligible.

and o =0 +o%°, (4)
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FIG. 2. Difference between the unperturbed and perturbed
physical observable. The top panel depicts the difference in the
scattering amplitude for the frequency 2M® = 3 while the bottom
panel represents the difference in the absorption cross section.
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FIG. 3. Scattering cross section and its reconstruction from the

RP spectrum. The solid black line represents the scattering cross
section of the unperturbed BH computed from the partial wave
method. The dashed curves are the RP reconstruction where only
the first five overtones of the unperturbed (in blue) and perturbed
(red) spectra, corresponding to the original branch are included.
The orange curve is the reconstruction where we have included the
first 15 perturbed RPs. Note the remarkable agreement between
the unperturbed scattering cross section and the reconstruction
from the unstable spectrum.

A key result of this Letter is that one can reconstruct
stable physical quantities from either the unperturbed or the
perturbed RP spectrum. This is best illustrated in Fig. 3,
where the unperturbed scattering cross section is recon-
structed (dotted orange line) from the first 15 overtones
of the perturbed RP spectrum presented in Fig. 1 (the
reconstruction from the stable spectrum can be found in
[30]). We note that the contribution of the background
integral is negligible for the frequency considered here and
the RP contribution is calculated directly from the RP
spectrum and its associated residues, r, (@) [30]

R (w,0) = —%i% X P/l,,(w)—l/2[_ cos(6)].
n=0 n

(5)

As we pointed out above, the RP spectrum presents a
relatively “stable” part where the perturbed and unper-
turbed RP spectrum coincide on the low overtones. One
might expect those low overtones to dominate the
reconstruction of the scattering cross section, much like
the fundamental QNMs dominate the ringdown signal. This
is, however, not the case, and while the low overtones
account for the large angular behavior, one does need to
include the full perturbed RP spectrum to reconstruct the
scattering cross section. This is illustrated in Fig. 3, where
the RP contribution from the “stable” part of the spectrum
is isolated (shown in dashed lines). We underline again here
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FIG. 4. Absorption cross section and its reconstruction from the
RP spectrum. The solid black line represents the absorption cross
section of the unperturbed BH computed from the partial wave
method. The dotted curve is the RP reconstruction including the
first eight perturbed RPs.

the remarkable agreement between the scattering cross
section of the unperturbed BH and the reconstruction from
the drastically different unstable RP spectrum.

A similar reconstruction of the stable absorption cross
section is presented in Fig. 4. In the high frequency regime,
the background contribution can be approximated by 6% ~
2772M? and therefore we have that ¢ ~ 27zM? + oRP, with
the RP contribution given by

RP _ _ﬁ 1 L (@)7 (@)™ (@)=1/2]
7= ZRG(; sin{z[A, (@) — 1/2]} ) (6)

@
where y, are the residues of the gray-body factor
I's(w) [26].

Discussion.—Motivated by understanding the physical
consequences of the BH spectral instability, we have
adopted a different point of view on the problem, that of
the RPs and of the CAM method. This approach allowed us
to unveil another facet of the instability by exploring it in
the complex angular momentum plane.

We have presented evidence that the RP spectrum of BH
is unstable. This observation reinforces the strong link
already established between QNMs and RPs. Our analysis,
however, reveals that the link between those two facets of
resonances might not be so straightforward and it is
necessary to study them separately.

While a detailed study of the properties of the RP
spectrum will be presented in coming works, we have
pointed out that the RP spectrum exhibits an increased
robustness to perturbation as compared to QNMs. By this,
we mean that in a situation where the fundamental QNM
frequency is strongly destabilized, the fundamental RP
remains stable. A potential explanation for this superior
robustness is the direct link that exists between the low
overtones of the RP spectrum and physical effects, asso-
ciated with particle trajectories in a black hole space-time
[29,48-50]

Finally, we have shown that while the RP spectrum is
unstable, its impact on physical observable quantities, the
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scattering cross section and the absorption cross section, is
minimal. This is in sharp contrast with the case of time-
dependent quantities in which signatures of the QNM
spectral instability can clearly be extracted [11,13]. This
observation reveals that a surprising and unexpected
compensation mechanism is at play in the spectral insta-
bility phenomena. In particular, Egs. (5) and (6) are two
highly nontrivial combinations of unstable individual
spectral quantities, that overall remain stable. To the best
of our knowledge, this is the first evidence of the presence
of such structure in BH spectral instabilities. Finding all
invariant spectral combination and their properties is a
promising avenue for future research and may provide
valuable insight into our understanding of spectral insta-
bilities across fields.

An another interesting application of our results would
be to look for signs of structure in the QNM spectral
instability. It was already noted that the QNM spectral
instability will manifest on late timescale and therefore,
early time signals would be stable under perturbation
[13,32,51]. It would, however, be remarkable to identify
invariant quantities linked to the QNM spectrum. A
potential candidate for such quantity could be the deflection
angle in the strong deflection limit that is directly linked to
the scattering cross section and the QNM spectrum [52,53].

Ultimately, while we have focused on the link between
spectral stability and observable in the context of BH
physics, we anticipate that our observations may have
applications in other fields where the CAM approach is
applicable, such as atomic and molecular collisions [54] or
particle physics [55], where signs of RP spectral instability
may have been seen [56].
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