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Hole spins in semiconductor quantum dots can be efficiently manipulated with radio-frequency electric
fields owing to the strong spin-orbit interactions in the valence bands. Here we show that the motion of the
dot in inhomogeneous strain fields gives rise to linear Rashba spin-orbit interactions (with spatially
dependent spin-orbit lengths) and g-factor modulations that allow for fast Rabi oscillations. Such
inhomogeneous strains build up spontaneously in the devices due to process and cool down stress. We
discuss spin qubits in Ge=GeSi heterostructures as an illustration. We highlight that Rabi frequencies can be
enhanced by 1 order of magnitude by shear strain gradients as small as 3 × 10−6 nm−1 within the dots. This
underlines that spins in solids can be very sensitive to strains and opens the way for strain engineering in
hole spin devices for quantum information and spintronics.
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Hole spins in semiconductor quantum dots [1] show
versatile interactions with electric fields owing to the strong
spin-orbit interaction (SOI) in the valence bands [2–4]. This
allows for fast electrical manipulation of hole spin qubits
[5–11] and for strong spin-photon interactions [12–15]
suitable for long-range entanglement. The SOI, however,
couples the spin to electrical and charge noise; yet recent
works have shown how dephasing “sweet spots” can be
engineered to limit decoherence [15–18]. Ge=GeSi hetero-
structures have, in particular, made outstanding progress in
the past two years [11,19,20], with the demonstration of a
four qubits processor [21] and of charge control in a sixteen
dots array [22].
The manipulation of hole spins by resonant ac electric

fields involves a variety of physical manifestations of SOI.
Rashba and Dresselhaus interactions couple the spin to the
momentum of the hole, and give rise to an effective time-
dependent magnetic field when the dot is shaken as a whole
by the ac electric field [23,24]. The modulations of the
gyromagnetic g factors of the hole resulting from the
deformations of the moving dot may also drive spin
rotations ( -tensor modulation resonance or -TMR)
[6,25–27]. The physics of SOI has been extensively
investigated in Ge=GeSi heterostructures [28–33]; the role
of the nonseparability of the confinement potential and of
the inhomogeneity of the ac electric field has in particular
been highlighted [34]. Yet the above mechanisms hardly
seem sufficient to explain the large Rabi frequencies
reported in some experiments [11,20,21].
In this Letter, we show that inhomogeneous strains give

rise to specific linear Rashba and -TMR mechanisms
allowing for efficient electrical hole spin manipulation. We
take Ge=GeSi heterostructures as an illustration, and
demonstrate a tenfold increase in the Rabi frequencies

for shear strain gradients as small as 3 × 10−6 nm−1, arising
naturally from differential thermal contraction between
materials [35]. These mechanisms are likely ubiquitous
in hole spin devices, but their fingerprints can easily be
mingled with those of conventional (purely kinetic) Rashba
SOI and -TMR. This emphasizes howmuch spins in solids
can be sensitive to strains [27,36–38].
Theory.—We consider a hole moving in a potential VðrÞ

and a homogeneous magnetic field B. The heavy-hole
(HH) and light-hole (LH) Bloch functions can be mapped,
respectively, onto the Jz ¼ � 3

2
and Jz ¼ � 1

2
components of

a J ¼ 3
2
spin. The envelopes of these four Bloch functions

fulfill a set of differential equations defined by the
Luttinger-Kohn Hamiltonian [39,40]:

H ¼ HK þHε þHZ þ VðrÞ14; ð1Þ

where HK is the kinetic energy, Hε describes the effects of
strains, HZ is the Zeeman Hamiltonian and 14 is the 4 × 4
identity matrix [41]. HK and Hε share the same generic
form in the Jz ¼ fþ 3

2
;þ 1

2
;− 1

2
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2
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HK=ε ¼
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where, for HK,

PK ¼ 1

2m0

γ1ðp2
x þ p2

y þ p2
zÞ; ð3aÞ
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QK ¼ 1

2m0

γ2ðp2
x þ p2

y − 2p2
zÞ; ð3bÞ

RK ¼ 1

2m0

ffiffiffi
3

p
½−γ2ðp2

x − p2
yÞ þ 2iγ3fpx; pyg�; ð3cÞ

SK ¼ 1

2m0

2
ffiffiffi
3

p
γ3fpx − ipy; pzg; ð3dÞ

with fA; Bg ¼ 1
2
ðABþ BAÞ, and, for Hε,

Pε ¼ −avðεxx þ εyy þ εzzÞ; ð4aÞ

Qε ¼ −
1

2
bvðεxx þ εyy − 2εzzÞ; ð4bÞ

Rε ¼
ffiffiffi
3

p

2
bvðεxx − εyyÞ − idvεxy; ð4cÞ

Sε ¼ −dvðεxz − iεyzÞ: ð4dÞ

Here p is the momentum, m0 is the free electron mass, and
γ1, γ2, γ3 are the Luttinger parameters that characterize the
hole masses. The εαβ are the strains; av is the hydrostatic,
bv the uniaxial and dv the shear deformation potential of the
valence band. The form of Eq. (2), which couples different
Jz’s through the R and S terms, embodies the action of SOI
in the valence band. The Zeeman Hamiltonian HZ ¼
2μBðκB · Jþ qB · J3Þ describes the action of the magnetic
field on the Bloch functions, with J the spin 3

2
operator,

J3 ≡ ðJ3x; J3y; J3zÞ, μB the Bohr magneton, and κ, q the
isotropic and cubic Zeeman parameters. The action of B on
the envelopes of the hole is accounted for by the sub-
stitution p → −iℏ∇þ eA in HK, with A ¼ 1

2
B × r the

magnetic vector potential.
At B ¼ 0, the hole states are twofold degenerate owing

to time-reversal symmetry. Each Kramers doublet splits at
finite magnetic field and can be characterized by an
effective Hamiltonian H ¼ 1

2
μBσ · gB, where σ is the

vector of Pauli matrices and g is the gyromagnetic matrix
of the doublet [6,27]. We consider from now on a quantum
dot strongly confined along z ¼ ½001� (e.g., hosted in a
quantum well with thickness LW), although the following
discussion can be extended to arbitrary structures. In the
absence of HH/LH mixing [R ¼ S ¼ 0 in Eq. (2)], the
ground state is a pure fj þ 3

2
i; j − 3

2
ig doublet split by HZ,

with diagonal g matrix (gxx ¼ −gyy ¼ 3q, gzz ¼ 6κ þ
ð27=2Þq). RK and SK actually admix LH components into
the HH ground state, owing, in particular, to lateral
confinement in the xy plane. The effects of this admixture
on the g matrix can be captured by a Schrieffer-Wolff (SW)
transformation [42]:

δHhh0 ≈
X
l

1

Eh − El
hhjHcjlihljH0

cjh0i; ð5Þ

where h, h0 run over the ground-state HH doublet with
energy Eh0 ¼ Eh, l runs over LH states with energies El,
and Hc; H0

c ∈ fRK; SK; HZg. This yields [34,42]

gxx ≈þ3qþ 6

m0ΔLH
ðλhp2

xi − λ0hp2
yiÞ; ð6aÞ

gyy ≈ −3q −
6

m0ΔLH
ðλhp2

yi − λ0hp2
xiÞ; ð6bÞ

gzz ≈ 6κ þ 27

2
q − 2γh; ð6cÞ

where ΔLH ¼ ð2π2ℏ2γ2=m0L2
WÞ is the HH-LH band gap,

λ ¼ κγ2 − 2ηhγ
2
3, λ

0 ¼ κγ2 − 2ηhγ2γ3, γh ≈ 3.56 and ηh ≈
0.20 in unstrained Ge films [42–44]. The expectations
values of px and py are calculated for the ground-state HH
envelope of the quantum dot. The ∝ κγ2 contributions to
gxx and gyy result from the interplay between HZ and RK,
while the ∝ ηh terms result from the action of the magnetic
vector potential in RK and the interplay with SK. We have
assumed here hpαpβi ¼ 0 if α ≠ β [42].
The strain terms Rε and Sε also mix HH and LH states

and give rise to g-matrix corrections. Neglecting orbital
excitation energies with respect to the HH=LH band gap
(El − Eh ≈ ΔLH), and using

P
lhrjlihljr0i ¼ δðr − r0Þ, we

get from the interplay between Hε and HZ:

FIG. 1. The simulated device is made of 20 nm thick Al gates
(gray) on a Ge=Ge0.8Si0.2 heterostructure with a LW ¼ 16 nm
thick Ge well (red) and a 50 nm thick upper GeSi barrier. The
central C gate (diameter 100 nm) is separated from the L/R/T/B
side gates by 20 nm. The gates are insulated from the substrate
(and are surrounded on all facets) by 5 nm of Al2O3 (blue). The
yellow shape is the isodensity surface that encloses 90% of the
ground-state hole charge at bias VC ¼ −40 mV with side gates
grounded.
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δgxx ¼ δgyy ¼
6bvκ
ΔLH

ðhεyyi − hεxxiÞ; ð7aÞ

δgzy ¼ −
4

ffiffiffi
3

p
κdv

ΔLH
hεyzi; ð7bÞ

δgzx ¼ −
4

ffiffiffi
3

p
κdv

ΔLH
hεxzi; ð7cÞ

δgxy ¼ −δgyx ¼
4

ffiffiffi
3

p
dvκ

ΔLH
hεxyi: ð7dÞ

We have dropped the smaller ∝ q terms. Under biaxial
strain εxx ¼ εyy ¼ εk, εzz ¼ ε⊥, ΔLH ≈ ð2π2ℏ2γ2=m0L2

WÞþ
2bvðεk − ε⊥Þ but the above corrections are zero. Shear
strains may bring nonzero off-diagonal elements in the g
matrix that rotate the principal magnetic axes as evidenced
experimentally in Refs. [18,38].
Moreover, the interplay betweenHε andHK gives rise to

specific Rashba- and Dresselhaus-like SOIs. In particular,
setting Hc ¼ RK, H0

c ¼ Sε (or vice versa) yields

δHso ¼ −
ℏ
mk

�
1

lso
px − i

ℏ
2

�
∂

∂x
1

lso

��
σy; ð8Þ

withmk the in-plane HHmass and lso the spin-orbit length:

1

lso
¼

ffiffiffi
3

p mkdv
m0ΔLH

�
γ2

∂εxz
∂x

− γ3
∂εyz
∂y

�
: ð9Þ

Note that lso is generally dependent on position and signed
[hence the ∝ ð∂=∂xÞðl−1

so Þ correction for Hermiticity] [45].
It is remarkable that inhomogeneous strains promote linear-
in-momentum (instead of cubic) SOI even in symmetric
dots. The complete set of strain-induced SOIs is given in
the Supplemental Material [46].
In general, g is dependent on the gate voltages, which

gives rise to Rabi oscillations when driving the dot with a
resonant ac signal [6,25,27]. The Rabi frequency reads

fR ¼ μBBVac

2hg�
jgb × g0bj; ð10Þ

where b is the unit vector along B, g� ¼ jgbj is the
effective g factor of the dot, Vac is the amplitude of the
drive and g0 ¼ ð∂=∂VÞg is the derivative of gwith respect to
the driven gate voltage. The latter collects different con-
tributions [27]: Kinetic Rashba SOI [28–30], also resulting
from the interplay between RK and SK in Eq. (5), can give
rise to nonzero off-diagonal elements in g0 when the dot is
shaken as a whole [6,42]; the deformations of the dot in an
anharmonic confinement potential and/or an inhomo-
geneous ac field directly modulate hp2

xi and hp2
yi, hence

gxx, gyy, and gzz (conventional -TMR) [6,25,34]; the
nonseparability of the confinement in the xy plane and
along z can result in rotations of the principal axes of the g
matrix and in nonzero g0zx and g0zy [34]. Finally, and this is
the focus of this Letter, the motion and deformation of the
dot in inhomogeneous strains can give rise to modulations
of the δgαβ’s [Eqs. (7)] as well as to strain-induced Rashba
SOI [Eq. (9)].
Application and discussion.—As an illustration, we

explore the contribution of these mechanisms to the
Rabi oscillations of a hole spin qubit in a planar
Ge=Ge0.8Si0.2 heterostructure [11,19–21]. We consider
the device of Fig. 1, similar to Ref. [34]. The quantum
dot is shaped by the central C gate with the side L/R/T/B
gates grounded. Practically, the C and side gates may be on
different metalization levels [21]; we keep, however, the
structure as simple and symmetric as possible in order to
best highlight the effects of strains. In the absence of the
gate stack, the Ge well is biaxially strained by the Ge0.8Si0.2
buffer, with εk ¼ −0.61% and ε⊥ ¼ þ0.45%. However, the
Al gates and Al2O3 oxide imprint inhomogeneous strains
resulting from fabrication and cool down. We assume here
that the gate stack materials are nearly matched to the buffer
at the temperature of their deposition (T ≈ 300 K for Al
and T ≈ 550 K for Al2O3) and that inhomogeneous strains
build up at T ≈ 0 K owing to the different thermal con-
traction (TC) coefficients (see Ref. [46] for details). This
approach has been very successful in explaining the ESR
line shapes of Si:Bi substrates with Al resonators on top

FIG. 2. Difference between inhomogeneous (with TC) and biaxial strains, in (a),(b) the xz plane at y ¼ 0, and (c) the xy plane at z ¼ 0.
These planes are identified by dashed-dotted gray lines in the panels. The black lines delineate the materials in (a),(b) and the position of
the gates (and Al2O3 around) at the surface of the heterostructure in (c). The strain εyz in the Ge well is obtained from panel (c) by a 90°
rotation [46]. These maps are representative of the TC-induced strains in the device.
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[37,60]. The strains are calculated with a finite-element
approach [46].
The differences between inhomogeneous (with TC) and

biaxial strains are plotted in Fig. 2 (see Ref. [46] for other
strain components). The TC strains are mostly induced by
the Al gates that contract much faster than the oxide and
semiconductors. The effective lattice mismatch between the
Al gates and Ge0.8Si0.2 buffer is indeed Δa=a ≈ −0.35% at
T ¼ 0 K. The large εp ¼ 1

2
ðεxx þ εyyÞ ≈ 0.27% at the

bottom interface of the C gate shows, however, that the
contraction of Al is strongly hindered by the harder buffer
and oxide. The strain modulations within the heterostruc-
ture are therefore small, with prominent shear components.
They decrease with depth, reaching at most εp − εk ≈
0.007% in the Ge well. We emphasize that the existence
of such strains has been recently demonstrated experimen-
tally in a similar layout [61].
The electrical potential of the gates is computed with a

finite-volumes method and the eigenstates of the dots with
a finite-difference discretization of Eq. (1). The Rabi
frequencies are then calculated from the numerical gmatrix
and its derivative [27,46]. This g-matrix formalism is
nonperturbative in the HH=LH mixings and includes,
therefore, all orders beyond Eqs. (7) and (8). The maps
of Rabi frequency as a function of the orientation of B are
plotted in Fig. 3 for biaxial and inhomogeneous strains. The
hole is driven by opposite ac modulations δVL ¼ −δVR ¼
1
2
Vac cos 2πfLt on the L and R gates, where fL ¼ g�μBB=h

is the Larmor frequency (see Ref. [46] for drives with the L

or C gate only). The maximal Rabi frequency (at constant
fL) is enhanced by a factor ≈13 by inhomogeneous CT
strains. The anisotropy is nonetheless similar as in biaxial
strains. Indeed, the first-order corrections δgαβ are all zero
at VL ¼ VR ¼ 0 given the symmetries of the device. The g
factors of the undriven dot are therefore almost the same in
biaxial and in homogeneous strains. Moreover, only g0xz ¼
∂gxz=∂VLR and g0zx ¼ ∂gzx=∂VLR (with VLR ¼ VL − VR)
can be nonzero in both cases owing to the parity of the ac

electric field [27,34,46]. Therefore, for B in the xz
plane,

fRðθÞ ¼
μBBVac

2hg�
jg0xzg⊥cos2θ − g0zxgksin2θj; ð11Þ

and for B in the xy plane,

fRðφÞ ¼
μBBVac

2h
jg0zx cosφj; ð12Þ

where g⊥ ≡ gzz ≈ 13.5, gk ≡ gxx ¼ −gyy ≈ 0.15, and g� ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2⊥cos2θ þ g2ksin

2θ
q

[34,62]. Thus g0xz rules the out-of-

plane, ∝ jbzj background of Figs. 3(a) and 3(b), while g0zx
gives rise to the in-plane, ∝ jbxj feature. The latter is
particularly sharp (especially at constant fL) owing to the
very large ratio between g⊥ and gk. The mechanisms
responsible for the Rabi oscillations in biaxial strains have
been discussed in Ref. [34]. The out-of-plane background
(g0xz ¼ 0.09 V−1) stems from cubic Rashba SOI, while the
in-plane feature (g0zx ¼ 0.24 V−1) is -TMR resulting from
the coupling between the motions along x=y and z in the
nonseparable confinement potential of the holes.
These mechanisms are superseded in inhomogeneous

strains by the effects of the shear strains εxz and εyz (the
other εαβ making only minor contributions). The in-plane
feature now picks the modulations of Eq. (7c) when the dot
moves in the εxz gradient. This is hence a -TMR
contribution, however leveraging the displacement x0d ¼
∂hxi=∂VLR of the dot rather than its deformations [6,25].
Using the calculated x0d ¼ 1.15 nm=mV and the biaxial
HH=LH band gap ΔLH ≈ 71 meV, we estimate δg0zx ≈
−4

ffiffiffi
3

p
κdvx0dhð∂=∂xÞεxzi=ΔLH ≈ 3.84 V−1 from Eq. (7c).

This is actually more than one decade larger than g0zx ¼
0.24 V−1 in biaxial strains, and in fair agreement with the
numerical (non-perturbative) g0zx ¼ 3.25 V−1, which shows
that the SW transformation captures the main features of

FIG. 3. (a),(b) Maps of Rabi frequency as a function of the orientation of the magnetic field, for opposite drives δVL ¼ −δVR ¼
1
2
Vac cos 2πfLt on the L and R gates (VC ¼ −40 mV). Map (a) is for homogeneous biaxial strains, and map (b) is with inhomogeneous

TC strains. The Rabi frequency, proportional to B and Vac, is normalized to B ¼ 1 T and Vac ¼ 1 mV. (c) Rabi frequency as a function
of θ (φ ¼ 0) at constant Larmor frequency fL ¼ 5 GHz, normalized to Vac ¼ 1 mV.
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the strain-induced SOI. The physics of the strain-induced
Rashba SOI, Eq. (8), is more intricate. If lso is homo-
geneous (constant ð∂=∂xÞεxz and ð∂=∂yÞεyz), δHso

essentially couples the spin to the velocity vx ¼
−ðVacx0dÞ2πfL sinð2πfLtÞ of the driven hole, which results
in a Rabi frequency fR ¼ Vacx0dfL=lso when B⊥y
[24]. In the g-matrix formalism, this translates into a small
correction −2gkx0d=lso to g0zx, and into a sizable contribu-
tion 2g⊥x0d=lso to g0xz [46]. However, when the spin-orbit
lengths are inhomogeneous, the orbital motion of the hole
in the magnetic vector potential becomes dependent on the
dot position through the substitution p → −iℏ∇þ eA in
δHso, which makes an even larger contribution to g0xz. From
g0xz ¼ 1.52 V−1 without magnetic vector potential in HK,
we estimate an effective lso ¼ 2g⊥x0d=g0xz ¼ 32 μm, close
to the expectation value of Eq. (9), lso ¼ 40 μm; with the
magnetic vector potential back on, g0xz ¼ 5.70 V−1 actually
increases by a factor 4 (and is larger than the cubic Rashba
contribution g0xz ¼ 0.09 V−1 by a factor 63). This large g0xz
can, however, hardly be harnessed efficiently because the
magnetic field is much smaller along z than in plane at
given fL (g⊥ ≫ gk). Rabi frequencies are practically larger
for in-plane magnetic fields, and look more consistent with
experimental data in inhomogeneous strains [20,21] (fR in
the 50 MHz range indeed imply unreasonably large peak-
to-peak modulations 2Vac ≈ 20 mV in biaxial strains).
In the present device, the strain gradients are

ð∂=∂xÞεxz ¼ ð∂=∂yÞεyz ≈ 3 × 10−6 nm−1 at the center of
the dot. Residual shear strain gradients as small as
10−7 nm−1 would, therefore, still enhance significantly
the Rabi frequencies. We emphasize that the strains are
primarily imposed by the same gates that shape the
potential; they are therefore pervasive and commensurate
with the dots, which strengthens their efficiency. Also,
fR is ∝ x0d ∝ r4k for both strain-induced -TMR and Rashba
SOI, with rk the radius of the dot. This is an unusually
strong scaling for -TMR contributions such as δg0zx
(Rashba SOI typically prevailing over purely kinetic
-TMR in long dots [42]). Strain-induced -TMR shall,
therefore, dominate over Rashba interactions whatever the
size of the dot. Moreover, Fig. 2(b) suggests that the Rabi
oscillations speed up considerably if the Ge well is brought
closer to the Al gates where shear strains are maximal.
Calculations for a 25 nm thick Ge0.8Si0.2 barrier indeed
show a 2.2× enhancement of the Rabi frequencies
[46]. The prevalence of the above mechanisms can most
easily be demonstrated experimentally by varying the
nature or thickness of the metal gates, which has negligible
impact on the electrostatics of a deeply buried well but
modulates the strains in the heterostructure [46]. Finally,
we would like to outline the role of strain-induced SOI on
the dephasing time T�

2. Although stronger SOI is expected
to decrease T�

2, we find that inhomogeneously strained
devices actually exhibit better quality factors Q�

2 ¼ 2fRT�
2

over a wide range of magnetic-field orientations thanks to
the strong enhancement of the Rabi frequency fR.
Moreover, biaxially and inhomogeneously strained devices
display the same “sweet spot” Bkx that maximizes Q�

2

owing to symmetry and reciprocal sweetness relations
between fR and T�

2 [15]. Decoherence and relaxation are
discussed in more detail in the Supplemental Material [46].
To conclude, we have unveiled the specific linear Rashba

SOI and -TMR mechanisms arising from the motion of
holes in inhomogeneous strain fields. In planar hetero-
structures, these mechanisms are essentially ruled by the
gradients of shear strains εxz and εyz. In Ge=GeSi spin
qubits, they can make a prevalent contribution to the Rabi
frequency even for the small shear strain gradients achieved
by differential thermal contraction upon cool down. These
mechanisms highlight the role of strains in spin-orbit
physics and open the way for strain engineering in hole
spin devices for quantum information [19], hybrid semi-
conductor-superconductor and topological physics
[63,64], and spintronics [65,66].
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