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Tunable Josephson Diode Effect on the Surface of Topological Insulators
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The Josephson rectification effect, where the resistance is finite in one direction while zero in the other,
has been recently realized experimentally. The resulting Josephson diode has many potential applications
on superconducting devices, including quantum computers. Here, we theoretically show that a super-
conductor-normal metal-superconductor Josephson junction diode on the two-dimensional surface of a
topological insulator has large tunability. The magnitude and sign of the diode quality factor strongly
depend on the external magnetic field, gate voltage, and the length of the junction. Such rich properties
stem from the interplay between different current-phase relations for the multiple transverse transport
channels, and can be used for designing realistic superconducting diode devices.

DOI: 10.1103/PhysRevLett.131.096001

Introduction.—The diode exhibits a large difference in
resistance between opposite bias polarities, making it one
of the fundamental electronic components. This nonrecip-
rocal effect requires inversion symmetry breaking, which is
usually achieved in heterostructures like the pn junction,
where the current-voltage (I-V) characteristic is fixed once
the structure is fabricated (except for its temperature
dependence). Consequently, the direction of the rectifica-
tion cannot be reversed. Similar nonreciprocal transport
properties have been studied in noncentrosymmetric bulk
materials, like, e.g., magneto-chiral anisotropy [1-6], but
the rectification effect is typically less than 1%. Recently,
the superconducting diode effect (SDE), or Josephson
diode effect (JDE) when implemented on Josephson
junctions, has excited great fundamental and applica-
tions-oriented interest. The SDE allows for a larger critical
supercurrent in one direction than in the opposite. This
nonreciprocity can be expressed by the quality factor Q in
the form of forward or reverse critical currents J=,

JE=TL

R

(1)

As Q # 0, the system admits a perfect dissipationless trans-
mission in only one direction if currents flow in the range
between J;” and J7. Such a directionality provides a promi-
sing avenue for future applications to diode devices, such as
dissipationless electronics. SDE has been revealed in vari-
ous systems such as noncentrosymmetric superconductors
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[7-11], patterned superconductors [12,13], superconductor-
ferromagnet multilayers [ 14—16], and twisted materials [ 17—
19]. In particular, a lot of experimental efforts have been
devoted to the JDE [20-27], where a large quality factor Q is
expected.

Most theories of the JDE [28-43] predict that the
absence of inversion and time-reversal symmetries results
in the anomalous Josephson current J(¢) # —J(—¢), with
@ being the macroscopic superconducting phase difference.
Consequently, Cooper pairs acquire a finite momentum g,
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FIG. 1. (a) Schematic of a planar SNS Josephson junction
formed on the surface of a 3D TI, with a normal region of length
L and an in-plane magnetic field B applied to the whole structure.
Electrically tunable gate V; can be applied on the thin barrier in
the middle. (b) Characteristic of the quality factor Q in short (top)
and long (bottom) junctions. Q in the long junction experiences
several sign changes (purple circles) as the Zeeman field varies.
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like Fulde-Ferrell-Larkin-Ovchinnikov states, resulting in
different depairing effects between supercurrents with
opposite directions [34]. Since ¢, can be induced by
magnetic fields in spin-orbit coupling systems, topological
materials have advantages in revealing JDE due to their
strong spin-orbit coupling. JDEs have been thus predicted
in one-dimensional (1D) nanowire systems [44], quantum
spin Hall insulators [45], and the surface of topological
insulators (TIs) [42,46].

Notably, three issues remain unexplored among previous
works on the JDE in topological materials. First, JDEs have
been studied in short junctions, while most experiments so
far are based on long Josephson junctions. Generally, the
length of the junction increases the number of resonances
inside the normal region and thus the behavior of the
Josephson current [47-49]. Second, most microscopic mod-
els considered effective one-dimensional transport, while the
JDE in actual higher dimensional systems is more relevant
for applications since it supports large supercurrent flow.
Moreover, higher dimensional junctions consist of multiple
channels which may greatly alter the JDE, specially in the
presence of chiral Majorana bound states [42]. Itis thus worth
studying the JDE beyond short and one-dimensional junction
limit. The last remaining issue is how to easily tune the JDE
by external fields or junction parameters with respect to both
the sign and magnitude of the quality factor.

In this Letter, we study the Josephson diode effect in a
superconductor-normal metal-superconductor (SNS) junc-
tion on the surface of a three-dimensional (3D) TI [5S0-57],
as depicted in Fig. 1(a). A tunable gate voltage V; can be
applied in the thin barrier region in the middle of the
junction. In short junctions, Q has no sign change unless
the direction of the applied in-plane Zeeman field m, flips,
see Fig. 1(b). However, Q can exhibit sign changes as a
function of the magnitude of m, in the long junction without
voltage V. Furthermore, a finite V5 can be used to tune the
quality factor Q. To explain this behavior, we show how the
interplay between the magnetic field and the spin-orbit
coupling on the TI surface results in a different momentum
shift g, for each transport channel. Consequently, since the
supercurrent is carried by multiple modes with different
momenta parallel to the interface, the current-phase relations
can be different among channels, like in the d-wave
junctions [58]. The total supercurrent and the quality factor
Q can thus be greatly modified when the current-phase
relation for different transverse modes deviates from each
other by varying parameters, such as the gate voltage. We
note that our computed Q is consistent with recent experi-
ments [24] and useful for designing realistic rectification
devices based on TIs.

Model and formalism.—The superconducting regions
are located at x < 0 and x > L, where L is the junction
length [Fig. 1(a)]. An in-plane external magnetic field is
applied to the whole structure. The low-energy electronic
excitations are described by the Bogoliubov—de Gennes

(BdG) Hamiltonian H = 13, ¢/H,&;, with

Hy = vk,§, — vk, 8,2, — (u+ V)%, + m,8, — A8z, (2)
and & given by (cxp,cpy. cT_kT, cT_ki)T. The chemical
potential is p, the Fermi velocity is v, and §;(%;) are Pauli
matrices in spin (Nambu) space. The in-plane Zeeman field
my, can be induced by either magnetic field or doping of
magnetic impurities [59]. The gate voltage is given by
V(x) = VgO(|Ly|/2 — x). We consider an induced s-wave
order parameter A(x) = A[e?©(—x) + O(x — L)], where ¢
is the macroscopic superconducting phase difference. We
further adopt the BCS temperature dependence A(T) =
Agtanh(1.74/T./T — 1), with Ay = 1.76kzT,. and T.
being the critical temperature.

The equilibrium Josephson current can be conveniently
calculated by Green’s functions [60]. We construct the
retarded Green’s function from wave functions on the TI,
considering the four types of quasiparticle injection proc-
esses: left electron (hole) injection, w,(y,), and right
electron (hole) injection, w3(wy) [59-64]. Because of
translation invariance along the y direction the wave
functions read y,_; 4 = y;(x)e™”, where k, = usin6/v,
with an injection angle 6 for electrons and holes. For
Ay < p and weak Zeeman coupling |m,| < u, yry(2)(x) are
taken as

wi(x) = Aje* + a Age’t + b Ase™** (3a)
wr(x) = Ase ™ + arAze™ " + byA e, (3D)

where k, = pcos0/v. A; are 4-component spinors that can
be found in the Supplemental Material [65]. The retarded
Green’s function is obtained by combing all the injec-
tion processes [65] and defines the extended Furusaki-
Tsukada (FT) formula [58,64,66] I(p) = [dO0J(6,¢),
with J(0, @) = J,,(0,9) + J,(6, ¢) and

ekgT ir2 irz
Jn(0,0) = [ - cosf, (4a)
2z wz -T2 1-12

ekgT il a il'_a
Jao(0.0) = 2?: Z [l —+F; -1 —Fi} cos@.  (4b)
+ —_

Wy

Here, T (E) = Ag[Ex 4+ /EL — AJ]™!, with E, = E+
mycos@ shows the angle-dependent modification of
ay)(®,) and I'y (w,), which are obtained by analytical
continuation, £ — iw,, into Matsubara frequencies w, =
zkgT(2n+1), n=0,%+1,+2...J, comes from the
Doppler shift [59,71,72] of the Fermi surface by m,, and
J, stems from Andreev reflections. It is straightforward to
check that the obtained current formula is consistent with
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FIG. 2. (a) Current-phase relation for a long SNS junction with

L =5¢&, and V; = 0. (b)-(d) Angle-resolved Josephson current
as a function of the incident angle 0 of quasiparticles for m, = 0
(b), m, =0.84 (c), and m, = 1.5A, (d). The temperature is
T = 0.01T, and Ry is the resistance when both electrodes are in
the normal state.

previous results on TI surface in the absence of the in-plane
magnetic field [73].

To compare with the short 1D Josephson junction, we
solve the Andreev bound states (ABSs) for arbitrary L and
0 as follows [65],

2E_L E_
voosd 2arcsinA—0 =2n+ Dz + g, (5a)
2E L E

T 4 2arcsin—+ = —p — 2m + 1)z,  (5b)

vcosf Ag

with n and m integers. While the short 1D junction features
one pair of ABSs with constant energy shift m,
(cos@ — 1), in the long junction there are several ABSs
present in the spectrum. The value of ¢ where the crossing
of ABSs occurs is modified by the magnetization, which
becomes a function of the angle 6. As a result, the current-
phase relation (CPR) also becomes angle dependent, as
shown in Fig. 2 and explained in detail below.

Current-phase relation.—Using the FT formula, we
calculate the CPR of the long junction with a fixed length
L =5&, and at temperature 7 = 0.017.. For our calcu-
lations, we choose relevant accessible parameters: The
Fermi energy for 3D TIs based on Bi compounds [74]
can be larger than 50 meV. The proximitized superconduct-
ing gap at zero magnetic field is around 0.5 meV, and
similar values are reported for induced Zeeman exchange
from in-plane magnetic fields [75].

In Fig. 2(a), for my, = 0 the CPR is almost sinusoidal,
and as m, increases, the characteristic behavior of CPR
becomes anomalous with a finite Josephson current appears
for ¢ = 0 [73]. Meanwhile, the maximum current in the

CPR, i.e., the critical current /., decreases as m,, increases.
To elucidate the influence of the magnetization on the CPR,
we plot the angle-resolved Josephson current in Figs. 2(b)-
2(d) corresponding to the three curves in Fig. 2(a). Clearly,
changing @ shifts the @-position of the sign changes in
J (6, @). This is due to the Doppler shift in the coherence
factorI',,ie, E—- E+£ my, cos 0, as explained above [65].
Our result coincides with the 1D quantum spin Hall system
if we fix @ = 0 [45]. While the Josephson current has non-
zero quality factor for a fixed angle #, the maximum
(minimum) current J(6, @) appears at different ¢ as 6
varies, see Figs. 2(b)-2(d). Especially, J(6, ¢) experiences
a positive-negative transition which greatly modifies the
resultant /7 after integration over . Since the value of ¢ for
which the current is maximum (minimum) varies with 6
[Figs. 2(b)-2(d)], we observe a different JDE between the
2D and 1D cases [76].

Quality factor—We plot in Fig. 3(a) the diode quality
factor Q as a function of m, for different lengths of the 2D
SNS junction at low temperature, 7 = 0.017.. The sym-
metry relation Q(m,) = —Q(-m,) is satisfied and Q
depends strongly on the magnitude of the magnetization
my. The diode effect first grows linearly with increasing
|my| and then decreases as m, is larger than some critical
value within the gap. Similar behavior is found in 1D SNS
junctions [41]. However, we find that the quality factor Q
has an additional sign change as |m,| > A,. In the short
junction limit, i.e., L = 0, such additional sign change
disappears. In Fig. 3(b), we show the quality factor Q for a
long junction at different temperatures (L = &;). The diode
effect is more prominent in the low temperature limit.
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FIG. 3. Quality factor of a 2D SNS junction as a function of the

magnetization m, for several (a) lengths L, with fixed temper-
ature 7 = 0.017 ., and (b) temperatures for a fixed length L = &;.
(c),(d) Same for the 1D SNS junction. In all cases, V5 = 0.
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FIG. 4. (a) Quality factor Q as a function of (a) the junction

length at T = 0.02T. and (b) the temperature for L = &,. The
magnetization is my, /Ay = 0 (black), 0.5 (red), 0.9 (green), and
1.5 (blue). V5 = 0 in all panels.

For comparison, we plot the 1D SNS junction by
considering the current for & = 0 in Figs. 3(c) and 3(d).
We recover the previous results in Refs. [41,45], where the
quality factor Q;p has no additional sign change as
|my| > Ay, for both short and long junctions. We note that
the additional sign change has been observed in recent
experiments for Dirac systems [24]. We view this phe-
nomenon as a result of the sign change of the angle-
resolved Josephson current for long junctions, cf. Fig. 2.
Moreover, averaging the Josephson current over 6 com-
bines modes with different signs of the current J(0, ¢).
Such suppression of the resulting Josephson current
decreases the value of the diode effect, |Q| < |Qp.

To further illustrate the evolution of the quality factor
with the variation of parameters, we show the dependence
of Q as a function of junction length and temperature in
Fig. 4. One can see that the quality factor for m, > A, (e.g.,
m, = 1.5A) has nonmonotonic behavior which can
change sign with either L or 7. For high temperature,
the sign of Q is the same for different m, but the magnitude
of Q is greatly suppressed.

Symmetry analysis.—We now discuss a symmetry con-
straint on the emergence of Josephson diode effect based on
our model. From the BdG equations, H(¢)y, = E,(¢)y,,
with eigenstates E,(¢), the Josephson current reads

J(p) = 75¢F(¢),

Flg) =Y E(¢)f,, (6)
where f,=(1/2)[1 —tanh(E,/2kpT)] is the Fermi distribu-
tion function. We now assume that the Hamiltonian H(¢)
preserves a symmetry defined by UH(p)U" = H(—p),
which leads to H(—¢)Uy, = E,(¢)Uy,. Thus, both
H(g) and H(—¢) have energy eigenvalues E,(¢). As a
result, in the presence of the symmetry of /, we obtain that
the free energy F is an even function of ¢ and therefore
J(@) is an odd function of ¢

Since the Josephson current becomes an odd function with
respect to ¢, the JDE never occurs in the presence of the
symmetry of U.

We now focus on the symmetry properties of the specific
Josephson junction fabricated on a TI. In the absence of
Zeeman fields, the Hamiltonian preserves the following
symmetries: time-reversal symmetry, THp(r,)TT =
Hp(r,—¢), and magnetic-mirror-reflection symmetry 7',
with respect to the zx-plane, Ty, H  (r, )T}, = Hp(r, —¢),
where T and T,, = M”T are

. is, O
sz = ' n Rv- (8)
0 5] -

Here, KC is the complex conjugation operator and R,
describes the spatial reflection with respect to the zx plane,
i.e., Ry converts y into —y. As discussed above, these
symmetries prohibit the emergence of the JDE. Never-
theless, when we apply a Zeeman field along the y direc-
tion, which is described by H;, = m,5§,, both symmetries
are broken. As a result, we can expect the Josephson
diode effect with the Zeeman field along the y direction.
On the other hand, when we apply a Zeeman field in the
x direction, the Hamiltonian H,, = m,§,7, still preserves
the T, symmetry. Therefore, we cannot obtain the
Josephson diode effect with applying the Zeeman field
in the x direction.

Gate-tuned JDE.—On the surface of TIs the JDE is not
only affected by the different current-phase relation among
multiple transport channels induced by the magnetic field
[Figs. 2(c) and 2(d)], but also by the magnitude of their
contribution to the total current. The latter can be tuned by
applying a gate voltage in the normal region [77], see
Fig. 1(a). We thus add a potential barrier with a fixed width
L = 1072&, inside the normal region where the barrier
height V; can be tuned experimentally by changing a gate
voltage, see Eq. (2). For long junctions, Fig. 5(a) shows the
dependence of the quality factor on the gate for several
magnetic fields. The quality factor is minimal at V5 =0

0.3 0.3

m, =134, (b)

(a) —m—m = 0.;A0

—0—my=118) —y=m =154,

FIG. 5. Quality factor Q as a function of the voltage gate V; for
the (a) long junction (L/& =2) and (b) short junction
(L/& = 0.01). In all cases the barrier length is L;/&, = 0.01.
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and increases with |V|. Interestingly, for large enough
magnetic fields, e.g., m, = 1.5A, there are sign changes of
Q by changing |V ;|. By contrast, such sign changes are not
present in the short junction, see Fig. 5(b). This can be
intuitively understood from the fact that a barrier alters the
transmissivity of all transport channels by a different
amount. Modes with normal incidence are immune to such
barrier due to the Klein tunneling, however, the oblique
transport has lower transmissivity as compared to the
transparent case [77]. As |V| increases, the characteristic
of the JDE behaves similarly to the 1D case, since we have
seen that the quality factor has different sign for 2D and 1D
junctions under large magnetic field m, (Fig. 3). Our results
with potential barrier open a way towards the electric
control by gating of both the sign and the magnitude of the
quality factor.

Conclusions.—We have studied the diode effect in 2D
SNS Josephson junctions on the topological insulator
surface. We have demonstrated a high tunability of the
quality factor Q, including its sign, by the external
magnetic field, a gate voltage, and the length of the
junction. This system can thus be exploited to create an
all-in-one device for future superconducting rectification.

Recently, sign reversals of the supercurrent diode effect
have been revealed in bulk Rashba-Zeeman superconduc-
tors as a function of temperature and magnetic field [33].
Such behavior appears due to the momentum dependence
of the condensation energy in the crossover region of
helical superconductivity, where the Cooper-pair-momen-
tum drastically changes. In the long Josephson junction
studied here, the spatial phase gradient becomes smooth as
compared to the short junction, and we have found that the
Josephson diode shares similar sign reversals with the
supercurrent one, but resulting from a different current-
phase relation of the transverse transport channels. It is also
important to emphasize that the sign change here is
universal in the long junction limit and has been observed
in experiments [24]. One can also use magnetic doping to
realize the Zeeman effect for possible future applications
without external magnetic fields. The sign reversal of the ac
and dc supercurrent diode effect has been recently reported
in Rashba Josephson junctions due to a similar multiple-
channel mechanism [78].
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