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In this Letter, we derive new bounds on a heat current flowing into a quantum L-particle system coupled
with a Markovian environment. By assuming that a system Hamiltonian and a system-environment
interaction Hamiltonian are extensive in L, we prove that the absolute value of the heat current scales at
most as ©(L?) in a limit of large L. Furthermore, we present an example of noninteracting particles globally
coupled with a thermal bath, for which this bound is saturated in terms of scaling. However, the construction
of such a system requires many-body interactions induced by the environment, which may be difficult to
realize with the existing technology. To consider more feasible cases, we consider a class of the system where
any nondiagonal elements of the noise operator (derived from the system-environment interaction
Hamiltonian) become zero in the system energy basis, if the energy difference exceeds a certain value
AE. Then, for AE = ©(L"), we derive another scaling bound ©(L?) on the absolute value of the heat current,
and the so-called superradiance belongs to a class for which this bound is saturated. Our results are useful for
evaluating the best achievable performance of quantum-enhanced thermodynamic devices, including far-

reaching applications such as quantum heat engines, quantum refrigerators, and quantum batteries.
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Quantum mechanics successfully describes the counter-
intuitive behaviors of microscopic objects, which cannot
be explained by classical theory. Recently, considerable
effort has been devoted toward engineering large quantum
systems while sustaining quantum effects such as entan-
glement and coherence. Quantum technology is a new
field to seek novel industrial applications using such
quantum properties.

To quantify the performance of quantum devices, we
typically consider its scaling in a limit of a large number of
qubits, and we compare quantum and classical methods
with equal resources (e.g., using the same amount of time).
Shor demonstrated that a fault-tolerant quantum computer
can solve factorization problems exponentially faster than
the best-known classical algorithm [1]. Quantum metrology
exploits the nonclassical properties of probe qubits to
measure external fields with higher sensitivity. The esti-
mation uncertainty is known to decrease by L~/ with L
classical probes; in principle, the uncertainty can decrease
by L' with L entangled qubits [2—4].

Meanwhile, since the Industrial Revolution, thermody-
namics has been conventionally adopted to describe the
macroscopic behaviors of classical systems. Its extension to
fluctuating nonequilibrium classical small systems, referred
to as stochastic thermodynamics, has been studied exten-
sively in recent decades [5]. Specifically, stochastic thermo-
dynamics can provide a richer set of limitations on heat
engine performances, as exemplified by fluctuation theo-
rems [6-9] and trade-off relations [10,11].
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Quantum thermodynamics refers to the extension of
thermodynamics to quantum systems [12—15]. Quantum
versions of heat engines [16—18] and batteries [19] have
been proposed, where the device is typically modeled as an
open quantum system. Several experimental demonstra-
tions of such quantum thermodynamic devices have been
reported [20-24]. As with other quantum technologies,
scaling advantages in the performances of heat engines
[25-34] and quantum batteries [35—41] have been demon-
strated for specific models. Pioneered in the seminal work
for the discovery of superradiance [42], many previous
studies regarding a scaling enhancement (with the system
size) of a heat current have been reported, which plays a
critical role in the advantage of quantum thermodynamic
devices. Despite recent discoveries such as a quadratic heat
current in a high-temperature environment [25,26] or
interacting particles [27,31] and more theoretical studies
behind these systems [29,32], universal scaling bounds
on a heat current for arbitrary open quantum systems
remain unknown.

In this Letter, we derive new bounds on a heat current
J(¢) flowing into an open quantum system. We consider an
L-particle system whose Hamiltonian is extensive with
respect to L. A straightforward approach for generating the
heat current is the parallel use of L particles, where each
particle is individually coupled with the environment. We
refer to this approach as a parallel scheme. For this scheme,
the heat current scales as |J(7)| = @(L). Throughout this
Letter, a function f(L) is written as f(L) =©(g(L)) if

© 2023 American Physical Society
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FIG. 1. Schematic for a quantum scheme for heat current
generation realized in a system composed of L particles sur-
rounded by Np baths. For a parallel scheme, the L particles are
used in parallel.

there exist constants k;, k,, and L, such that k;g(L) <
f(L) < kpg(L) is satisfied for any L > L,. Meanwhile, in a
quantum scheme, the particles are collectively coupled with
the environment (see Fig. 1). For fair comparison of a
quantum scheme and a parallel scheme, we assume that a
system-environment interaction Hamiltonian is extensive
as well. According to the convention of quantum thermo-
dynamics, we specifically focus on an open quantum
system that is weakly coupled with the environment.
Under these conditions, we derive a scaling bound
|[J(t)] < O(L?), and we present an example for which it
is saturated in terms of scaling. However, the model
requires an L-body interaction, which may be difficult to
realize with the existing technology. Therefore, to derive
another bound for more feasible models, we restrict the
class of the system such that the interaction with the
environment only induces transitions between system
energy eigenstates whose energy difference is smaller
than a certain value AE. By mathematically imposing this
condition, we obtain another scaling bound |J(#)| < ©(L?)
for AE = ©(L"). Furthermore, we find that in the case of
superradiance, which is a well-established collective energy
emission process observed in light-matter systems [42], this
bound is saturated in terms of scaling. Our derived bounds
universally limit how a heat current can scale with the
system size, regardless of the choice of the system. Our
results are useful for evaluating the best achievable per-
formance of quantum-enhanced thermodynamic devices.
As an example, we can also construct a new quantum heat
engine with a quantum enhancement.

Model.—We consider a total system composed of a
quantum system subject to an environment modeled as Np
heat baths. The total Hamiltonian is expressed as follows:

I:]tot:ﬁs+ﬁ3+ﬁima (1)
Np
@:Z%% 2)

Np
ZIW (3)

where A s (H p) 1s a system (an environmental) Hamiltonian,

FIE;) is a free Hamiltonian of the ath bath, and H,, is a
system-environment interaction Hamiltonian that is defined

as a summation of interaction Hamiltonians A 1(r?t) between
the system and the ath bath. Further, we assume that

Let p\ =

these Hamiltonians are time-independent.
() 5@
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of the ath bath with an inverse temperature /3, and let pp =

| denote a thermal equilibrium state

®2”’1 ﬁp denote a product state of these thermal equilib-
rium states. Here, Tr, is a partial trace over the degrees of
freedom of the ath bath. For the interaction Hamiltonian
I:Il(ri), we introduce Hermitian noise (bath) operators
{A } k=12....c, ({ }k 12...c,) acting on the degrees of
freedom of the system (ath bath) where the label k denotes a
“channel” through which the system-bath interaction is
induced, and c¢, denotes the number of channels. Then,
the interaction Hamiltonian can be expressed as follows:

Ay =3 A" @ BY. (4)

After applying the Born and Markov approximations, we
obtain the Redfield equation as follows (7 = 1) [43]:

dps(t) _
dt

HS Ps

+2Dm (5)

mw:A(anﬁwW%ﬂmW
‘%)U(ﬂ4+He, (6)

where pg(7) denotes a reduced density operator of the
system (in the Schrodinger picture), and D, denotes a
dissipator due to the ath bath. Here, we define a correlation

N

function as C,(C'll)(s) =Tr, [E,({“)(S)Bgu)ﬁg”)], where an oper-
ator is transformed as O > O(f) = ¢! Q=o' with
respect to the free Hamiltonian Hy=Hs+ Hp.
According to the convention of quantum thermodynamics,
we define an instantaneous net heat current J(¢) from the
environment to the system as follows:

@@} (7)

J(t) :TI'|:I:IS di

For a multibath environment, we obtain an “additivity”
J(t) = SN2, J,(1), where a heat current J,(¢) from the ath
bath to the system is defined as follows:

Ja(t) = Te{HD, [ps(1)]}. (8)
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Bound 1.—We can derive a general upper bound on the
absolute value of the heat current as follows [44]:

Ca
(O] < 41 A Y = 1A IA)]
k=1

; ©)

where we introduce a coefficient 2\ = [ ds|C\%)(s)| and

an operator norm for a given operator O (induced by a

vector norm |||y)|| = \/(w|w)), which is expressed as
10| = supy, ([0 [I/1lly)|]). This newly derived bound
is applicable to an arbitrary open quantum system, as far as
the Born and Markov approximations are validated.
Application of Bound 1 to L-particle systems.—We
apply the general bound, Eq. (9), to a system composed
of (generally interacting) L identical particles (such as an
L-qubit system) subject to Ny heat baths, and we analyze
how a heat current scales with L (see Fig. 1). Suppose that
the form of the system-environment interaction is given as
Eq. (4). In particular, we focus on the case in which the
system Hamiltonian is extensive in L, i.e., |Hs| = ©(L).
Moreover, we assume that the interaction Hamiltonian H,,
is extensive as well, i.e., ||H,|| = ©(L), which is a natural
assumption for a fair comparison of the heat current
with that for a parallel scheme. Hence, we assume

||A,((“>|| = O(L/c,), which means that the distribution of
the interaction energy over each channel k is homogeneous.

Furthermore, we assume that [|B\”|| =@©(L°), = =
O(L%), and N = O(L") because these quantities are solely
determined by the properties of the environment.
Consequently, we show that |J,(¢)| and 3% |J,(¢)| scale
at most as ®@(L?). Remarkably, this scaling exceeds that of
the superradiance [42], which is known as a collective
emission of photons from L qubits.

In the derivation explained above, we assume that the
norm of the system-bath interaction scales linearly with the
system size. This assumption is valid for example when a
spin ensemble collectively interacts with a cavity where the
wavelength of the cavity photon is much larger than the
distance between the spins [53,54]. However, when we
consider the thermodynamic limit, it might be difficult for
the system-coupling strength to scale linearly with the
system size [55,56]. Thus, we consider the case in which
the system is not large enough to consider the thermo-
dynamic limit but is large enough to observe the collec-
tive coupling between the system and environment. For
example, the collective effect between a cavity and
thousands of superconducting qubits was experimentally
observed [54]. Therefore, our method could be realized
up to thousands of qubits.

Here, we present an example of an L-qubit system for
which the scaling bound |J,(#)| < ©(L?) obtained from
Eq. (9) is saturated. We introduce a system Hamiltonian as
follows:

ﬁs = a)qu, (10)

where J, =131 6\, and 61" is the z component of the
Pauli operator for the ith qubit with a frequency w,. Then,
for J . and an operator J? that represents the total angular
momentum, we consider a subspace spanned by Dicke
states {|L/2, M)}, which is a simultaneous eigenstate of J>
and J,, with eigenvalues (L/2)[(L/2) 4 1] and M, respec-
tively [M =L/2,(L/2)—1,...,—L/2]. Throughout this
Letter, we omit the label L/2 of the Dicke states, i.e.,
M) =|L/2,M). Explicitly, the Dicke state |M) is a
superposition state of all the computational states having
(L/2) + M excited states and (L/2) —M ground states
with an equal coefficient for an odd number L.

For an interaction between the L-qubit system and an
environment modeled by a single bath (i.e., Nz = 1), we
consider an “m-body interaction” (m = 1,2, ..., L) [44]. In
particular, we introduce the following system operator A for
the interaction Hamiltonian H;, = A® B:

. gL o .
A:g_[g)()) Q- ®6MQiIm) g...g "

LCm

+ (all possible permutations)} , (11)

where g denotes a constant coupling strength, and 6—@ (1
denotes the x component of the Pauli (identity) operator
for the ith qubit. Although A contains a total of
,C, =[L!/(L—m)'m!] terms, we have |A| =®©(L)
owing to the normalization by the prefactor; thus,
| Al = O(L).

Under the Born and Markov approximations, we derive a
Redfield equation for the L-qubit system coupled with a
white-noise Markovian bath. Then, for an initial Dicke
state ps(0) = |L/2)(L/2|, we obtain an instantaneous heat
current J(0) as follows:

L*m

J(O) = ~VwnWy—~>
7 LCm

(12)

where y,,, denotes a constant dissipation coefficient for
the white-noise environment. For m = L, the interaction
Hamiltonian induces a direct transition from |L/2) (all-
excited state) to |—L/2) (all-ground state), and the absolute
value of the heat current scales as |J(0)| = ©(L?). Thus,
the universal scaling bound ©(L?®) becomes saturated.
More generally, for the case of L —m = (L"), we can
evaluate the scaling as [J(0)| = ©(L¥*™~L) by using an
identity ,C,,_; = [m/(L —m + 1)], C,,. Therefore, in our
example, the construction of the interaction for the uni-
versal bound ©(L?) to be saturated requires L-body
interactions.
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Bound 2.—The previous example requires L-body inter-
actions for the scaling bound to be saturated, which
might be difficult to realize with the existing technology.
Therefore, we consider more feasible cases here. In
practical situations, the transfer energy due to an interaction
with an environment should be upper-bounded by a thresh-
old value, because the transitions should occur between
not-too-distant energy levels of the system Hamiltonian. In
particular, we focus on a specific class of the system by
setting a constraint that any nondiagonal elements of the
noise operators become zero in the system energy basis, if
the energy difference exceeds a certain value AE,(ca) for
channel k of the ath bath. Mathematically, this reads as

follows:
Ei - Ej| > AEY = (A7) =0 v ij,  (13)

where we define a spectral decomposition of the system
Hamiltonian as Hg = >°¥ | E;|i)(i], and N is the dimen-
sion of the Hilbert space of the system. Note that the system
is allowed to be degenerate, and a similar assumption was
made in Ref. [57]. Under this condition, by using a relation
that was also used in Ref. [57], we rigorously derive
another new bound on the absolute value of the heat current
as follows [44]:

0] <23 P AE AL NIAC. (14)
k=1

Therefore, if we assume that AE,(;O =0O(L%) (V a,k), then
|J,(2)| scales at most as ©(L?), and this provides a different
scaling bound from that provided by Eq. (9). Moreover,
owing to the constraint, we can discuss more realistic
cases for the bound to be saturated without many-body
interactions.

Bound 2 for superradiance and superabsorption.—We
discuss how our results can be applied to noninteracting
qubits coupled with a common bath. For L qubits that are
coupled with a single bath having a single channel (i.e.,
Ny =1 and ¢, = 1), a system Hamiltonian Hgz and an
interaction Hamiltonian H,, are respectively given as
follows:

I:ISR = Cl)qu, (15)
Ay =297, ® B, (16)

where J, = e, 6\, w, is a qubit frequency, Bis a
bath operator, and ¢ is a coupling strength between the
L-qubit system and the environment. For this system,
the condition of Eq. (13) is satisfied for AE = wg;
Consequently, AE = ©O(L"). Then, using Eq. (14), we
obtain |J,(t)| < ©(L?).

We compare our results with those of previous studies on
superradiance [44]. Suppose that L is an odd number.
Under a Redfield equation derived for the system of
superradiance with a zero temperature bath, we obtain a
heat current for an initial state |1/2) as follows:

J(0) = —%yowq(L 1), (17)

where y, denotes a constant dissipation coefficient. This
means that superradiance saturates the scaling bound
©(L?) obtained from Eq. (14). (see Fig. 2 for a summary
of our results).

Furthermore, we investigate the case of superabsorption,
which is interpreted as the reverse process of superradiance
[58]. The system Hamiltonian is expressed as follows:

Hsp = w,J, + QJ2. (18)

A critical component of the superabsorption is the addi-
tionally introduced term Q2. Combined with an engineer-
ing of a spectral structure of the environment, the system
exhibits an energy absorption process from |—1/2) to [1/2)
with a rate of ®(L?). This is superabsorption. However,
the superabsorption does not cause the bound in Eq. (14) to
be saturated in terms of scaling about L. This is because
the interaction induces a transition from |-L/2) to
|-(L/2) 4+ 1), and the energy difference between these
two eigenstates is @, + (L — 1)Q. To use the constraints
[Eq. (13)], we must set AE = ©(L) for this model. Thus,
Eq. (14) provides an upper bound that scales as ®(L?),
which cannot be saturated by superabsorption.

Bound on a steady-state heat current.—Although, so far,
we have discussed the upper bounds on a heat current for a

P, I < O(LF)

Prohibited by Bound 1

Superradiance

A 4

0 AE=0(L9)

FIG. 2. Scaling bounds on a heat current J(¢) flowing into an
L-particle open system. The light gray (dark gray) region
represents the prohibited scaling by Bound 1 (Bound 2). For
simplicity, we consider the case of a single bath and introduce
AFE = max; AE,. Superradiance causes Bound 2 to be saturated,
whereas our proposal of using an L-body interaction causes
Bound 1 to be saturated. Here, we assume the extensivity of the
system Hamiltonian, i.e., |[Hg| = ©O(L).
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given initial state, we can also derive an upper bound on
the heat current in a steady state. However, it is difficult to
define a steady state for the Redfield equation due to
the counter-rotating terms. Thus, we adopt a rotating-wave
approximation (RWA) for the Redfield equation, and we ob-
tain the following Gorini-Kossakowski-Sudarshan-Lindblad
(GKSL) master equation [dps(1)/dt] = L[ps(1)] [43]:

Clp) = —ilAs + A )+ > DO (19)

a=1

Here, the Lamb shift term A g satisfies [H, H; 5] = 0, and

(G)

the dissipator D, is defined as follows:

o kl=1
(20)

where {A, B} = A B +BA is an anticommutator. Then, for
the GKSL equation, we define a steady state p, for an initial
state pg(0) as follows:

P = lime?[pg(0)]. (21)

(fl)] _

l.w

First, by using the commutation relationship [H, A
—wﬁgfj (V l,w,a) that is satisfied for a microscopically
derived GKSL equation, we show that [Hy, j] = O when
[Hy.,ps(0)] = 0. Second, we show that, if [Hg,p] =0 is
satisfied, a heat current J.” (p) = Tr(H DO [A]) calculated
by the GKSL master equation (after the RWA) is the same as
that calculated by the Redfield equation (before the RWA)

Jo(p) = Tr(HgD,[p)). Therefore, we can use the right-hand
sides of Egs. (9) and (14) as the upper bounds on the steady-

state heat current Jg, = Tr(H SDSJG) [Ass)), which were
originally derived for the Redfield equation. Moreover,
we find a specific system to show a steady-state heat current
of |J| = ©(L?), which saturates Bound 1 in terms of
scaling. Consequently, we can construct new quantum-
enhanced thermodynamic devices such as a quantum heat
engine whose power output P scales as P = ©(L?) while its
efficiency is fixed [44].

Conclusion.—In this Letter, we discussed newly derived
bounds on a heat current flowing into an open quantum
system weakly coupled with an environment. First, we
derived a general scaling bound (with the number of
particles) on the absolute value of the heat current by
assuming the extensivity of a system Hamiltonian and a
system-environment interaction Hamiltonian. In particular,
we found that the best achievable scaling for the L-particle
system is ©(L?) in a limit of large L. However, for the
scaling bound to be saturated in our example, an L-body

interaction is required, which may be difficult to realize
with the existing technology. Then, we derived another
bound based on the constraint that any nondiagonal
elements of the noise operators become zero with respect
to the system energy basis if the energy difference of these
two bases exceeds a certain value AE. Based on this second
bound, we showed that the absolute value of the heat
current scales at most as @(L?) for AE = ©(L?), and this
bound is saturated for superradiance. We first revealed the
bounds that universally limit how fast a heat current
generated by an open L-particle quantum system can scale
with the number of particles. Our results are applicable not
only to an open quantum system involving an interaction
between particles but also to various types of the environ-
ment spectrum, both of which are expected to improve the
performance of quantum thermodynamic devices such as
quantum heat engines, quantum refrigerators, and quantum
batteries.
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