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We analyze the validity of a quasiparticle description of a superconducting state above a metallic
quantum-critical point (QCP). A normal state at a QCP is a non-Fermi liquid with no coherent
quasiparticles. A superconducting order gaps out low-energy excitations, except for a sliver of states
for non-s-wave gap symmetry, and at a first glance, restores coherent quasiparticle behavior. We argue that
this does not necessarily hold as the fermionic self-energy may remain singular above the gap edge. This
singularity gives rise to markedly non-BCS behavior of the density of states and to the appearance of a
nondispersing mode at the gap edge in the spectral function. We analyze the set of quantum-critical models
with an effective dynamical four-fermion interaction VðΩÞ ∝ 1=Ωγ , where Ω is a frequency of a boson,
which mediates the interaction. We show that coherent quasiparticle behavior in a superconducting state
holds for γ < 1=2, but breaks down for larger γ. We discuss signatures of quasiparticle breakdown and
compare our results with the photoemission data for Bi2201 and Bi2212.
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Introduction.—Metals near a quantum-critical point
(QCP) display a number of non-Fermi-liquid properties
like linear-in-T resistivity, a broad peak in the spectral
function near kF with linear-in-ω width, singular behavior
of optical conductivity, etc. [1–19]. These properties are
often associated with the coupling between fermions and
near-gapless fluctuations of an order parameter, which
condenses at a QCP [20–30].
The same fermion-boson interaction gives rise to a dome

of superconductivity around a QCP [31–43]. A super-
conducting order gaps out low-energy excitations, leaving,
atmost, a tiny subset of gapless states for a non-s-wave order
parameter, and a general belief has been that this restores
fermionic coherence. A frequently cited experimental evi-
dence is the observed emergence of a quasiparticle peak
below Tc in near-optimally doped cuprates (see, e.g.,
Ref. [44]). From the theory side, it has been shown that
fermionic self-energy in a superconductor above a QCP has
a conventional Fermi-liquid form at the lowest ω, even
when the gap has nodes [45], in distinction from a non-
Fermi-liquid self-energy in the normal state [46–55].
In this Letter, we challenge the narrative that fermions in

a superconducting state above a QCP are coherent quasi-
particles. We argue that for a set of models, specified below,
with an effective boson-mediated dynamical interaction
VðΩÞ ∝ 1=jΩjγ, the fermionic self-energy deep in a super-
conducting state is singular on the real frequency axis
above the gap edge at ω ¼ Δ. This singularity gives rise to
markedly non-BCS behavior of the density of states (DOS)
and to broadening and eventual vanishing of the dispersing
quasiparticle peak in the spectral function Aðk;ωÞ, which

gets replaced by a dispersionless mode, confined to the
gap edge.
To put our results into perspective, it is instructive to

compare them with superconductivity away from a QCP,
mediated by a massive boson. There, Aðk;ωÞ at T ¼ 0

displays a dispersing δ-functional peak at jωj¼ ðΔ2þξ2kÞ1=2,
where ξk ¼ vFðk − kFÞ is a fermionic dispersion. This holds
up to jωj < Δþ ω0, whereω0 is themass of a pairing boson.
At larger ω, fermionic damping kicks in, and the peak
broadens. This results in peak-dip-hump behavior of
Aðk;ωÞ, observed most spectacularly in near-optimally
doped cuprate Bi2Sr2CaCu2O8þδ (see, e.g., Refs. [56,57]).
At a QCP, ω0 vanishes and damping is present at all ω > Δ.
The issue, which we address here, is whether the quasipar-
ticle description survives, i.e., the width of the dispersing
peak remains smaller than its energy, or quasiparticle
description breaks down. We argue that the answer depends
on thevalue of the exponent γ in the effective interaction. For
γ < 1=2, the quasiparticle description survives, for γ > 1=2,
it breaks down. In the last case, the DOS displays a power-
law behavior with a non-BCS exponent and the spectral
function displays a dispersionless mode confined to the gap
edge. The dispersing quasiparticle peak survives for γ ≥ 1=2
but eventually washes out, first for ξk > 0 and then for
ξk < 0. We illustrate this in Fig. 1. We argue that our theory
provides compelling interpretation of the angle-resolved
photoemission spectroscopy (ARPES) data for Bi2201 and
Bi2212 [58,59].
Model.—For our study, we consider dispersionful fer-

mions, Yukawa coupled to a massless collective boson.
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In the normal state, a boson is Landau overdamped and is a
slow mode compared to an electron in the sense that its
effective velocity is far smaller than vF [60]. In a super-
conductor, Landau damping is eliminated at frequencies
below 2Δ as a feedback from pairing, yet bosons remain
slow compared to electrons as long as Δ=kF ≪ vF. In this
situation, the momentum integrations transverse and along
the Fermi surface in the expressions for the normal and
anomalous self-energies at any loop order are factorized:
the one transverse to the Fermi surface involves fast
electrons, the one along the Fermi surface involves slower
bosons. The latter yields an effective “local” dynamical
interaction VðΩÞ (an analog of α2FðΩÞ for the electron-
phonon case). At a QCP, VðΩÞ is singular at vanishingΩ in
spatial dimension D ≤ 3 and behaves as VðΩÞ ∝ ðḡ=ΩÞγ ,
where ḡ is the effective fermion-boson coupling, and the
exponent γ is determined by the underlying micro-
scopic model (deep in the superconducting state γ ¼ 2=3
for fermions near an Ising-nematic or Ising-ferromagnetic
QCP and γ ¼ 1 near a spin-charge density-wave
QCP) [61]. We consider γ as a parameter and aim at
finding universal features, which hold for these and other
models. We keep γ ≤ 1 to avoid interference with the phase
slips of the gap function on the real axis, which emerge at
γ > 1 (Refs. [62,63]). We note that the same effective
interaction VðΩÞ emerges for dispersionless fermions in a
quantum dot, coupled to Einstein bosons [the Yukawa-
Sachdev-Ye-Kitaev (Yukawa-SYK) model] [64–67]. In this
last case, the exponent γ is a continuous variable γ ∈ ð0; 1Þ,
depending on the ratio of fermion and boson flavors [68].
For simplicity, we neglect extra features associated with
non-s-wave pairing symmetry and focus on Aðk;ωÞ away
from the nodal points and on features in the DOS near the
gap edge.
Pairing gap and quasiparticle residue.—For supercon-

ductivity mediated by a dynamical interaction, the pairing
gap on a real frequency axis is complex, ΔðωÞ ¼
Δ0ðωÞ þ iΔ00ðωÞ, and is a function of the running fermionic

frequency ω. We define the gap edge Δ from the condition
ΔðωÞ ¼ Δ0ðωÞ ¼ Δ at ω ¼ Δ − 0. We measure the
deviation from the gap edge in δ ¼ ðω − ΔÞ=Δ and
introduce DðωÞ ¼ ΔðωÞ=ω. In a BCS superconductor
(the case γ ¼ 0 in our notations), DðωÞ − 1 ≈ −δ.
For a finite γ, the gap equation without vertex corrections

has the same form as in the Eliashberg theory for electron-
phonon interaction, but with VðΩÞ instead of a phonon
α2FðΩÞ. Vertex corrections from higher-loop diagrams are
generally of order one [69]. We assume that they do not
affect the physics qualitatively and neglect them [70]. For
justification, we note that the value of a superconducting
Tc, obtained within the Eliashberg theory, near an anti-
ferromagnetic QCP, agrees quite well with quantum
Monte Carlo result [80].
The gap equation on the real frequency axis has been

obtained before [62,81]. For any γ, Δ ∼ ḡ. We present the
equation for arbitrary ω in the Supplemental Material [70]
and here focus on ω ¼ Δð1þ δÞ near the gap edge. For
these ω, the gap equation simplifies to

D½Δð1þ δÞ� ¼ 1 − aδþ CðδÞ; ð1Þ

where a ¼ Oð1Þ, CðδÞ ¼ C½Δð1þ δÞ� − CðΔÞ, and

CðωÞ ∼ ḡγ−1 sin
πγ

2

Z
ω

0

dΩ
Ωγ

Dðω − ΩÞ −DðωÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2ðω − ΩÞ − 1

p : ð2Þ

Whether the BCS-like description is valid now depends on
whether or not CðδÞ ≪ δ. Assuming that this is the case
and solving (1) iteratively, we obtain CðδÞ ∼ δ3=2−γ . The
assumption is then valid at γ < 1=2. Evaluating CðδÞ
explicitly, we obtain slightly above the gap edge, at δ > 0,

D0½Δð1þ δÞ� ¼ 1 − aδþ b cos½πð3=2 − γÞ�δ3=2−γ;
D00½Δð1þ δÞ� ¼ −b sin½πð3=2 − γÞ�δ3=2−γ; ð3Þ

FIG. 1. Electronic spectral function Aðk;ωÞ at T ¼ 0 in a quantum-critical superconductor at a finite ξk ¼ vFðk − kFÞ for (a) the
exponent γ < 1=2, (b) γ ≥ 1=2, ξk < 0, and (c) γ ≥ 1=2, ξk > 0. In (a), Aðk;ωÞ vanishes at jωj ¼ Δ and has a well-defined dispersing
peak at ω > Δ; i.e., fermions are coherent quasiparticles. In (b), quasiparticle peak broadens and a nondispersing mode appears at the
gap edge. In (c), Aðk;ωÞ diverges at jωj ¼ Δ and monotonically decreases at larger ω; i.e., a quasiparticle description completely
breaks down.
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where b ∼
ffiffiffi
a

p
sinðπγ=2ÞJðγ; 1Þ and Jðγ; νÞ is expressed via

Beta functions as

Jðγ;νÞ¼B

�
1− γ;γ−1−

ν

2

�
−B

�
1− γ;γ−1þ ν

2

�
: ð4Þ

The function D½Δð1þ δÞ� is nonanalytic for γ > 0, but still
D0 − 1 ≫ D00, and the leading term in D − 1 is the regular
one −aδ. For γ > 1=2, the calculation of D½Δð1þ δÞ� has
to be done differently. We find after straightforward
analysis that the leading term inD½Δð1þ δÞ� is nonanalytic
and of order δν, where ν > 1 is the solution of Jðγ; νÞ ¼ 0.
The exponent ν ≈ 1þ 0.67ðγ − 1=2Þ for γ ≈ 1=2.
The subleading term in D½Δð1þ δÞ� scales as δνþc, where
c > 0 is approximately linear in γ − 1=2. In Fig. 2, we plot
νðγÞ and cðγÞ along with the numerical results ofDðωÞ for a
representative γ ¼ 0.8. The exponent ν, extracted from the
numerical DðωÞ, is 1.18, which matches perfectly with the
analytical result. The behavior at γ ¼ 1=2 is somewhat
special, see the Supplemental Material [70].
Another relevant quantity is the inverse fermionic

residue ZðωÞ ¼ 1þ ΣðωÞ=ω, where ΣðωÞ is the electronic
self-energy. Near the gap edge, Z½Δð1þ δÞ� ¼ Z þ C̄ðδÞ,
where Z ¼ ZðΔÞ, C̄ðδÞ ¼ C̄½Δð1þ δÞ� − C̄ðΔÞ, and

C̄ðωÞ ∼ ḡγ sin πγ
2

ω

Z
ω

0

dΩ
Ωγ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2ðω −ΩÞ − 1

p : ð5Þ

This function is readily obtained once DðωÞ is known. For
γ < 1=2, Z½Δð1þ δÞ� ¼ Z þOðδ1=2−γÞ is approximately a
constant near the gap edge. For γ > 1=2, it is singular and
scales as 1=δν=2þγ−1, where ν=2þγ−1>0. In explicit form,

Z0½Δð1þ δÞ� ¼ b̄ cos½πðγ þ ν=2 − 1Þ�δ1−γ−ν=2; ð6Þ

Z00½Δð1þ δÞ� ¼ b̄ sin½πðγ þ ν=2 − 1Þ�δ1−γ−ν=2; ð7Þ

where b̄ ∼ sinðπγ=2Þ= ffiffiffi
a

p
B½1 − γ; ðν=2Þ þ γ − 1�.

Spectral function and DOS.—The spectral function and
the DOS per unit volume are given by

Aðk;ωÞ ¼ −
1

π
ImGRðk;ωÞ; ð8Þ

NðωÞ ¼ 1

V

X
k

Aðk;ωÞ ¼ NFIm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

D2ðωÞ − 1

s
; ð9Þ

where the retarded Green’s function GRðk;ωÞ ¼
−½ωZðωÞ þ ξk�=fξ2k þ ½ωZðωÞ�2½D2ðωÞ − 1�g, and ξk ¼
vFðk − kFÞ is the fermionic dispersion. ARPES intensity
is proportional to Aðk;ωÞnFðωÞ, which at T ¼ 0 selects
negative ω. At γ ¼ 0 (the BCS limit), N½Δð1þ δÞ�∼
1=δ1=2, and the spectral function has a δ-functional peak
at the dispersing ω ¼ ðΔ2 þ ξ2kÞ1=2 ≈ Δþ ξ2k=ð2ΔÞ. For a
finite γ < 1=2, these results hold, according to our calcu-
lations. The spectral function broadens, but still for any
nonzero ξk, Aðk;ΔÞ ¼ 0. The quasiparticle peak at a finite
ξk is well defined, as its width Oðξ3−2γk Þ is parametrically
smaller than its frequency. On the Fermi surface, at
ξk ¼ 0, Aðk;Δð1þ δÞÞ ∼ Im1=ðδþ iδ3=2−γÞ. The integral
of AðkF;ωÞ over an infinitesimally small range around
δ ¼ 0 is finite, as it is expected for an integral around a
quasiparticle peak.
For γ > 1=2, system behavior changes. Now N½Δð1þ

δÞ� ∝ 1=δν=2 diverges near ω ¼ Δ with a different,
γ-dependent exponent, and Aðξk;−Δð1þ δÞÞ diverges
at the gap edge for any ξk. At a finite ξk it diverges
as Aðk;Δð1þ δÞÞ ∝ 1=δν=2þγ−1, and at ξk ¼ 0 as
AðkF;Δð1þ δÞÞ ∝ 1=δν=2þ1−γ . In the last case, the integral
of AðkF;Δð1þ δÞÞ over an infinitesimally small range of δ
vanishes, which can be interpreted as the disappearance of a
quasiparticle peak at ξk → 0.
In Figs. 2(c) and 2(d), we show NðωÞ, obtained from the

numerical solution of the full gap equation [70] for
representative γ ¼ 0.35 and 0.8. We see that in both cases

FIG. 2. (a) Exponents ν and c for the leading and the subleading terms in the expansionDðωÞ ≃ 1þ aðΔ − ωÞν þ bðΔ − ωÞνþc, where
DðωÞ ¼ ΔðωÞ=ω and the gap edge Δ is the solution of Dðω ¼ ΔÞ ¼ 1. (b) Numerical result for DðωÞ for γ ¼ 0.8. Inset: power-law
behavior near the gap edge with ν ¼ 1.18, consistent with (a). (c) Fermionic DOS at T ¼ 0 for γ ¼ 0.35 (thick green line) and γ ¼ 0.8
(thin pink line). In both cases, the DOS vanishes below the gap edge Δ and has a power-law singularity above it NðωÞ ∝ 1=ðω − ΔÞν=2,
but the exponent ν is different in the two cases, as we show in the right panel.
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the DOS is a gapped continuum, but the behavior near the
gap edge is qualitatively different: for γ ¼ 0.35, NðωÞ has
the same 1=δ1=2 singularity as for γ ¼ 0, and for γ ¼ 0.8,
the DOS behaves as δ−ν=2, where ν ≃ 1.18. The numerical
results for the spectral function Aðk;ωÞ are shown in
Fig. 3 for several γ. For comparison with ARPES, we
set ω to be negative. For any γ, the spectral function is
nonzero for all jωj > Δ simply because the bosonic mass
vanishes at a QCP. Still, for γ < 1=2 [Figs. 3(a) and 3(b)],
the numerical results show a well-defined dispersing
quasiparticle peak, whose width is smaller than its energy
for both positive and negative ξk. This is the same behavior
as in Fig. 1(a).
For γ > 1=2 [Figs. 3(a) and 3(b)], we see that Aðξk;ωÞ

becomes singular at the gap edge for any ξk. For γ < 0.9,
the frequency dependence of Aðk;ωÞ is monotonic for
ξk > 0 and nonmonotonic for ξk < 0. For the latter, the
spectral function has a kink at the gap edge ω ¼ −Δ and a
hump at ω ¼ −Δ −Oðjξkj1=ð1−γÞÞ. This is the same behav-
ior as in Figs. 1(b) and 1(c). For larger γ, Aðk;ωÞ
monotonically decreases away from gap edge for both
positive and negative ξk.
Comparison with ARPES.—The behavior shown in

Fig. 4 and illustrated in Figs. 1(b) and 1(c) is consistent
with the ARPES data for Bi2201, Ref. [58]. The data shows
that the spectral function near the antinode, where our
analysis is valid, displays an almost nondispersing maxi-
mum at positive ξk (i.e., outside the Fermi surface), while
for negative ξk it displays a nondispersing kink at the same
energy as for positive ξk and a dispersing maximum (a
hump) at larger jωj. We associate the nondispersing feature
at both positive and negative ξk with the singularity at the

gap edge and associate the dispersing hump at ξk < 0 with
the one in Figs. 4(a) and 1(b). A very similar behavior, with
gap-edge singularity and a broad peak at higher frequen-
cies, has been observed in Bi2212 [59] (see also [82,83]).
With respect to the origin of a soft boson, our results are

consistent with antiferromagnetic spin fluctuations, for
which deep in the superconducting state, γ ¼ 1 at energies
below the gap, where spin fluctuations are propagating, and
γ ¼ 1=2 at larger energies, where they become Landau
overdamped. At intermediate ω;Ω ∼ Δ, the exponent γ
interpolates between 1=2 and 1. This is what we need for
the behavior in Fig. 4. More generally, our results are
consistent with either spin or charge QCP toward an order

FIG. 3. Spectral function Aðk;ωÞ at T ¼ 0 for four representative γ. The broadening in the plots is intrinsic. (a)–(d) Color-coded plot at
negative ω, as measured by the ARPES intensity at T ¼ 0. (e)–(h) Constant-k cuts of Aðk;ωÞ at ξk ¼ 0 and at ξk ¼ �4ḡ. For γ < 1=2,
the spectral function has a sharp quasiparticle peak at ωþ Δ ∝ ξ2k. For γ > 1=2, the peak moves to ωþ Δ ∝ jξkj1=ð1−γÞ and broadens up,
which eventually disappears (see text).

FIG. 4. (a) Spectral function Aðk;ωÞ at γ ¼ 0.6 for positive and
negative ξk ¼ �4ḡ. To account for impurity scattering, we
convoluted the spectral function with a Lorentzian of width
∼0.03ḡ. (b) Spectral function at a discrete a set of momenta. It
displays a nondispersing mode at the gap edge (green dots) for
both positive and negative ξk and a dispersing hump, which exists
only for negative ξk (blue circles). This theoretical Aðk;ωÞ is
consistent with the ARPES data for Bi2201, Ref. [58] (see text).
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with a finite momentum. They are less consistent with a
Q ¼ 0 QCP (e.g., a nematic one) as in this case the
exponent γ interpolates between 2=3 at smaller energies
and 1=3 at higher energies, such that at intermediate
energies γ is either smaller than 1=2 or too close to it.
Also, a generalization of our analysis to other materials
exhibiting quantum criticality, like heavy-fermion and iron-
based superconductors, requires extra care and has to be
done separately.
Discussion and summary.—In this Letter, we analyzed

the applicability of a quasiparticle description deep inside a
superconductor that emerges out of a non-Fermi liquid at a
metallic QCP. We considered the model with an effective
dynamical four-fermion interaction VðΩÞ ∝ 1=Ωγ , medi-
ated by a gapless boson at a QCP, and analyzed the spectral
function and the DOS for γ ∈ ð0; 1Þ. This interaction gives
rise to a non-Fermi liquid in the normal state with the self-
energy ΣðωÞ ∝ ω1−γ and to a pairing below some finite Tc.
A superconducting order gaps out low-energy excitations
and, at a first glance, should restore fermionic coherence.
We found, however, that this holds only for γ < 1=2. For
larger γ, the behavior of the spectral function and the DOS
is qualitatively different from that in a superconductor with
coherent quasiparticles. We found a different power-law
behavior of the DOS above the gap edge, the emergence of
a dispersionless mode confined to the gap edge, and the
broadening and eventual disappearance of the dispersing
quasiparticle peak.
Away from a QCP, a pairing boson is massive, and at the

lowest energies a Fermi-liquid description holds already in
the normal state and continues to hold in a superconductor.
In the immediate vicinity of the gap edge, the system then
displays a BCS-like behavior for all values of γ. Still, the
behavior over a wider frequency range is governed by the
physics at a QCP, as numerous experiments on the cuprates
and other correlated systems indicate. We argued that our
results are quite consistent with the ARPES data for Bi2201
and Bi2212 [11,58,59].
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