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Waveguide QED simulators are analog quantum simulators made by quantum emitters interacting with
one-dimensional photonic band gap materials. One of their remarkable features is that they can be used to
engineer tunable-range emitter interactions. Here, we demonstrate how these interactions can be a resource
to develop more efficient variational quantum algorithms for certain problems. In particular, we illustrate
their power in creating wave function Ansdtze that capture accurately the ground state of quantum critical
spin models (XXZ and Ising) with fewer gates and optimization parameters than other variational Ansitze
based on nearest-neighbor or infinite-range entangling gates. Finally, we study the potential advantages of
these waveguide Ansdtze in the presence of noise. Overall, these results evidence the potential of using the
interaction range as a variational parameter and place waveguide QED simulators as a promising platform

for variational quantum algorithms.
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Introduction.—Variational quantum algorithms (VQAs)
[1,2] aim at exploiting current noisy intermediate scale
quantum (NISQ) devices [3] before the fault-tolerant era
arrives. Such algorithms leverage the power of classical
optimizers to find the combination of single-qubit and
multiqubit gates (i.e., constructing a parametrized quantum
circuit, or Ansatz) that miminizes a given cost function. The
cost function is generally the expectation value of an
operator in a state constructed using the parametrized
quantum circuit and measured in the quantum hardware.
One paradigmatic example is the variational quantum
eigensolver (VQE) [4] in which the cost function is the
energy of a given many-body Hamiltonian, e.g., in quan-
tum chemistry [5-11] or high-energy physics problems
[12—-16], among others. However, by changing the cost
function, VQAs can also solve combinatorial optimization
problems [17-22] and be applied to quantum machine
learning [23,24] or quantum metrology protocols [25-28].

Like in classical variational approaches, the power of a
VQA depends crucially on the Ansatz. First, the Ansatz
needs to be expressive enough to accurately capture the
solution of the problem targeted. While adding more gates
allows us to cover a wider Hilbert space region, circuits
featuring a small number of them offer both a reduced
complexity when estimating cost functions and their
gradients through measurements [4], and are less prone
to errors. Thus, an Ansatz should ideally reproduce the
phenomena of interest with as few gates as possible.
Additionally, it should avoid the barren-plateau problem,
i.e., the flattening of the optimization landscape, especially
critical as the number of qubits increases [29] and for
highly expressive Ansdtze [30]. State-of-the-art Ansditze
divide between hardware-efficient Ansdtze (HEA) [6],
motivated by the connectivities of the devices, and
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problem-tailored Ansdtze, such as unitary-coupled cluster
[5] or Hamiltonian variational Ansdtze (HVAs) [31-35],
which are inspired by the problem structure. While the
former are more naturally implemented in state-of-the-art
NISQ devices, the latter are easier to optimize because their
structure allows us to avoid barren plateaus while being
expressive enough to capture the solution [35]. However,
such problem-inspired VQAs are also limited by the current
hardware connectivities. Thus, despite many proof-of-
principle VQA illustrations [5,6,12,36], none of the
Ansdtze considered fully solved all existing challenges.
This is why the search for more efficient Ansdtze is one of
the most pressing questions in the NISQ era.

In this Letter, we introduce and characterize a different
type of Ansatz inspired by the interactions that can be
obtained in structured waveguide QED (wWQED) setups
[37-54]. These are systems where quantum emitters
interact with one-dimensional photonic modes with non-
linear energy dispersions [see Fig. 1(a)]. When the emitters’
optical transition frequency lies within a photonic band
gap, the waveguide modes induce coherent, tunable-range
interactions [55-57] which can be used to engineer multi-
qubit entangling gates between the emitters. Here, we build
Ansdtze combining such tunable-range gates with single-
qubit rotations [see Fig. 1(b)] and implement the VQE to
show that they can represent the ground states (g.s.) of
critical spin models with fewer gates than existing Ansdtze.
The key difference between the wQED Ansatz and existing
ones is the possibility to dynamically tune the interaction
range, which we take as a variational parameter. This
allows the algorithm to find states displaying long-range
correlations with fewer gates than the standard fixed-range
connectivities Ansdtze. Finally, we study the impact of the
reduced number of gates in the presence of noise.

© 2023 American Physical Society


https://orcid.org/0000-0002-1671-3537
https://orcid.org/0000-0003-3836-6107
https://orcid.org/0000-0002-5858-1587
https://orcid.org/0000-0003-2995-0299
https://orcid.org/0000-0003-2307-6967
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.131.073602&domain=pdf&date_stamp=2023-08-14
https://doi.org/10.1103/PhysRevLett.131.073602
https://doi.org/10.1103/PhysRevLett.131.073602
https://doi.org/10.1103/PhysRevLett.131.073602
https://doi.org/10.1103/PhysRevLett.131.073602

PHYSICAL REVIEW LETTERS 131, 073602 (2023)

(©)

argmin Cy, ;7 (©)|
(<)

-

(d) 0 \ Parameter
[0 — ) 14 |\I] (®)> update
0; — [0} [4)
[0 — 0 [4)
o Lo W
FIG. 1. (a) Atoms (green) with optical transitions in waveguide

band gap regions form photonic bound states (red), leading to
tunable-range emitter interactions J;; ~ e l=xl/L that can be
controlled using external lasers (blue). (b) Taking the atoms as
qubits, these interactions generate an entangling operation (red)
which can be combined with single-qubit rotations R(@) to build
alayer (yellow) of a variational quantum circuit that generates the
state |¥(@)). (c) The measurement of an observable H over this
state defines a cost function Cy (@) that is minimized using a
classical processor. (d) Scheme of other relevant circuits with
first-neighbor entangling gates, such as the hardware-efficient
Ansatz (HEA) (purple), the brick-layer Ansatz (dark blue), and the
Hamiltonian variational Ansatz (HVA) (light blue).

wQED Ansatz—The physical setup we consider is
summarized in Fig. 1(a). It consists of several emitters
that can be individually or globally addressed by lasers,
coupled to a one-dimensional waveguide. Although we
depict the emitters as atoms and the waveguide as a
photonic-crystal one [58,59], our findings can be extrapo-
lated to other wQED platforms with different emitters (e.g.,
solid-state emitters [41-47]) and/or waveguides (such as
microwave materials [48—52] or matter-wave waveguides
[53,54]). Assuming the emitters couple to the waveguide
modes through an effective transition between two states g
and e whose frequency lies in the band gap, and under the
conditions in which the photonic field can be adiabatically
eliminated, the dynamics of the emitters are described by
the following Hamiltonian [55-57]:

Hyy = JXXZe_lxi_xj‘/Laégo-ge’ (1)
i#j

where Jyy is the interaction strength, L its effective range,
which depends on the detuning between the effective
transition frequency and the band edge and thus can be
dynamically tuned [60—62], x; is the atomic position, and
ol = |9);(e|; the transition dipole operator. Similarly, as
shown in Refs. [55-57] and Supplemental Material

(SM) [63], if the emitters have two optically excited states
that couple to the waveguide modes, one can also obtain an
effective Hamiltonian H; = J; Zi# e~ i1/ Lafcos’;, with
ot = (ol, +0l,)/2 the Pauli matrix in the x direction.
Applying these Hamiltonians for a time 7, one can obtain
multiqubit gates described by the unitaries Wy (7T, L) =
e~xx or W,(T, L) = e~ respectively. Such gates can
be parametrized by two tunable parameters [see Fig. 1(b)]:
the normalized interaction time 7 =tJ (with J being
either Jyyx or J;) and its range L. To build our wQED
Ansditze, we concatenate these unitaries with single-
qubit rotations, e.g., in the z direction, described by the

unitary R(6) =[]}, e~/ where @ = (6,.6,....). The
wQED Ansatz consists of D repetitions or layers of this

combination of single- and multiqubit unitaries, see
Fig. 1(b), described by the global unitary:

D

Uwqep-o(©) = HRi(ai)Wi,a(TivLi)v (2)
i1

where ® = (6, T, L) is a vector embedding all variational
parameters, and @ = XX or [ depending on the coupling
configuration chosen. All these parameters can be modi-
fied independently: for instance, in simple two-level
systems L can be tuned through the detuning and T
adjusted accordingly using the physical time of the inter-
action ¢, or the strength of the photon-mediated interaction
J (see Ref. [63]).

VOE with wQED Ansdtze.—The main steps of VQE are
as follow [4] (further explanations can be found in the SM
[63]). (i) The multiqubit system is initialized in a state |¥).
(i) The initial state is the input of a parametrized quantum-
circuit Ansatz described by a unitary U(®), for some
initial choice of variational parameters @. The output is
a final state |¥(0)) = U(O)|¥,). (iii) The cost function,
i.e., the expectation value of the many-body Hamiltonian
C(®) = (¥Y(O)|H|¥(0®)), is obtained. (iv) Finally, the
value of C(@) is fed to a classical optimizer that updates
the parameters. This procedure is repeated until the energy
does not change significantly, meaning that VQE has found
the optimal parameters @y, that minimize the energy of H,
unless it gets stuck in some local minima [29,30]. Thus, this
value of the energy is an upper bound to the actual value of
the g.s. energy.

In what follows, we apply this procedure to several
quantum-critical spin models. These constitute interesting
benchmarks as their g.s. feature long-range correlations,
which are the most challenging to capture for classical and
quantum algorithms [80-82]. We use an adiabatically
assisted VQE algorithm [83], explained in detail in SM
[63], and compare the performance of the wQED Anscitze
against the most popular fixed-structure Ansdrze of the
literature [see Fig. 1(d) for a schematic picture of
their circuits]: a hardware-efficient Ansatz [6] based on
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(a) Infidelity 1 — F between the exact g.s. of the XXZ model and the optimized variational states obtained with different

Ansditze (see legend below) as a function of the number of layers D for a system with N = 10 qubits. (b) Minimum depth D required to
obtain a fidelity F over 99% for different numbers of qubits N (note that not all the Anscitze reach this fidelity). (c),(d) Equivalent to (a),
(b) but considering the TFIM model instead of the XXZ model. The system size in (c) is N = 16 qubits.

concatenating single-qubit rotations along the three spatial
directions, and two-qubit control-Z (CZ) as entangling
gates; a brick-layer Ansatz, in which the entangling CZ
gates are introduced sequentially and interleaved by single-
qubit rotations; a first-neighbor HVA, in which the layers
are given by the second-order Trotterization of the spin
Hamiltonian under consideration [35]; and also against an
all-to-all Ansatz, which is a wQED Ansatz in which we
take L — oo. The latter allows us to discern whether a
possible advantage is a consequence of the long-range
character of the wQED interaction or its dynamical tuna-
bility. Additionally, its results can be of interest for cavity
QED setups [84-90], where such infinite range interactions
appear naturally.
We first consider the XXZ model [91],

Hyxz = Z(UiaiH + Uiﬂ;ﬂ) - AZ”QG?I, (3)
i

i

at its ferromagnetic Heisenberg point A = 1. In Figs. 2(a)
and 2(b) we evaluate the performance of the wQED-XX
Ansatz of Eq. (1) (in yellow circles) against the afore-
mentioned Ansdtze. This wWQED Ansatz choice is owed to
the resemblance of Hyy and the interactions appearing in
the XXZ model. To assess the Ansdtze performance we
compute the infidelity:

4)

with |¥, ;) the g.s. of the model, and |¥(0,)) that with
the lowest energy found by the VQE. In Fig. 2(a) we plot
the infidelity for N = 10 qubits as a function of the circuit
depth D (i.e., the number of layers). Adding more layers
typically results in better fidelities for most Ansditze. This is
expected since deeper circuits contain more variational
parameters that can help in exploring larger regions of the
Hilbert space and getting closer to the g.s. [80,92].
However, we appreciate that the wQED-XX Ansatz per-
forms better than the rest. To confirm this fact, we calculate

1—F =1-[(P(Oup)|¥es)l,

the required circuit depth to obtain fidelities beyond 99%
for several N’s, finding that the wQED-XX Ansatz pro-
duces a better approximation to the g.s. with shallower
circuits than the other Ansdtze [see Fig. 2(b)]. This
shallowness is advantageous because it makes the system
more resilient to noise, and will require fewer measure-
ments in the optimization loop.

This advantage is clearer when we study the transverse-
field Ising model (TFIM),

_ i it i
Hrpv = — 5 0,0y +9§ o,
; i

at the critical point g = 1. The results are shown in
Figs. 2(c) and 2(d). In this case we use the wQED-I
Ansatz, again due to the similarity between the Ising
interactions appearing in H; and those of the target
problem. On top of that, it is noteworthy that here we
use a global single-qubit rotation, which substantially
reduces the number of parameters with respect to the other
Ansdtze [63], and simplifies the experimental implementa-
tion because one can address the emitters globally. The
results of the Ansditze comparison are presented in Fig. 2(c).
There, we fix the number of qubits at N = 16, and show
that for most Ansdtze the infidelity decreases with the
circuit depth D. Because of the particular structure of the
wQED-1 Ansatz, in this case we can benchmark the Ansditze
for larger values of 6 < N < 16, for which it provides the
most accurate results, especially at low circuit depths. This
is confirmed in Fig. 2(d), where we plot the depth required
by the Ansditze to achieve fidelities beyond 99%. There, the
wQED-/ Ansatz reaches the desired fidelity systematically
for smaller D. It is also interesting to highlight the inferior
performance of the all-to-all Ansatz compared with both
wQED Ansditze. This points to the fact that it is not only the
long-range character of the interaction, but also its dynami-
cal tuning, that allows the latter to reproduce better the
power-law correlations of the g.s. and thus to outperform
the rest. Note that the nonmonotonic behavior of the

(5)
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brick-layer Ansatz has been predicted before [63,80,81],
and is due to the finite number of layers required (D ~ N/2)
to establish finite correlations along the whole system
[63,80,81].

Finally, we check the performance of the wQED Ansatz
for models with long-range interactions, like the long-range
transverse-field Ising model (LRTFIM):

Hygrrppvy = —sin 92 ol + COSGZJ . (6)

i#] |l _J|a

In this case the position of the critical point depends on the
power-law exponent a [93-95]: here we consider three
different values a = 1/2, 1, 3, and choose 6 to be at the
critical point [63] in each case. The interactions appearing
in the target Hamiltonian (6) make the wQED-I Ansatz of
Eq. (2) the natural choice for this problem. Additionally, we
also compare with a modified version of the wQED-/
Ansatz in which W;(T;, L;) is replaced by the product of
two unitaries [[2_, W;(T;, L;) within each layer, and with
the parameters 7;, L; chosen in such a way that
S Je sl g/ |x —x;|* approximates the power-
law exponent of the target model for a given range of
distances [96]. This multiexponential interaction can be
realized by means of multifrequency Raman lasers, as
shown in Ref. [55]. The results are summarized in Fig. 3,
where Figs. 3(a)-3(c) display the infidelity as a function of
the number of layers for N = 14 qubits and Figs. 3(d)-3(f)
show the required depth to achieve a fidelity beyond 99%
for different N’s. The main conclusion is that, like in the
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FIG. 3. (a)-(c) Infidelity 1 — F between the exact g.s. of the

LRTFIM and the optimized variational states obtained with
different Ansdtze as a function of the number of layers D for
several values of the power-law exponent a. The system size is

= 14 qubits. (d)—(f) Minimum depth D required to obtain a
fidelity F over 99% as a function of the number of qubits N and
for different values of a.

previous cases, the wQED-I Ansditze achieves the targeted
fidelities for smaller (or equal) circuit depths, even for
the longer-ranged models. However, in these models the
power-law wQED Ansatz eventually outperforms the
exponential one for larger circuit depths.

Impact of noise.—So far we have considered an ideal
noiseless situation. This is not the case of real setups where
dissipation associated to the waveguide modes, disorder,
and other decay channels will introduce errors. Given the
variety of wQED platforms [37-54], where the most
relevant errors might have a different physical origin, to
study the impact of noise we use the platform-agnostic error
model described in Refs. [6,63], which assumes a constant
error probability p;() for each single-qubit (multiqubit)
gate. We focus on the impact of noise in the VQE for the
TFIM in Eq. (5) as cost function, since it is numerically
easier. The results are summarized in Fig. 4, where we show
the evolution of the infidelity with the number of layers for
two values of p,), each pair corresponding to a different
panel. Such values have been chosen in the range of gate
fidelities displayed by some of the state-of-the-art NISQ
devices [98,99]. We conclude that in the presence of noise
the infidelity does not decrease monotonically when
increasing the circuit depth. This is true for all Ansdtze,
including the wQED-/ one. The reason behind this is that
by adding more layers one introduces more variational
parameters, which improves the optimization process at
equal conditions, but the resulting increase in accuracy is
lost at some point due to the error accumulation by the
application of more gates. With this error model, the
wQED-/ Ansatz reaches the smallest infidelity. The under-
lying reason is a combination of its better performance at
small circuit depths, and the smaller number of gates per
layer with respect to the other Ansdize, which limits the
introduction of errors. The latter will be true also for errors
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R 000009099 " 990609009
M :ilsqa-n-a-a-a-A t,‘""ﬂ:m
] o
| 10~ 1 t i i\-.'.\ 89‘.‘
OO
10249 (a) (b)
135791 13572911
D D

O Waveguide A @  First neighbors (HVA)
B Hardware Efficient €  Brick-layer

Infinite range

FIG. 4. (a),(b) Effects of decoherence in the infidelity 1 — F
between the exact g.s. of the TFIM and the optimized variational
states obtained with different Ansdtze as a function of the
number of layers D for N = 12 qubits. The error probabilities
for single- and two-qubit gates are, respectively, p; = 107> and
pr=5x10"* (a) and p; = 10™* and p, =5 x 107% (b).
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coming from imperfect gate control, which could also
benefit from the smaller depth of the wQED circuits. We
leave for future work the study of more refined error models
devoted to each specific implementation [37-54].

Conclusions and outlook.—To summarize, we introduce
a new type of VQE Ansatz based on the tunable-range
interactions that can be engineered in wQED setups. We
show that, thanks to this tunability, this Ansarz captures
phases with long-range correlations with fewer gates and
parameters than other fixed structure Ansdtze of the
literature, becoming potentially less sensitive to gate errors.
While wQED is still behind in fidelities compared to
variational trapped ions [12,26] or superconducting quan-
tum simulators [6], the rapid experimental advances in the
integration of emitters with photonic waveguides [37—47],
microwave circuits [48-51,100], or matter waves [53,54],
plus the potentialities shown in this work, place wQED
simulators as promising candidates both for VQEs and also
for other VQAs. For example, recent experiments in the
microwave regime with up to ten qubits [51,52] have
demonstrated the control of the range of the interactions
and the individual atomic states, and thus have all the
necessary ingredients to implement our ideas. On the other
hand, quantum nanophotonic experiments [40,101,102]
still need ways of reliably trapping and positioning the
emitters in a scalable way. However, recent advances in
optical tweezers [102] and optical guiding techniques [103]
open a path to do it with atoms.

Finally, note that the idea of using the interaction range
as a variational parameter can be extended to other setups
where such tunable-range interactions can be engineered
such as trapped ions [104-109] or multimode cavity QED
setups [110]. As an outlook, we plan to extend our results to
higher-dimensional models [111], where such tunable
exponential [56,112] and power-law interactions can also
be obtained [113—-117], models with high-dimensional
spins [85,118,119], as well as to design adaptative
Ansdtze [120-125] based on wQED interactions, which
is another active area of research within variational quan-
tum computing.
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