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Quantum Noise Spectroscopy of Dynamical Critical Phenomena
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The transition between distinct phases of matter is characterized by the nature of fluctuations near the
critical point. We demonstrate that noise spectroscopy can not only diagnose the presence of a phase
transition, but can also determine fundamental properties of its criticality. In particular, by analyzing a
scaling collapse of the decoherence profile, one can directly extract the critical exponents of the transition
and identify its universality class. Our approach naturally captures the presence of conservation laws and
distinguishes between classical and quantum phase transitions. In the context of quantum magnetism, our
proposal complements existing techniques and provides a novel toolset optimized for interrogating two-

dimensional magnetic materials.
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Continuous phase transitions exhibit remarkable univer-
sality across disparate physical systems [1-9]. Owing to the
complex interplay between charge, spin, and lattice degrees
of freedom, quantum materials have emerged as a particu-
larly fruitful setting for exploring phase transitions [10-13].
To fully characterize such critical phenomena, one must
accurately measure both static and dynamical correlations.
The diverging length and time scales at phase transitions
require the ability to simultaneously probe low energies and
momenta. To obtain such data, one often resorts to one of
two broad classes of experimental probes: scattering
techniques, where correlations in the material lead to
momentum and energy shifts on scattered particles (e.g.,
neutron scattering, Brillouin light scattering, magnetic
optical Kerr, etc.) [14-19]; and magnetic resonance tech-
niques, where fluctuations in the material generate fre-
quency shifts on localized probe spins (e.g., SR, ESR,
NMR, etc.) [20-23].

In this Letter, we propose and analyze noise spectros-
copy as a complementary probe of phase transitions
and critical phenomena at low frequencies and momenta
[Fig. 1(c)]. Our central result is that such spectroscopy
enables one to directly characterize the universality class of
both classical and quantum phase transitions. In particular,
we introduce a simple method to quantitatively extract
critical exponents via the scaling collapse of a probe qubit’s
decoherence profile (i.e., as a function of experimentally
tunable control parameters).

We highlight the flexibility and power of this approach in
three distinct contexts. First, we discuss how the
decoherence profile captures the presence of symmetries
and conservation laws. Second, we show that the scaling
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behavior of the noise near the transition can efficiently
characterize both thermal and quantum phase transitions.
Finally, we demonstrate how our protocol is able to extract
critical exponents—even when the probe qubit is not
directly sensitive to the order parameter of the phase
transition.

Let us begin by introducing the setup considered
throughout this work [Fig. 1(a)]: a single isolated qubit
(or a qubit ensemble) is located at a distance d above a
sample of interest. The qubit’s energy splitting is given
by Ay (with quantization axis fi) and it couples to a
time-dependent local field B(7) with strength y:
H(r) = (A¢/2)f -6 + [yB(1)/2] -6, where ¢“ are Pauli
operators [26]. While our discussions are applicable to
generic qubit platforms (i.e., solid-state spin defects,
neutral atoms, trapped ions, superconducting qubits, etc.)
coupled to a fluctuating field (i.e., magnetic, electric, strain,
etc.), to be specific, we will describe our results in the
context of a spin qubit coupled to a fluctuating magnetic
field. Three key ingredients relate the properties of the
sample to the decoherence dynamics of the probe spin:
(i) fluctuations within the material, (ii) the geometry, and
(iii) the measurement scheme (i.e., pulse sequence). The
fluctuations of the field source O* within the sample (e.g.,
current density j* or spin-density s%) can be directly
characterized by the dynamic structure factor:

SP(q, ) = / dt / dre @ =17 (0%(1,r)0°(0,0));, (1)

where @ is their frequency, q their momentum, and (-);
corresponds to the thermal expectation at temperature 7.
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The relationship between the dynamics of these sources,
0“, and the fluctuating magnetic field at the probe spin
location, B(r), is determined by the system’s geometry.
This role of geometry is best understood as a momentum

filter function Wzﬁ (h,q) on the sample’s fluctuations.

Because WZ/} (1, g) is peaked around g ~ 1/d, the distance
between the qubit and the sample provides direct control of
the qubit’s sensitivity to the momenta q of the fluctuations
[27]. Simultaneously, different quantization axes f allow
one to extract different tensor components of the dynamic
structure factor. Akin to geometry, the measurement
scheme induces a particular filter function, albeit in
frequency space, W_ (@) [27]. Previous work has focused
on T;-based noise spectroscopy [33—45]; where the qubit is
prepared along its quantization axis and its subsequent
depolarization dynamics are determined by noise at fre-
quency @ = A, leading to a sharp frequency filter function
W (@) ~6(w — Ag). Given our focus on low frequency
behavior, we turn to dephasing-based noise spectroscopy,
best exemplified by Ramsey spectroscopy. In this case, the
qubit is prepared in a superposition |y) o |1) + |{) along
the equator of the Bloch sphere, Fig. 1(b). In each
experimental run of duration z, the magnetic field along
the quantization axis, i - B(#) = B(¢), causes the qubit to
Larmor precess by an angle ¢ =y [{ dtB(r) [Fig. 1(b)]
[46]. Upon averaging over many experimental runs, the
resulting density matrix exhibits an off-diagonal term given
by (e72#) ~ e 2"} (which precisely characterizes the
qubit’s decoherence). If instead a 7 pulse is applied in
the middle of the Larmor precession, the phase accumu-

lated becomes (oo = 7| 01/ 2 dtB(1) — ff/z dtB(t)], alter-

ing the qubit’s sensitivity to different frequencies. This

effect is precisely captured by the frequency filter func-

tion, W_.(w): for Ramsey spectroscopy, gRamse”(a)) x

w~?sin’*(wz/2) is peaked around @ = 0 with width 1/7.
More intricate pulse sequences, such as spin echo and
CPMG, can be used to tailor the properties of the filter
function [24,25,27,47].

Bringing all these elements together, the qubit’s
decoherence profile, 2, depends on the pulse sequence
[via W, (®)], the geometry [via Wzﬂ (A, ¢)] and the proper-
ties of the sample of interest [via S* (g, )], and can be cast
into a simple formula:

W)= [ [T SEwL G0 g0 (@)

o 21

N(w)

Here, NV (w) denotes the noise spectral density of the
fluctuating magnetic field B(z) generated by the sample.
Thermal phase transitions.—Let us begin by exploring
how noise spectroscopy enables the study of thermal (or
classical) phase transitions. To be specific, we focus on
Ramsey spectroscopy and spin models in two dimensions,
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FIG. 1. (a) Schematic of the setup: a two-level probe qubit or
qubit ensemble is placed a distance d from a material of interest.
Fluctuations in the material generate fluctuating fields at the
qubit’s location which lead to its decoherence. (b) Using Ramsey
spectroscopy or other generalized spin echo pulse sequences
[24,25], the qubit’s decoherence dynamics can be used to
characterize the sample’s fluctuations. (c) A summary of the
frequency and length scales accessible to different experimental
techniques highlights the complementarity of our proposed qubit-
based noise spectroscopy (7', noise). Techniques depicted include
Brillouin light scattering (BLS) [15], magneto-optical Kerr effect
(MOKE) [16], Raman spectroscopy [18], inelastic neutron
scattering (INS) [17], nuclear magnetic resonance (NMR)
[20,21], electron spin resonance [22], and muon spin resonance
(uSR) [23]. (d) Schematic of the qubit’s decoherence dynamics
C(7) = e 29"): as the sample is tuned towards the critical point
A = A. (darker colors, inset), enhanced fluctuations result in a
shorter decoherence time 7. More broadly, the decoherence rate
and the shape of the profile encode characteristics of the phase
transition, including its location, its critical exponents, and the
presence of additional symmetries, Fig. 2.

where the momentum filter function takes the form
W,(7, q) ~ g*e=249 [27]. First, we consider the classical
Ising transition in a two dimensional lattice of spins.
Although we are ultimately interested in the structure
factor S (q, ) close to the transition, it is more conven-
ient to analyze the behavior of the dynamical susceptibility
2 (q, ). Fortunately, the two are intimately connected via
the fluctuation-dissipation theorem: S (q, w) = (2T /w)x
Im[y*(q, w)]. We focus on a = =z as it captures the
critical correlations of the Ising order parameter—
the coarse-grained magnetization density. To understand
the fluctuations of the order parameter, we need to consider
the slow relaxation dynamics toward equilibrium. These
dynamics are dominated by long-wavelength fluctuations,
and can be accounted for by a simple phenomenological
model, y'(o.q) =y""(q) - [io/T(q)] [2.9.49-51],
where T'(q) is the relaxation rate of the g-Fourier mode.
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As one approaches the critical temperature T, the order-
parameter correlation length & diverges as |T —T.|™;
within mean-field theory v = 1/2 and $*(q, @) becomes

27TT(q)
PET P

$(0.0) = 5 ©

As perhaps expected, independent of the details of T'(q),
the magnetic field noise exhibits critical enhancement as
one approaches the transition—S%(q, @) monotonically
increases as the correlation length diverges and the mini-
mum of the decoherence time 77 diagnoses the critical
temperature [Fig. 2(a)].

Crucially, noise spectroscopy enables the direct and
quantitative characterization of critical phenomena, making
it particularly amenable for studying transitions that deviate
from the mean-field expectation. More specifically, scaling
considerations enable the derivation of an expression

for (¢?):

Tt T d
(@) :WP(E’E)’

where 7 is the anomalous scaling exponent, z is the
dynamical exponent, and the scaling function F' depends
on details of the dynamics. By varying the distance d, the
time 7, and the temperature 7" [Fig. 2(c)], one can obtain a
two-parameter scaling collapse for {¢*) which immediately
determines the critical exponents [Fig. 2(d)].

Symmetries and conservation laws.—In addition to
extracting critical exponents, certain qualitative features
of the transition can be obtained from the scaling behavior
of (¢*) with 7. As an example, we demonstrate how our
approach naturally distinguishes between transitions with
and without order-parameter conservation; for concrete-
ness, let us return to the 2D classical Ising transition within
mean-field theory.

We begin by focusing on the late-time decoherence
dynamics, @wyz > 1, where w, is the width of the noise
spectral density N (w) [Eq. (2)] [27]. When the order
parameter (i.e., the q = 0 spin component) is not con-
served, its decay rate I'(q = 0) will be a nonzero constant
Iy, leading to a dynamical exponent z = 2 [52]. As shown
in Fig. 2(b), this implies that () exhibits an (almost)
linear scaling with 7 (see Table I). In contrast, when the
order parameter is conserved, its decay rate I'(q = 0) must
vanish. As a result, the small q behavior of I'(q) is
quadratic, I'(q) ~ 6,q°, corresponding to diffusive spin
correlations away from criticality. However, at criticality,
the correlation length & diverges and the spin-diffusion
constant D; = 6,72 goes to zero, leading to a dynamical
exponent z = 4 as per Eq. (3). Crucially, this results in a
nonanalytic behavior of the noise-spectral density N (w) ~
1/y/w at low frequencies, manifesting itself as a different
late-time scaling, (¢?) ~ 7%/ [Fig. 2(b) and Table I].
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FIG. 2. (a) Behavior of the Ramsey decoherence time, T3,
across a phase transition. 75 exhibits a sharp feature at the
transition, whose details are determined by the presence (or
absence) of a conservation law in the order parameter.
(b) Decoherence dynamics in the presence of different sym-
metries (with or without a conserved order parameter) and near or
far from criticality [(d/£)? = 0.001 and (d/&)? = 1]. The pres-
ence of the conservation law modifies the late-time behavior of
(¢*)—from tlogz to 7%/2. (c) Decoherence dynamics as a
function of the distance to sample d and temperature 7 for
different times 7. (¢)*) is computed for Ramsey spectroscopy in
the case of a classical Ising phase transition with no conservation
law. (d) By performing a scaling collapse of (¢?)(d, 7, T), one
can directly extract the critical exponents of the transition.

A few remarks are in order. First, at short times,
@yt < 1, the material dynamics are essentially “frozen”
and the qubit is only sensitive to the static components of
the noise, leading to (¢?) ~ 2. A complementary perspec-
tive is that the Ramsey filter function is significantly
broader than the noise spectral density and the probe
integrates the response across all frequencies. The location
of the crossover between this early-time behavior and the
late-time dynamics [Fig. 2(b)] provides a direct measure-
ment of the correlation time associated with the material’s
intrinsic dynamics [53,54]. Second, the scaling of the
qubit’s decoherence time with distance d also provides
insight into the approach to criticality. In particular, within
the critical regime, d < ¢, the qubit’s decoherence will be
relatively insensitive to the sample-probe distance. In the
opposite limit, d > £, the qubit’s decoherence exhibits a
significantly stronger power-law dependence on d (see
Table I).

Quantum phase transitions.—Let us now turn our
attention to quantum phase transitions, where the ground
state exhibits an abrupt, qualitative change upon tuning
some parameter A (e.g., pressure, electron density, etc.). The
key distinction from the thermal case is the sensitivity of the
qubit’s decoherence to the spectral gap A, which goes to
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TABLE L

Critical and noncritical scaling of (¢?) for paradigmatic models of classical and quantum phase transitions [2] with

temperature 7, distance d, and time 7, in the limit wyz >> 1. The scaling behavior of (¢?) for the thermal phase transitions is presented
within mean-field theory, where # = 0. For quantum transitions away from criticality (T < &), we do not include prefactors of 7" (since

the noise is dominated by the exponential e=%/7) [27].

Nature of Phase Paradigmatic | Conserved | Accessible critical Noise (¢?) at Noise (¢?) away
transition transition model Quantity exponents criticality from criticality
Thermal Paramagnet Ising N/A v, 1, 2 (Tz/Ty) In (zTy/d?) (T Tod)
Ferrorl(iagnet XXZ s v, 1,z (TTS/Z/\/D-—S) (TT§4/0xd2)
Quantum | Para to Ferro Ising N/A 0, v, 2 T4/ 2 In (¢/dT"/?) (v/d*)e=0/T
Para to AFM Heisenberg S v (T3z/d?) (t/d*)e=dIT

zero at the quantum critical point, 2 = A.. As a result, (¢?)
still exhibits a simple scaling function ¥, albeit with an
additional scaling parameter A/T":

+n—z A
o T(AT, Ad‘/Z,—>,
T

In direct analogy to the thermal case, the critical exponents
can be extracted via a scaling data collapse of the
decoherence as a function of any three of the four
parameters: (i) temperature 7, (ii) tuning parameter A,
(ii1) sample-probe distance d, and (iv) time .

Despite their similarities, the quantum and thermal phase
transitions are distinguishable by the temperature scaling
of (¢?). Away from criticality (A/T > 1), the noise is
controlled by thermally activated excitations on top of the
ground state and is exponentially suppressed in A/T
leading to (¢?) ~ e~/ for a > 0. Near the critical point
(A/T — 0), ¥ approaches a constant and thus (¢?) scales
as a power law in temperature. By contrast, in classical
phase transitions, the noise will always exhibit power-law
correlations with temperature (see Table I).

The ability for noise spectroscopy to probe quantum
phase transitions is extremely generic—the qubit does not
need to couple to the order parameter, nor does the ordered
phase need to be gapped. We highlight this flexibility by
studying the noise spectroscopy of a different transition,
namely, the continuous symmetry breaking transition
between a quantum paramagnet and a collinear Néel
antiferromagnet in the two-dimensional Heisenberg model
[5,55-59]. The order parameter for this transition is the
staggered magnetization density which oscillates at the
lattice scale; since this length scale is significantly smaller
than the sample-probe distance d, the qubit is insensi-
tive to fluctuations of the order parameter. Rather, its
decoherence is determined by the long-wavelength fluctu-
ations of the spin density, which remain conserved
owing to the Hamiltonian’s SO(3) spin-rotation symmetry.
Consequently, the dynamic structure factor takes a simple
diffusive form $7%(q, ) = [2Ty,D,q*/®* + (D,q*)?]

(@?) =T Ao |i=A[*.  (5)

[analogous to Eq. (3)] with diffusion constant D and uni-
form static susceptibility y,,; at late times, the decoherence
dynamics take on a simple form (¢?)  (Tz/d?)(y,/D;)
that depends only on the ratio (y,/D;). The key ingredient
that determines both y, and D, on either side of this
quantum transition is an intrinsic energy scale 0—in the
antiferromagnet 6 = p, is the spin stiffness associated with
creating spatially nonuniform textures of the order param-
eter, while in the paramagnet § = A is simply the spectral
gap. Specifically, in the vicinity of the transition, both D
and y, are universal functions of the ratio between the
energy scale 6 and temperature 7, and thus the decoherence
is controlled by 6/T [5,58,59].

We are now in a position to understand how noise
spectroscopy can characterize this transition. First, let us
focus on the regime away from criticality (7' < 6). In this
case, decoherence becomes suppressed with temperature
owing to a divergent diffusion coefficient D; ~ ¢%7 and a
nondivergent susceptibility y, [27]. By fixing 7 and 7
and varying A, the combined critical exponents zv can
be extracted from the stretched exponential decay of
(p?) ~ (t/d*)eBVP=%[*/T On the other hand, in the
quantum critical regime (7 > 6 and 4 ~ A.), temperature
is the only relevant energy-scale that determines both y,
and Dy, and thus, the scaling of the decoherence is simply a
power-law in temperature, (¢?) ~ T3 [27]. This provides a
clear, quantitative signature that the system is in the critical
regime.

A few remarks are in order. First, the detection of critical
exponents in the absence of direct coupling between the
qubit and the order parameter can also be applied to thermal
phase transitions. Second, given the sensitivity of the low-
energy physics to underlying symmetries, the ability to
carefully probe such dynamics could enable the diagnosis
of symmetry-breaking interactions. Third, we have thus far,
restricted our analysis to Gaussian noise, where two-point
correlations are sufficient to fully describe the probe qubit’s
decoherence. The presence of higher-order moments in the
noise distribution can affect the dynamics, especially near
the transition, where £ 2 d. Interestingly, one can obtain the
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corresponding scaling forms and isolate these non-
Gaussian contributions via pulse-sequence engineering
[27,60-62]. Finally, for some materials, the surface and
bulk degrees of freedom can exhibit distinct critical
phenomena, altering the probe qubit’s decoherence dynam-
ics [63-65]. In this context, the sample-probe distance
determines the relative contributions of surface and bulk
fluctuations to the qubit’s decoherence and can be used to
isolate and characterize each transition separately.
However, to quantitatively characterize both critical phe-
nomena, a more nuanced scaling theory is required.

Experimental blueprint.—Our protocol can be applied
to investigate a variety of critical phenomena, ranging from
ferroelectric ordering [43,66] and structural phase transi-
tions [65,67-69], to magnetic ordering [70-72] and super-
conductivity [40,41,73,74]. In what follows, we highlight
our approach in the context of magnetic insulators probed
via solid-state, electronic spin defects. We focus on
two particular defects—the negatively charged boron
vacancy (Vg) in hexagonal boron nitride (hBN) [75-78]
and the nitrogen-vacancy (NV) color center in diamond
[79-81]—with the goal of highlighting their complemen-
tary operating modalities. The former can be created within
flakes of hBN that are directly placed on a sample of
interest [77], while the latter can be embedded within the
tip of a (diamond) cantilever and used as a scanning probe
[82—85]. Both defects feature spin S = 1 electronic ground
states with zero-field splittings in the ~GHz regime
[Fig. 1(c)]. Two spin states (forming our probe qubit)
can be isolated by either resolving the hyperfine interaction
or via an external magnetic field. The frequency range of
T,-based noise spectroscopy, ~kHz—MHz, is limited by the
defect’s local environment and the achievable Rabi fre-
quency for pulsed control [86-90].

Both NV centers and Vg defects are particularly well
placed for studying two-dimensional magnetic materials.
As an example, consider monolayer Crl;, a two-dimen-
sional magnet with an Ising transition at 7, ~ 45 K [91-
95]. We estimate that in the diffusive regime, the sampled-
induced decoherence time will be approximately, TS ~
5 ps (using T =60 K and d = 10 nm) [27], with critical
fluctuations near the transition further reducing this value
[96]. Crucially, this additional noise dominates over the
NV’s intrinsic decoherence, T§°h° ~ 100 ps [90,98], ena-
bling its detection. Zooming out, the broader landscape of
van der Waals heterostructures and moiré materials offers a
wide range of correlated insulators and magnetic transitions
to explore [99,100]. For example, pressure-driven quantum
critical points in two dimensional materials, such as FeSe
[101,102], as well as strain-tuned magnetic transitions in
monolayer metallic halides, such as the aforementioned
Crl; [103], can be accessed by directly incorporating the
NV center into diamond anvil cells [65,73,104], while
magnetic domain formation can be imaged in situ by
directly incorporating V into the hBN that encapsulates

many 2D materials [105,106]. Simultaneously, the detec-
tion and characterization of spin and charge fluctuations
can elucidate the nature of the magnetic order in twisted
bilayer graphene [107-113], as well as shed light into the
continuous Mott transition recently observed in moiré
transition metal dichalcogenides [100,114,115].
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