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It is well established that spin-transfer torques exerted by in-plane spin currents give rise to a motion of
magnetic skyrmions resulting in a skyrmion Hall effect. In films of finite thickness or in three-dimensional
bulk samples the skyrmions extend in the third direction forming a string. We demonstrate that a spin
current flowing longitudinally along the skyrmion string instead induces a Goldstone spin wave instability.
Our analytical results are confirmed by micromagnetic simulations of both a single string as well as string
lattices, suggesting that the instability eventually breaks the strings. A longitudinal current is thus able to
melt the skyrmion string lattice via a nonequilibrium phase transition. For films of finite thickness or in the
presence of disorder a threshold current will be required, and we estimate the latter assuming weak
collective pinning.
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One of the fascinating aspects of two-dimensional topo-
logical spin textures, so-called magnetic skyrmions, is their
interplay with spin currents [1]. When electrons adiabati-
cally traverse a skyrmion and locally adjust their spin degree
of freedom, they will be influenced by an emergent orbital
magnetic field that is proportional to the topologicalwinding
number of the texture [2]. The resulting emergent Lorentz
force is at the origin of the topological Hall effect [3–5]. Vice
versa, a spin current also exerts a force on skyrmions that
gives rise to a skyrmion Hall effect. Early experiments
demonstrated that a lattice of magnetic skyrmions in bulk
chiral magnets like MnSi and FeGe can be manipulated by
currents on the order of an ultralow threshold of 106 A=m2

[6–8]. This observation triggered many activities with the
aim to exploit magnetic skyrmions for spintronic applica-
tions [9–11]. In thin magnetic films, skyrmions are now
routinely manipulated and moved by spin currents that flow
within the plane of the film [12–19].
In bulk materials, the two-dimensional skyrmion texture

extends in the third direction forming a skyrmion string, see
Fig. 1(a). This string is aligned with the applied magnetic
field and possesses a tension. Recent advances in real-space
magnetic imaging techniques succeeded to visualize
skyrmion strings close to surfaces [20–24] and via mag-
netic x-ray tomography even within the bulk [25]. Similar
to Kelvin waves on vortex filaments, spin waves can
propagate along skyrmion strings [26], and this propaga-
tion is nonreciprocal as confirmed experimentally [27].
Moreover, the nonlinear elasticity of skyrmion strings was
found to stabilize solitary waves [28] whose analogs for
vortex filaments were discussed by Hasimoto already in the
1970s [29].

The influence of a transversal spin current on skyrmion
strings, i.e., a current that flows perpendicular to the string,
has been also widely investigated. In analogy with the two-
dimensional case, a transversal current density homo-
geneously applied along the whole string will set the string
into motion at least in the absence of pinning by disorder.
There exist theoretical [37] and experimental [38]
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FIG. 1. (a) Illustration of a skyrmion string that is aligned with
the applied magnetic field H; each cross section perpendicular to
H contains a skyrmion texture, and the green line represents the
first moment of topological charge. (b) Micromagnetic simulation
of a string destabilized by a longitudinal spin current vs; after
initialization with small random fluctuations the amplitudes of
translational Goldstone modes grow exponentially in time, for
details see text and Ref. [30].
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evidences that pulses of such currents are able to break the
strings via the creation of hedgehog singularities, i.e.,
emergent magnetic monopoles, that lead to a topological
unwinding of strings. It has been argued that the complex
dynamical response of skyrmion strings results in a nonre-
ciprocal nonlinear Hall effect [39]. The influence of defects
on the motion of skyrmion strings was studied in Refs. [40–
43], and their elasticity was shown to be important for an
understanding of the depinning transition [44].
In the present work, we investigate the influence of spin

currents that flow parallel, i.e., longitudinal to the skyrmion
string. We show that, remarkably, such a current component
immediately destabilizes the string in a clean system. This
instability is caused by the longitudinal current leading to
the emission of translational Goldstone modes with finite
wave vectors along the string, kz ≠ 0, in contrast to the
transversal current that couples only to the Goldstone mode
with kz ¼ 0. As a result, helical deformations develop, see
Fig. 1(b), whose amplitudes grow with time and eventually
break the string [45]. Employing an analytical stability
analysis complemented by micromagnetic simulations, we
demonstrate that a single string as well as a skyrmion string
lattice are destabilized by this mechanism.
Our starting point is the Landau-Lifshitz-Gilbert equa-

tion describing the magnetization dynamics supplemented
by spin-transfer torques [46,47]

ð∂t þ vs∇Þn ¼ −γn × Beff þ αn ×

�
∂t þ

β

α
vs∇

�
n: ð1Þ

The continuous unit vector field n ¼ nðr; tÞ specifies the
local orientation of the magnetization, γ > 0 is the gyro-
magnetic ratio, α > 0 is the Gilbert damping, and β is the
dissipative spin-torque parameter. The spin-transfer torques
involve the effective spin velocity vs that is parallel to the
applied spin current density. The effective magnetic field,
Beff ¼ −ð1=MsÞðδV=δnÞ with the saturation magnetization
Ms, is determined by the potential V ¼ R

drV. The poten-
tial density for a cubic chiral magnet in the limit of small
spin-orbit coupling is given by V ¼ V0 þ Vdip, where

V0 ¼ Að∂inÞ2 þDnð∇ × nÞ − μ0MsHnz; ð2Þ

with the exchange stiffness A, the Dzyaloshinskii-Moriya
interaction D, the magnetic constant μ0, and the magnetic
field H applied along the z axis. In the following, we
choose a right-handed magnetic system D > 0. The part
Vdip comprises dipolar interactions. (The latter was
neglected only for the results in Fig. 2.) It is convenient
to introduce the scales ωc2 ¼ γD2=ð2AMsÞ and Q ¼
D=ð2AÞ for frequency and wave vector, respectively, as
well as the dimensionless magnetic field h ¼ γμ0H=ωc2.
The strength of dipolar interactions is quantified by the
parameter γμ0Ms=ωc2 that we fixed to a value 1.3 typical
for cubic chiral magnets [48].

For h ≥ 1 the ground state of Eq. (2) is field polarized,
and in the absence of spin-transfer torques, vs ¼ 0, the
static skyrmion string nSkSðrÞ of Fig. 1(a) is a topologically
stable excitation [49]. For a finite in-plane spin velocity,
vs⊥ẑ, the equation of motion is solved by a drifting
skyrmion string nSkSðr − vdtÞ with an in-plane drift veloc-
ity vd∦vs realizing a skyrmion Hall effect [1].
Here, we are interested, however, in a longitudinal spin

current vs ¼ vsẑ; as the spin-transfer torques act on the
magnetization only via the operator vs∂z and ∂znSkSðrÞ ¼ 0,
the static skyrmion stringnSkSðrÞ still solves Eq. (1). In order
to determine the dynamical stability of the static string
solution for vs ≠ 0 we perform a stability analysis by
examining small fluctuations. Treating the Gilbert damping
α on the right-hand side of Eq. (1) perturbatively, the
complex fluctuation spectrum is obtained with the help of
linear spin-wave theory, see Ref. [30] for details,

ωvsðkzÞ ¼
β

α
vskz þ

�
ωðkzÞ −

�
β

α
− 1

�
vskz

�
½1 − iαPðkzÞ�:

ð3Þ

Here, kz is the wave vector of the spin wave fluctuation, and
the dimensionless function PðkzÞ ≥ 1 parametrizes its
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FIG. 2. (a) Spin wave spectrum of a single skyrmion string at
h ¼ 2.16, neglecting dipolar interaction see Refs. [26,28] for
details, consisting of the translational Goldstone mode, the
breathing mode, and extended scattering states. (b),(c) In the
presence of a small longitudinal current vs ≠ 0, the stability
criterion (4) is violated for the translational Goldstone mode
with wave vectors from zero to k� for which ωðkzÞ − ṽskz < 0,
where ṽs ≡ ðβ=α − 1Þvs.
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ellipticity [50,51]. For vs ¼ 0 and α ¼ 0, the spectrum
reduces to the spin wave dispersion ωðkzÞ for the skyrmion
string in equilibrium that was determined before byLin et al.
[26], see Fig. 2(a).
The skyrmion string is dynamically stable as long as

ImfωvsðkzÞg < 0 so that the factor e−iωvs ðkzÞt accompanying
the fluctuation amplitude decays exponentially in time.
From Eq. (3) follows the stability criterion

ωðkzÞ −
�
β

α
− 1

�
vskz > 0; ð4Þ

that generalizes and agrees with previous work [52–55]. As
the string possesses a translational Goldstone mode with a
quadratic spectrum for small kz, ωðkzÞ ≈Dk2z , with the
stiffness D, there exist for any value of vs a range of wave
vectors kz for which the corresponding stability condition is
not fulfilled, see Figs. 2(b) and 2(c). This implies that the
string in the presence of a small longitudinal current is
destabilized by the spontaneous emission of Goldstone
spin waves.
With this insight, we construct from the spectrum ωðkzÞ

of Fig. 2(a) the instability diagram for the skyrmion string
at the field h ¼ 2.16, see Fig. 3(a); in Ref. [30] the
diagram is also shown for h ¼ 1.08. The blue shaded
region bounded by the blue solid line indicates the range
of wave vectors for which the translational Goldstone
mode is unstable. In the limit of small kz the blue solid
line is linear, ðβ=α − 1Þvs ≈Dkz, and determined by the
stiffness D of the Goldstone mode. Increasing the values
of ðβ=α − 1Þvs the breathing mode, in addition, becomes
unstable (red line) and, eventually, even the ground state
(orange line). The latter occurs when the parabola border-
ing the scattering states in Figs. 2(b) and 2(c) crosses
zero, ½ðkz þQÞ=Q�2 þ h − 1 − kzðβ=α − 1Þvs=ωc2 ¼ 0; it
is the mode with kz ¼ � ffiffiffi

h
p

Q that becomes unstable first
at the velocity ðβ=α − 1Þvsjmin ¼ 2ð� ffiffiffi

h
p þ 1Þωc2=Q [56].

Because of the nonreciprocity of the spectrum, Fig. 2(a),
the instability diagram lacks point symmetry with respect
to the origin.
In order to validate Fig. 3(a) we performed numerical

micromagnetic simulations, see Ref. [30] for details. The
Goldstone amplitude spectrum of the numerically evaluated
unstable skyrmion string shown in Fig. 1(b) is analyzed in
the inset of Fig. 3(a). Indeed, amplitudes within the
expected range of wave vectors from zero to k�, with
ωðk�Þ=k� ¼ ðβ=α − 1Þvs, contribute. The imaginary part of
ωvsðkzÞ is maximal for a wave vector kmax, for which the
group velocity ∂kzωðkzÞjkmax

¼ ðβ=α − 1Þvs, and, as a con-
sequence, this amplitude will develop the fastest. In agree-
ment with this expectation, the amplitude spectrum has a
peak close to kmax. In order to verify the boundary of the
instability region, i.e., the blue line in Fig. 3(a), we
deliberately excited the string in the micromagnetic

simulations with a Goldstone mode of a given wave vector
kz and monitored the time evolution of its amplitude, see
Figs. 3(b) and 3(c). Scanning various values of ðβ=α − 1Þvs
we identified its critical value, for which the time evolution
changes from an exponential decay to an exponential
increase. The results for selected wave vectors are shown
as yellow dots in panel (a) and are in good agreement with
analytical predictions.
Now, we turn to a discussion of skyrmion string lattices

realized as a stable thermodynamic phase in cubic chiral
magnets with typical lattice constants of order ∼2π=Q.
Repeating the above arguments, we find that the stability
criterion (4) also applies to lattices where ωðkzÞ should be
identified here with the spin wave spectrum at zero in-plane
wave vectors, i.e., k ¼ kzẑ. This spectrum was obtained in

transl mode instab

(a)

(b) (c)

transl &

breathing modes instab

ground state instab

ground state instab

FIG. 3. (a) Instability diagram for the skyrmion string obtained
with the help of Eq. (4) for a dimensionless magnetic field h ¼
2.16 and ṽs ≡ ðβ=α − 1Þvs. In the blue shaded region the trans-
lational Goldstone mode is unstable. The breathing mode of the
string becomes unstable for larger ṽs at the red solid line. In the
orange shaded region the field-polarized ground state is desta-
bilized. Inset: Amplitude spectrum of the micromagnetic simu-
lation displayed in Fig. 1(b), see text. (b) Micromagnetic
simulations of a string initialized with a Goldstone mode at
wave vector kz ¼ Q. (c) Time evolution of the corresponding
amplitude that allows us to identify the critical value for ṽs
indicated as yellow symbols in (a), see text.
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Ref. [27] and is shown in Fig. 4(a). It comprises various
modes [19,48] but the ones with lowest frequencies are the
translational Goldstone mode and the counterclockwise
(CCW) mode. Similar to the case of a single string, a small
applied spin current immediately destabilizes the Goldstone
mode of the skyrmion string lattice, see Figs. 4(b) and 4(c).
Increasing the spin current, the CCW mode, due to its
pronounced nonreciprocity [27], is destabilized next for
negative values of ðβ=α − 1Þvs and, subsequently, various
other modes. This is summarized in the instability diagram
of Fig. 4(d). Note that the boundary of the Goldstone
instability (blue solid line) is only linear ðβ=α−1Þvs∝kz

for very small kz ≪ Q due to the pronounced nonreciprocity
of the Goldstone dispersion in Fig. 4(a).
Micromagnetic simulations were performed to confirm

the diagram in Fig. 4(d), for details see Ref. [30]. Similar to
Figs. 3(b) and 3(c), the skyrmion string latticewas initialized
with a Goldstone excitation with a specific wave vector, and
the time evolution was monitored to determine the critical
values of the velocity, that are shown as yellow symbols in
Fig. 4(d). There is very good agreement with the blue solid
line obtained analytically except for larger negativevalues of
ðβ=α − 1Þvs.We attribute the slight deviations in this regime
to the additional instability of the CCWmode that hinders a
clear delineation of the Goldstone instability.
From the instability diagrams follows that even for

very small spin currents the Goldstone spin wave insta-
bility is expected to develop for wave vectors jkzj ≤
jðβ=α − 1Þvsj=D, where D represents the stiffness either
of the single skyrmion string or the string lattice. The
development will be, however, hampered if the Goldstone
mode acquires an excitation gap. This is the case for
a system of finite linear length Lz limiting the length
of the skyrmion string; here a threshold current

vks;cr ∼ ½Dπ=ðLzjβ=α − 1jÞ� will be required although sur-
face twist and anchoring effects could lead to further
complications [42].
Disorder, in particular, breaks the translational symmetry

and induces finite threshold currents both for longitudinal
currents, vks;cr, as well as for the in-plane motion of
skyrmion strings due to in-plane currents, v⊥s;cr. In the
following, we estimate this effect assuming collective
pinning by weak disorder [57]. It can be shown [30] that
the two threshold velocities for a skyrmion string lattice are

related by vks;cr ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v⊥s;crηD=ξ

q
, where η ¼ c44=c66 is the

ratio of the bend and shear elastic constants of the lattice,
and ξ is a length scale characterizing the disorder potential.
As the size of the skyrmion is the smallest length scale that
can be resolved by the string’s elasticity, we approximate
ξ ∼ 2π=Q. From the dispersion relation for the spin waves,
see Fig. 4(a) and Ref. [48], we can estimate DQ2 ≈ 0.5ωc2
as well as η ≈ 0.5. Schulz et al. [7] provide for a high-purity
sample of MnSi a value for the critical in-plane velocity
v⊥s;cr ∼ 10−4 m=s of the skyrmion lattice motion induced by
a critical charge current j⊥cr ∼ 106 A=m2. Using ωc2=ð2πÞ¼
16.7GHz and 2π=Q ¼ 18 nm for MnSi [48], we obtain
the estimate for the longitudinal threshold velocity

vks;cr ∼ 0.03 m=s, that is 2 orders of magnitude larger than
the transversal threshold. This amounts to a critical current

jkcr ≈ ðvks;cr=v⊥s;crÞj⊥cr ∼ 3 × 108 A=m2 for the Goldstone
instability in MnSi highlighting the necessity of ultrapure
samples.
In summary, a spin current flowing longitudinal to

magnetic skyrmion strings leads to a Goldstone spin wave
instability. Its application allows, in principle, to melt the

translational 
mode

CCW mode

(a)

breathing mode

(c)(b)

stable lattice

transl. mode instability

CCW mode instability

(d)

transl. and CCW modes
instability

FIG. 4. (a) Magnon spectrum of the skyrmion string lattice at
h ¼ 0.54 for wave vectors kz along the strings [27]. (b),(c)
Violation of the stability criterion (4) in the presence of a finite
ṽs ≡ ðβ=α − 1Þvs. (d) Instability diagram for h ¼ 0.54; in the
blue shaded region the Goldstone mode is unstable. At the green
solid line the CCW mode also destabilizes and, subsequently,
various other modes (not shown). The yellow symbols are
obtained via micromagnetic simulations, see inset and text.
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skyrmion string lattice and induce a nonequilibrium phase
transition, whose universality class, however, remains to be
determined [58]. Depending on the parameters, the resulting
nonequilibrium state could be either a static polarized phase,
a dynamical conical state with moving phase fronts [59,60],
or other dynamically ordered and disordered phases
[56,61,62]. Similarly, a single skyrmion string can be
topologically unwinded by longitudinal currents, which
might be useful for erasing magnetic skyrmions in infor-
mation storage applications [63]. As the instability mecha-
nism is quite generic, it would be interesting to see whether
other quasi-one-dimensional magnetic objects, e.g., certain
domain walls, screw dislocations [64], or more complicated
skyrmion strings [25,65] exhibit a similar Goldstone spin
wave instability. Recently, spin wave instabilities have
attracted attention in the context of magnonic black-hole
analogs and spin-wave lasers [66–68]. The instability for
skyrmion strings discussed here provides a potential
platform to realize magnonic black-hole horizons with
Goldstone modes and, consequently, relatively low thresh-
old currents.
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