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Generation and detection of entanglement is at the forefront of most quantum information technologies.
There is a plethora of techniques that reveal entanglement on the basis of only partial information about the

underlying quantum state, including entanglement witnesses. Superradiance refers to the phenomenon of

highly synchronized photon emission from an ensemble of quantum emitters that is caused by correlations
among the individual particles and has been connected by Dicke himself to the presence of multipartite
entangled states. We investigate this connection in a quantitative way and discuss whether or not signatures
of superradiance from semiconductor nanolasers, manifesting themselves as a modification of the
spontaneous-emission time, can be interpreted as a witness to detect entanglement in the underlying

state of the emitters.
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Radiative coupling between localized emitters has been
of recurrent interest in different research areas over the past
decades [1-6]. In a simple picture, coupling to a common
light field can cause spatially distant emitters to align
dipoles, resulting in correlated emission phenomena [7].
Well-known effects that arise from this are sub- and
superradiance—correlation-induced modifications of spon-
taneous emission (SE) due to the presence of other emitters
that can enhance or reduce the SE rate, respectively. While
coupling via the free-space radiation field requires emitters
to be close together [1] or regularly positioned [8] for the
effect to occur, these conditions can be relaxed if emitters
couple to a common mode of a microcavity. In this case, the
spatial profile of the emission is solely determined by the
cavity mode, and interference effects causing highly direc-
tional emission associated with superradiance in free space
[2] play no role. This situation has been investigated in the
past, and signatures of sub- and superradiant emission have
been demonstrated in ensembles of quantum dots [4,9,10],
quantum wells [11], and superconducting circuits [12,13].
Dicke described the phenomenon of sub- and superradiance
in terms of collective states that are eigenstates equivalent
to those of the total angular momentum. The maximal
angular momentum states of N emitters with j = N /2 are
known today as Dicke states and exhibit a quadratic
dependence of their emission rate with the number of
particles. They are multipartite entangled quantum states
that can act as a resource for a range of different quantum
information applications [14—16]. Dicke’s picture allows a
somewhat different access to explaining the modification of
SE time in terms of dark and bright states [1,17,18]. Many
consider the term “superradiance” to be bound to the
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emission from a Dicke state, whereas spontaneously
created dipole correlations that also modify SE in a similar
manner are referred to as “superfluorescence” [19-21]. In a
reciprocal way, it is not clear in how far altered SE behavior
is indicative for the presence of Dicke states [22].

The purpose of this Letter is to establish and quantify the
connection between correlation-induced SE-time modifi-
cation and multipartite entanglement in terms of Dicke
states. We consider quantum-dot-based cavity-QED sys-
tems, but the interpretation and consequences apply to
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FIG. 1. (a) Comparison of emission from initially fully inverted

emitters (N = 50) with (black) and without (orange) emitter
correlations. (b) SE rate 'z combined with superradiant enhance-
ment I'cg (solid lines). Without emitter correlations I'cg = 0. Total
emission I, (dashed) includes stimulated emission as well. Inset:
Emitter-number dependence of the maximum SE rate. (c),(d)
Same as above, but with the emitter ensemble initially in the half
inverted Dicke state |[Dy /). Parameters are y/g = 1, x/g = 20.
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other systems as well. Determining entanglement in a
multipartite system is not trivial and no general measures
apply [23]. Here, we connect superfluorescent intensity
bursts to entanglement witnesses for Dicke states that are
related to electronic structure factors [24]. This is a
particularly suitable approach, as this formulation of the
entanglement witness directly relates to electronic corre-
lation functions that are responsible for changes of the
spontaneous-emission time, and which are accessible by
equation-of-motion techniques used in semiconductor
quantum optics [7,25,26]. As we show, this facilitates a
natural connection between semiconductor quantum-
optical methods and methods from quantum-information
theory.

In the past, the presence of superradiant SE enhancement
has been seen as an indicator for Dicke superradiance.
Here, we present proof that in the superradiant regime of
nanolasers, the emitter ensemble rarely transitions through
an intermediate Dicke state with a high degree of entan-
glement, but instead a coexistence of sub- and superradiant
states is observed during light emission inhibiting the
occurrence of detectable entanglement. We highlight
how the formation of emitter correlations and the N2
scaling of the SE rate is a necessary but not sufficient
condition for the presence of multipartite entanglement
during the emission process.

Superradiant emission and entanglement.—Superradi-
ance is caused by correlations between emitters and can
arise in an ensemble of N emitters coupling to the common
electromagnetic field. We use a model of N individual two-
level emitters coupled to a single bosonic mode governed
by the Tavis-Cummings Hamiltonian

()] .
H=Y "loi+gy (ofa+oia’) +wa'a. (1)
1 1

where @, and @, are the emitter and cavity resonance
frequencies (A =1), and ¢ is the light-matter inter-
action strength. The parafermionic operators ¢ and 67 =
%(of +io]) are the inversion, raising and lowering oper-
ators for emitter i [27], while a' and a are bosonic operators
creating and annihilating photons in the cavity mode. We
consider an open quantum system [28] subject to emitter
decay, photon loss, and pure dephasing at rates y, k, and y 4.
Throughout this Letter we use a pure dephasing of 20 peV
typical for low-temperature III/V semiconductor quantum
dots. We apply the cluster-expansion technique up to
doublet level [25,26] taking into account pair correla-
tions between individual emitters. This well-established
approach provides access to the dynamics of fundamental
quantities, such as the output intensity, for large emitter
ensembles in the weak coupling regime [¢*/(y + k) < 1].
All used equations are derived in the Supplemental
Material (SM) [35]. The temporal evolution of the photon
number in the cavity n(z) can be written as
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FIG. 2. (a) Schematic representation of the space of all physical
states p with all separable states as a convex subset (orange). The
witness W defines a hyperplane given by Tr[Wp| = 0, bisecting
the whole space into detected and nondetected states. (b) Structure
factor witness (W) evaluated for different initial conditions: fully
inverted (FI) emitters (black), fully separable half-inverted
(FSHI) product state (orange), and half-inverted Dicke state
|Dy n/2) (blue). Parameters are identical to Fig. 1.

n(t) = Tsg(t) + Tgg(t) + Teg(t) — xn(1), (2)

where the individual terms are the SE rate I'sg =
I4(N/2)(1 + (0,)), stimulated emission (StE) sy =
IoNn(o.), and the correlated emission (CE) responsible
for sub- and superradiant SE-time modifications
Icg = IpN(N — 1)Cy. Here, Iy = [4¢°/(k + 7y +27,)] is
the single-emitter emission rate into the cavity, (o,) is the
inversion, and Cy = <0fra;> are emitter pair correlations.
Importantly, the cluster-expansion approach allows us to
switch off and on these correlation contributions to asses
their influence.

Figure 1(a) shows the output intensity of an initially fully
inverted system of N = 50 emitters with (black) and
without (orange) the influence of emitter correlations as
a function of time. The well-known fingerprint associated
with superfluorescence is apparent as an emission burst,
during which most photons are emitted within a shortened
time interval. Figure 1(b) shows the corresponding emis-
sion rates. Without emitter correlations, the SE rate decays
exponentially, while the presence of emitter correlations
strongly enhances the emission rate before it falls beneath
the uncorrelated value—these regimes are referred to as
super- and subradiant. To verify that we truly are in a
regime dominated by SE, dashed lines show the total
emission including stimulated contributions, which are
indeed small. In Figs. 1(c) and 1(d) we also show the
emission output and emission rates from an ensemble
initialized in the half-inverted Dicke state |Dy /) at
t = 0. Emission from this highly entangled state is epony-
mous for Dicke superradiance: strongly correlated and
known to possess the largest SE-rate enhancement. The
emission rate for Dicke states |[Dy;) can be given in
analytic form, [cg = Io(N — k)k = [(N*(1 = (5,)?)/4,
showing the proportionality to N2 at a fixed inversion
(0.). Without correlations, the SE rate is only linear in N:
Isg = Ipk = Io(N/2)(1 + (o,)) (see the SM).
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We now turn to the central question: To what extent is
superradiant SE enhancement indicative for entanglement
between the correlated emitters? While for the half-inverted
Dicke state in Figs. 1(c) and 1(d), entanglement is present
by design, the situation is less clear for the temporal
evolution of an initially fully inverted system. Our results
in Figs. 1(a) and 1(b) show that at half-inversion, the SE
rate is strongly enhanced, and the inset to panel (b) reveals
that this increase indeed scales as N2, suggesting the
transitory presence of the entangled half-inverted Dicke
state. To answer this question, we employ an entanglement
witness that is related to structure factors [24]

N -1 ;Y
W=1- ( 5 ) Z(cxafoj? + cyaio} +c.0705)  (3)

i<j

with real coefficients |c,/,/.| <1 and the binomial coef-
ficient (7). A positive value for a witness is a necessary, but
not a sufficient criterion for a state to be separable [23]; see
Fig. 2(a). It has been shown that for ¢, =c, =1 and
¢, = —1, W detects states close to the half-inverted Dicke
state [Dy y/2) [24]. Under symmetry of exchange of
emitters, we obtain from Eq. (3)

(W) =1—4Re[Cy] + C., (4)

with Cy = (6 07) and C.. = (6i05) (i # j). It is a key
insight of this Letter that this particular witness is directly
connected to the correlated-emission term I'cg, which
contains the same type of emitter-pair correlations and
is, therefore, directly accessible by the cluster-expansion
approach.

Figure 2(b) shows (W) for different initial conditions of
the previous ensemble of 50 emitters. For initially fully
inverted emitters (black), there is a significant dip in the
witness expectation value during the emission that coin-
cides with the maximal intensity output in Fig. 1(a). In the
past, the initial burst of emission after excitation of the
system was connected to the presence of a Dicke state at
the half-inversion point of the emission. Here, the fact
that the witness stays positive shows that this is not the
case. As a comparison, (W) is evaluated for a fully

separable half-inverted product state (orange) pL®N with

2
py =7 (|0)(0 + [1)(1]), and for the half-inverted Dicke
state (blue) py y/2 = |Dynj2)(Dnnj2|- Both states have
the same initial excitation level (c.) = 0. While no entan-
glement is witnessed for the separable initial state, the
Dicke state is detected by construction of the witness
and starts out with the minimal possible value of (W) =
—2/(N —1) [24].

The fact that Dicke states close to half-inversion are not
detected during the emission despite the observation of a
superradiant spontaneous-emission rate enhancement < N>
is a key result of this Letter. It originates from the fact that
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FIG. 3. (a) Decomposition of the reduced 4-emitter state into

components p; , according to Eq. (5). Colors indicate competing
superradiant (orange), subradiant (blue) contributions as well as
the separable ground and inverted state (black). The inset shows
the state purity Tr[p?] showing the transitive mixing of angular
momentum components. In (b) the corresponding structure of
possible angular momentum numbers (j, m) is shown, where the
coloring reflects the contributions shown in (a). (c) Emitter
correlation C separated into sub- and superradiant components
as given in Eq. (6). The shaded area indicates the sum of the two
competing effects. Parameters are N =4, /g = 20, y/g = 1.

entanglement, as we infer from the definition of (W),
mainly arises from the real part of the emitter-emitter
correlations C,, whereas the SE-rate modification I'cg
contains an additional factor of N(N — 1), reflecting that
SE is enhanced by all pairwise correlations within the
ensemble. Entanglement does not benefit from this com-
binatorial factor.

Pair correlations do not equal entanglement.—If no
Dicke state is detected during the emission, the question
remains as to what correlated state is actually formed
instead. To investigate this, we analyze a system of fewer
emitters that is amenable to a treatment by master equations
for the system’s density operator. We numerically integrate
the Lindblad-von Neumann equation for an ensemble of
four emitters. Given that we start with a permutationally
invariant initial state, it can be shown [29,30] that the
dynamics only couples permutationally invariant emitter
states that are characterized by fixed (pseudo-) spin angular
momentum eigenstates of the collective spin operators J?
and J,, where J, =13, 05. As a consequence we can
decompose the marginal state of the emitters as

pq(t) = Z Z pj.m(t)pj,m’ (5)

m=—j

where (j,m) label the permutationally invariant compo-
nents p;,,, = (1/d;,) S0 |jom, i) (j, m, i| and |}, m, i) the
eigenstates with J2|j,m,i) = j(j+1)|j,m,i) and J_|j,m,i) =

m|j.m.i). The factor d;,, = [(2j + 1)/(N + 1)]((yy3);) is

and
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the degree degeneracy of the common eigenspace of J> and
J, and is equal to the multiplicity of the irreducible
representation (j, m) in the Clebsch-Gordan decomposition
series for adding N (pseudo-) spin-% systems. The quantum
number i is introduced to lift this degeneracy. Note that
Jmin =20 (%) for even (odd) number of emitters, j < (N/2)
and —j <m < j.

In the following, we use the orthogonality relation
Tr[pjmp i) = (1/d;y)8;y 8 to extract the coefficients
Pjm from any given system state p. In this notation, Dicke
states are those with maximal j = (N/2) with |m| < j and
have multiplicity d;,, = 1. Figure 3(b) gives a representa-
tion of all possible states, of which the Dicke states are
marked in orange. Figure 3(a) shows the time dependence
of the coefficients p;,, during the superradiant emission
pulse. We see subsequent occupation of the entangled
Dicke states during the emission (orange), as well as large
contributions from the separable, fully inverted state |J, j)
and ground state |j, —j) (black). Furthermore, dissipative
processes in the Lindblad-von Neumann master equation
create contributions with lower total angular momentum
j < N/2 (blue), which are subradiant.

Here, the main distinction between SE-rate modification
and creation of entanglement is revealed. All permutation-
ally invariant components p; ,, of the emitter state (except
for fully inverted and ground state) are nonseparable, as can
be shown by various entanglement measures such as the
negativity (see the SM). However, the strong mixing of the
entangled components leads to an overall separable state
(i.e., entanglement is “sublinear” [23,31]). The mixing is
also reflected in the low purity Tr[p?] during the emission
pulse shown in the inset of Fig. 3(a). In contrast, all SE-rate
modifications considered here result from linear operator
expectation values, allowing us to analyze the emission
rates in terms of linear combinations of the individual
components with fixed (j,m). Analytical expressions for
the emitter correlations Cy(j, m) and C_.(j, m) for any p; ,,
can be obtained from the SM. By separating all components
pjm according to their values of Cy(j,m), the time
evolution of the purely superradiant component can be
calculated and is given by

C?)up(t) = Z pjm(t)CO(.j’ m)’ (6)

j.m
Co(j,m)>0

with the subradiant component C§"(¢) analogously. The
colors in all panels of Fig. 3 are chosen to reflect the sub-
(blue) or superradiant (orange) nature of the individual
contributions. In Fig. 3(c) we show how the sub- and
superradiant contributions change during the emission
pulse. The result of this competition between sub- and
superradiant contributions is represented by the shaded
curve, which is the sum of the two contributions. It shows
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FIG. 4. Realization of Dicke states in the strong coupling regime
for N =2 (solid) and N =4 (dashed) emitters. (a) Intracavity
photon number starting from a well-defined value N/2 with
k/g=0.1, y/g = 0.1. (b) Structure factor witness (W) clearly
detecting entangled states close to the half-inverted Dicke state as
indicated by the expectation value (Dy) = (Dy /20| Dy ns2)-
(c) Minimum value for (W) as a function of emitter decay rate y/g
after initializing the system in the photon state as in (a).

how the observed superradiant emission burst in Figs. 1(a)
and 1(b) arises from competing effects, with net super-
radiant behavior in the beginning that later transitions to a
net subradiant behavior.

Finally, we address the stability of our results in the
presence of inhomogeneous broadening of the emitter
transition frequencies that is present in ensembles of
epitaxially grown quantum dots. In the presence of a
cavity, the resonant mode acts as a spectral filter, decou-
pling all nonresonant emitters from the resonant part of the
ensemble. The SM provides a deeper discussion and a
calculation for inhomogeneous emitters.

Coherent Dicke-state preparation.—Advances in quan-
tum technology, and in particular cavity QED, make it
possible to create well-defined photon states [32-34]. As
we show, this opens the door for experiments that use Fock-
state quantum light to generate entangled Dicke states in
the dynamics of an emitter-cavity system. In Fig. 4(a) we
show the emission dynamics of N =2 (solid lines) and
N =4 (dashed) emitters strongly interacting with the
cavity mode. As initial conditions, we assume Fock states
of n, = (N/2) photons in the cavity. Panel (b) shows the
corresponding value of (W) (black lines), clearly demon-
strating the transient existence of entanglement. The orange
lines represent fidelities with the half-inverted Dicke states,
showing the these are indeed the origin of the observed
entanglement. The coherent dynamics can be understood in
a simplified model that represents a generalization of the
Jaynes-Cummings model to a multilevel emitter coupled to
a cavity, where the emitter levels are represented by the
Dicke states |N/2,m), as the Eq. (1) Hamiltonian com-
mutes with the operator J2.

The creation of Dicke-state entanglement in a determin-
istic fashion hinges on the ability to control the photon state
in the cavity, and on the suppression of decoherence effects.
To show this, we explicitly consider emitter dephasing over
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the range from strong to weak light-matter coupling and
show the attainable entanglement in terms of the minimal
value of (W) in Fig. 4(c). In the strong-coupling regime, the
emitters are truly found to be in an entangled state at the
maximum of their excitation by the cavity field. With
increasing dissipation rate y, the overlap with the targeted
Dicke state and the resulting entanglement reduces. At a
single-emitter dissipation rate larger than y/g = 1.32 (0.91)
for N =2 (N =4) emitters, entanglement is no longer
detected. As expected, the genuine multipartite entangle-
ment becomes less robust to decoherence effects as the
number of emitters increased.

Conclusion.—Dicke super- and subradiance is a recurrent
topic in fundamental, atomic, and semiconductor physics. In
recent observations, e.g., in semiconductor nanolasers,
superradiant emission bursts have been observed. With a
maximum emission-rate enhancement at half-inversion and
the well-known scaling behavior for the half-inverted Dicke
state o« N2, there is no reason not to assume that this type of
emission-time enhancement arises from a transitory Dicke
state. We show that, contrary to this expectation, signatures
of superradiance are not linked to the existence of Dicke
states, but result from a mixture of (pseudo-) angular
momentum eigenstates with both sub- and superradiant
contributions.

By combining methods from semiconductor optics and
quantum information theory, we could establish a close
connection between emitter correlations that modify spon-
taneous emission, and a witness for detecting Dicke-state
entanglement. While the emission rate enhancement bene-
fits from a combinatorial scaling factor of all emitter pairs
in an ensemble, entanglement does not, which is why
entanglement is a much harder criterion to fulfill, and is
ultimately not found even in the presence of strong
emission-time enhancement.

Finally, we propose to use Fock-state quantum light to
excite a cavity QED system, which can generate a tran-
sitory entangled Dicke state that can be discovered by an
experimentally accessible entanglement witness. Then, the
emission of superradiant light truly becomes a signature of
multipartite entanglement within the emitter ensemble. We
believe that this proposal has broad applicability and could
lead to exciting new avenues of research in the field [35].
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