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Polymers confined in corrugated channels, i.e., channels of varying amplitude, display multiple local
maxima and minima of the diffusion coefficient upon increasing their degree of polymerization N. We
propose a theoretical effective free energy for linear polymers based on a Fick-Jacobs approach. We
validate the predictions against numerical data, obtaining quantitative agreement for the effective free
energy, the diffusion coefficient, and the mean first passage time. Finally, we employ the effective
free energy to compute the polymer lengths Nmin at which the diffusion coefficient presents a minimum: we
find a scaling expression that we rationalize with a blob model. Our results could be useful to design porous
adsorbers, that separate polymers of different sizes without the action of an external flow.
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The transport of polymers across corrugated channels
and pores is of capital importance for several biological
scenarios and technological applications, such as cell
regulation [1], DNA and protein sequencing [2–4], and
polymer separation [5]. Further, polymer transport across
corrugated channels is still an open challenge [6] since it
couples all of a polymer’s degrees of freedom (from the
monomer up to the full chain length) to the channel
geometry in a nontrivial manner. Such an interplay can
lead to surprising phenomena. Polymers confined within
nanoscopic cylindrical pores exhibit an enhanced mobility
as compared to polymers in bulk [7] and nanochannel
translocation of DNA can be enhanced by tailoring three-
dimensional nanofunnels at the channel entrance [8];
similar entropic traps have been used to purify [9] and
separate [10–13] DNA and to induce giant enhancement in
polymer diffusion [14].
Despite of its interest, an overall understanding of

polymer transport across channels of varying section is
still lacking. On the theoretical side, while much attention
has been paid to the case of polymer translocation across a
pinhole of the size of the monomers [15], the general
problem of translocation across varying-section pores has
not yet been fully addressed. The difficulty relies on the fact
that, compared to the former case in which the polymer has
to cross “head first,” in the latter case the polymer can
cross the pore’s bottleneck in a variety of configurations.
The translocation probability will depend on monomer-
monomer as well as on the monomer-wall effective
interactions. In this regime, some analytical results have

been derived for “short” polymers, whose gyration radius is
much smaller than the distance L between subsequent
bottlenecks [16]; numerical results have been derived for
both linear [17] and ring polymers [18].
In this Letter, we show that the translocation time as well

as the effective diffusion coefficient of linear polymers
across a varying-section channel (see Fig. 1) attain a
nonmonotonous dependence on the polymer size, N.
Remarkably, the deviation of the diffusion coefficient
from the expected 1=N Rouse dependence can be 10- to
100-fold. In order to understand such a behavior we extend
the Fick-Jacobs approximation for (short) polymers [16] to
the case of arbitrarily long polymers by accounting, in an
effective way, for the extension of the polymer inside the
corrugated channel. Once validated against the numerical

FIG. 1. Sketch of a linear polymer confined in a corrugated
channel, whose radius changes from hmin at the bottleneck to
hmax in the widest section. Dashed circles mark correlated blobs
of size h0 ¼ ðhmin þ hmaxÞ=2.
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data, we exploit our model to predict the polymer size Nmin
at which the diffusion minima occur and we investigate the
scaling properties of such quantities with respect to the
geometry of the corrugated channel. These features can be
captured by a simple blob model, that yields the scaling of
Nmin as a function of the geometry of the channel. Such a
classic approach may provide a useful tool to design
channels for polymer sorting.
We perform standard Langevin dynamics simulations

(see Supplemental Material 2A) [19] for channels of length
L ¼ 25; 50σ, average width h0 ¼ 10; 12σ, and different
values of the modulation of the channel; here σ is the
monomer size, taken as the unit length. The corrugated
channel is characterized by three characteristic length
scales: the minimum and maximum widths hmin and
hmax and the corrugation length L along the channel axis
(see Fig. 1). One usually recasts hmin and hmax into the
entropic barrier ΔS ¼ 2 lnðhmax=hminÞ and the average
width h0 ¼ ðhmin þ hmaxÞ=2. Remarkably, Fig. 2(b) shows
that for tailored channel geometries, upon growing the
polymer length N the diffusion coefficient firstly decreases
with N, it attains a minimum and then it grows again.

This behavior, differs from the expected 1=N Rouse
behavior (i.e., upon neglecting hydrodynamic interactions).
In order to clarify the physical origin of such a

phenomenon, we derive an analytical model that maps
the 3D dynamics of the confined polymers into the
dynamics of a point particles moving in an effective 1D
potential. In order to do so, we follow the Fick-Jacobs
approximation [23–27] that has been validated and used to
study the dynamics of diverse confined systems (see
Ref. [28] and references therein for a brief review). A
similar model has been derived [16] (see Supplemental
Material 1A for a brief summary) under the condition that
the polymer gyration radius is much smaller than the
channel period, L. If so, naming x the position of the
center of mass of the polymer along the channel axis, it is
possible to model the effect of the confinement as a local
contribution to the polymer’s free energy [16]. However,
upon increasing the degree of polymerization N, such an
assumption is bound to fail. The polymer is, at some point,
large enough to experience multiple channel periods at any
location of the center of mass x, as sketched in Fig. 1.
Hereby, we propose an approach to construct an effective
free energy for arbitrarily long polymers. The free energy
should account for the diverse confining scenarios expe-
rienced along the chain. Accordingly, we integrate the local
free energy from Ref. [16] over an interval equal to the
average magnitude of the end-to-end vector (Re) and
centered at the location of the center of mass

βFðxÞ ¼ 1

Re

ZxþRe=2

x−Re=2

βF0ðx0Þdx0 ð1Þ

where βF0ðxÞ is the polymer free energy from Ref. [16]
and Re depends on N and on the confinement (see
Supplemental Material 1B). Finally, using Eq. (1), we
compute the long time diffusion coefficient via the Fick-
Jacobs formula [23–26,28]

D
DN

¼ 1

ð1þ ΓÞhe−βFðxÞixheβFðxÞix
ð2Þ

where Γ ¼ 2ðhmax − hminÞ2=L2 is the so-called Zwanzig
coefficient [23]; for most cases considered in this Letter Γ is
small (Γ ≈ 10−2) and can be rather safely ignored.
First, we compare theoretical and numerical free energies

in Fig. 2(a) as a function of the coordinate x, that again
marks the position of the center of mass of the polymer
along the longitudinal axis of the channel, for L ¼ 50σ,
ΔS ¼ 0.81, and h0 ¼ 12σ. As shown, the comparison is
very favorable up to polymers with N ≈ 125. Afterwards, it
becomes less quantitative, even though the free energy
difference βΔF is quite well captured by the model, even at
N ¼ 200. In Fig. 2(b) we compare theoretical and numeri-
cal data for the long-time diffusion coefficient D=D0,
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FIG. 2. (a) Comparison between theoretical and numerical free
energy along the channel axis for L ¼ 50σ, h0 ¼ 12σ, and
ΔS ¼ 0.81. Symbols refer to numerical free energies, lines to
Eq. (1). We shift the curves so that the free energy at the
bottleneck is always zero. (b) Long time diffusion coefficient D,
normalized by the diffusion coefficient of a single monomer D0,
as a function of N for different values of L, h0, and ΔS. Symbols
refer to numerical data, lines to the theoretical estimation,
Eqs. (1) and (2).
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where D0 is the diffusion coefficient of a single monomer,
as a function of N for different values of L, h0, and ΔS.
Theoretical data are computed using Eqs. (1) and (2);
numerical data are reported only if the vast majority
(> 90%) of the trajectories diffused at least up to one
channel corrugation from their initial point x0 (i.e., up to
x0 � L). (see Supplemental Material 2D). We find a good
agreement between theoretical and numerical data, both
showing a clear nonmonotonic behavior. Remarkably, the
position of the diffusion minimum Nmin is always rather
well captured by the theory. The nonmonotonic nature of
the diffusion coefficient can be emphasized looking at
D=DN (see Supplemental Material 2B), DN being the bulk
diffusion coefficient of a linear polymer of N monomers.
Such a quantity highlights the effect of the confinement,
removing the contribution due to the increase in size.
However, we highlight in Fig. 2(b) that the diffusion
coefficient may vary by 1 or even 2 orders of magnitude,
upon changing the polymer size roughly by a factor of 2.
Thus, the difference in the diffusion timescales for poly-
mers of slightly different size can be substantial: such a
difference can easily be measured in experiments or
exploited for material design.
In many of the biological scenarios, a relevant quantity is

the time at which the polymer crosses a bottleneck for the
first time, i.e., its first passage time. Typically, the mean of
the first passage time distribution is taken as representative
of the “typical time” taken by the polymer to cross a barrier.
However, in several systems [29–32] the distribution of the
first passage time is quite broad and skewed, thus its mean
may not be so significant. Accordingly, we employ Eq. (1)
to compute the mean first passage time (MFPT) T1, its
variance σT1

and, the so-called coefficient of variation
γ ¼ σT1

=T1 [29–32] that quantify the statistical likelihood
of a departure from the mean. Following [32], we define the
mean first passage time as the time required for the center
of mass of the polymer to displace a distance L in either
directions along the channel axis, from its initial point.
From Eq. (1), the MFPT can be computed as

T1ðx0Þ ¼
1

DN

Z
x0þL

x0

dx0eβFðx0Þ
Z

x0

x0

dx00e−βFðx00Þ ð3Þ

where x0 is the initial point of the trajectory (see
Supplemental Material 1E, 2D).
We report, in Fig. 3, the comparison between numerical

and analytical results for both T1 and γ. In particular, we
observe in Fig. 3(a) that the comparison for the MFPT is
again quantitative; the comparison for γ [Figs. 3(b) and
3(c)] is instead mostly qualitative. This has to be expected:
for γ ≈ 1 the standard deviation is comparable to the mean
and a considerable amount of data is required for a precise
estimation of σT1

. Nevertheless, theory and simulations
agree on the range of values of γ as well as on the
qualitative trends. Such a remarkable agreement shows
that the simple model in Eq. (1) not only provides

quantitatively reliable predictions for average quantities
such as the diffusion coefficient and the MFPT, but it is also
reliable for what concerns higher moments of the first
passage time distribution.
This motivated us to examine the predictions of the

theory for a broad range of L, h0, andΔS values, exploiting
the predictive power of Eq. (1). It is instructive to look at
the theoretical results as a function of N. In Fig. 4 we plot
the theoretical estimates for βΔF [Fig. 4(a)] and for D=DN
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FIG. 3. (a) Mean passage time T1τ0, normalized over time unit
τ0, and (b),(c) coefficient of variation γ as a function of N for
different values of ΔS, h0 and L. Symbols refer to results from
simulations, lines to theoretical calculations.
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FIG. 4. (a) Theoretical free energy difference βΔF and (b) theo-
retical diffusion coefficient D=DN as a function of the degree of
polymerization N for a channel of length L ¼ 50σ, ΔS ¼ 0.81,
and h0 ¼ 12σ (light blue), h0 ¼ 20σ (red), h0 ¼ 28σ (green),
h0 ¼ 48σ (blue). Symbols refer to the position of (a) the extrema
and the zeros of ΔF (b) maxima and minima of D.
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[Fig. 4(b)]. The theory predicts a periodic dependence for
both quantities on the polymer size N, as also observed in
our simulation data and in the literature [18]. The period of
the oscillations as well as the ratio between the diffusion
coefficient at the extrema, Dmax=Dmin, vary with the
channel average section h0. As expected, the theoretical
approach identifies βΔF as the “driving force” for the non-
monotonic diffusion: indeed, the frequency of the oscil-
lation of βΔF is always half the frequency of the oscillation
of D=DN . As shown in Fig. 4, the extrema of βΔF
correspond to the minima of D=DN , while the zeros of
βΔF, indicating a flat free energy landscape, correspond to
the maxima of the diffusion.
Finally, we focus on the theoretical prediction of the

position of the diffusion minima. Figure 5(a) shows the
scaling properties of the first minimum of the diffusion
coefficient as a function of the channel width. Remarkably,
the data obtained at different values of ΔS and L collapse
onto a master curve, when reporting Nmin as a function of
h2=30 L=σ5=3. Considering all the subsequent minima
Nminðn̄Þ in Fig. 5(b), ranked by their appearance index,
for ΔS ¼ 0.81 and different values of L and h0, we can
clearly observe a linear behavior. Both results can be

understood using a blob model [33] (see Appendix A),
that predicts the scaling reported above; indeed, the blob
model properly captures not only the position of the first
minimum but also that of all the other minima [Fig. 5(b)]. It
also suggests that the position of the minimum (and,
actually, of all minima) is independent of ΔS. Such a
finding is in agreement with the free energy model (see
Appendix B).
The blob model can inspire alternative approaches to an

effective free energy. If h0 is the blob length scale, then one
may introduce nonlocal contributions to the free energy via
an effective channel width, averaging the channel profile
over the length scale Re. Albeit less precise, this alternative
approach still maintains a very good agreement with
numerical data (see Appendix B). This shows that the idea
of incorporating contributions by a suitable averaging is
robust.
In summary, we have shown that the diffusion coefficient

of linear polymers across varying-section channels has a
nonmonotonous dependence on the polymer length N. In
particular, we observe that the deviation from the Rouse
behavior can be significant (10–100-fold) and can be
exploited to design devices aiming at polymer sorting. In
order to understand such a counterintuitive behavior we
have derived (and validated against numerical data) an
effective free energy approach which captures the non-
monotonic behavior quantitatively. The approach, based on
the Fick-Jacobs theory, incorporates nonlocal effects of the
confining channel through the average of the local free
energy. Our model shows that the nonmonotonous (and
oscillating) behavior is due to the (periodic) smearing out of
the effective free energy barrier for polymers that occupy an
integer number of channels (see Fig. 4). Remarkably, a
similar behavior has been observed experimentally, for
example, in the case of polymers transported across an
array of entropic traps [14] as well as for pluronic gels [34].
Moreover, in many circumstances, the dynamics is con-
trolled by the first passage of polymers across a pore. We
have used our model to predict both the mean and the
variance of the first passage time distribution. As shown in
Fig. 3 our model precisely predicts the mean and qualita-
tively captures the dependence of the variance of the first
passage distribution on N.
Finally, we exploited the remarkable agreement between

the theoretical and numerical data to investigate the scaling
of the minima of the diffusion coefficient as a function of
the channel geometry and we have captured such scaling
via blob theory. Even though our model and numerical
results do not account for finite bending rigidity, this can be
effectively accounted for by renormalizing the monomer
size in the model to the persistence length and the number
of monomers to the number of Kuhn segments [35].
Accordingly, we expect our results to hold in the presence
of a moderate bending rigidity and deviation can be
expected when the persistence length becomes comparable
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FIG. 5. (a) Scaling of the position of the first minimum of the
diffusion coefficient as a function h2=30 L=σ5=3 for different values
of L and ΔS. (b) Scaling of the positions of the diffusion minima
Nmin as a function of their appearance index for different values
of L and h0 at ΔS ¼ 0.81. The black star symbols refer to the
numerical data, extracted from Fig. 2(b).
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with the full contour length of the polymer as well as for
rigid rods [36]. Our findings present a significant theoreti-
cal improvement in the understanding of the diffusion
of polymers in complex landscapes and, further, provide
very useful tools for characterizing the diffusion properties
in complex porous materials. One could, for example,
envisage a “sponge,” designed to have pores of different
roughness that can effectively sort different polymers by
size in a passive way. Such a device could be useful in
situations where it is hard to produce a flow or where the
polymers may be degraded by the action of an external
force. Finally, from a theoretical perspective, it would be
interesting to check if this effective approach works far
from equilibrium, for example, with active polymers. Work
is in progress in that respect, with the aim of unravelling the
effect of activity on the polymer dynamics in corrugated
channels.
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Appendix A: Blob model.—We describe here the blob
model, employed to rationalize the scaling of the
diffusion minima reported in the main text. We assume
that the polymer organizes into blobs of radius ∼h0=2.
A polymer made of N monomers has nb ¼ N=M blobs,
where M is the number of monomers in a blob, given
by αM

3
5 ¼ h0=ð2σ), α being a dimensionless constant,

and σ the monomer size. It follows that

M ¼
�

h0
2ασ

�5
3

: ðA1Þ

In blob theory, the length of a polymer l scales linearly
with the number of blobs; in our case l ¼ nbh0. We
argue that, when l exactly matches an integer multiple
of Ll ¼ n̄L (n̄ ¼ 1; 2; 3;…) we expect βΔF to be null,
i.e., βFðxÞ to be constant. In fact, for such a case, the
polymer experiences the “same confinement” (in the
sense of the effective free energy) irrespective of
the position of the center of mass, as a consequence of
the periodicity of the corrugation profile. Since this is
true only for the set of values l ¼ n̄L (n̄ ¼ 1; 2; 3;…),
this also entails that βΔF as a function of N is
oscillating; the extremal point will be then placed at

l ¼ n̄L=2. As seen in the main text, the extrema in the
free energy difference correspond to minima in the
diffusion: thus

n̄
2
L ¼ nmin

b h0 ¼
Nmin

M
h0 ðA2Þ

sets the condition for Nmin. Accordingly, we get

Nmin ¼
n̄
2

L
h0

�
h0
2ασ

�5
3 ¼ n̄

2

1

α
3
5

L
σ

�
h0
2σ

�2
3

: ðA3Þ

As noticed in the main text, this relation can be re-
cast as

N3=2
min

ðL=σÞ5=2 ∝ h0=L ðA4Þ

which highlights the two length scales of the system h0
and L. As noticed in the main text, this relation is
insensitive to ΔS, which is also reflected by the
numerical data (see Supplemental Material Sec. 1.E).
Finally, it is interesting to notice that, via our model, a
similar scaling is expected also for the maxima of the
diffusion coefficient.

Appendix B: Effective free energy approaches.—We
consider three different approaches to construct an
effective free energy; each one is characterized by a
different approximation. While all of them qualitatively
explain the nonmonotonicity of the diffusion coefficient
as a function of N, the agreement with numerical data
varies quantitatively. We start recalling the definition of
the free energy in the case of a polymer whose gyration
radius is much shorter then the channel length

βF0ðxÞ ¼ −ðd − 1Þ
�
ln

�
16hðxÞ
h0π2

�

þ ln

� X∞
p¼1;3;::

1

p2
exp

�
−π2p2

�
Rg

2hðxÞ
�

1=ν
���

ðB1Þ

where the values of ν and Rg depend on the polymer
chain considered (Gaussian or self-avoiding). For our
purposes, we used the following functional form for
the bulk gyration radius Rb

g ¼ 0.587 35 · N0.588 · ð1−
0.435 588 · N−0.2228Þ, with thus ν ¼ 0.588.
The first approach is the one reported in the main text:

we average the free energy Eq. (B1) over the characteristic
length scale given by the magnitude of the (average) end-
to-end vector. This approach provides the best comparison
with the numerical data. The main idea is to include
nonlocal contributions to the free energy. These contribu-
tions come from the fact that a sufficiently large polymer
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is, at any given time, extended along the channel and
experiences different degrees of confinement. The resulting
free energy reads

βFðxÞ ¼ 1

Re

Z
xþRe=2

x−Re=2
βF0ðx0Þdx0 ðB2Þ

where βF0ðx0Þ is the polymer free energy from Ref. [16]
and Re depends on N and on the confinement.
The second approach aims at incorporating the hypoth-

esis of the blob model (see Appendix A) into the calcu-
lation of the free energy. The blob model assumes that the
polymer organizes into sections with correlation length
(blob radius) h0; thus, h0 is the relevant length scale of the
confinement. Yet, for a single blob picture, such as the one
proposed here, an effective confinement length h�0 is
necessary; it has to include the contributions of nonlocality
and of the channel geometry. We thus define h�0ðxÞ as

h�0ðxÞ ¼
1

Re

Z
xþRe=2

x−Re=2
hðx0Þdx0: ðB3Þ

The free energy is given by Eq. (B1) where hðxÞ is replaced
with h�0ðxÞ.
Finally, the third approach aims at introducing a minimal

perspective. Indeed, we compute the free energy difference

using the first approach but we drastically simplify the
functional form by considering a piecewise linear
function

βFðxÞ ¼
(
− 2jβΔFjx

L x < L=2

−2jβΔFj þ 2jβΔFjx
L x ≥ L=2

: ðB4Þ

In Fig. 6, we report the comparison between the first and
second approach. The first approach incorporates a non-
local effect averaging the free energy, the second approach
averaging of the corrugation profile. In Fig. 6(a) we
compare the theoretical free energies for different values
of N for the same systems considered in the main text, i.e.,
for ΔS ¼ 0.81, L ¼ 50σ, h0 ¼ 12σ. The comparison is
favorable and, upon increasing N the two approaches
produce the same free energy difference. Indeed, as
reported in Fig. 6(b), the diffusion coefficient predicted
by the two approaches are very similar (here forΔS ¼ 0.81,
L ¼ 25σ, h0 ¼ 10σ). Albeit the second approach is slightly
less precise, it is able to reproduce very well the important
features of the numerical data, such as the position of the
two diffusion minima. It also remains predictive even when
the polymer size is larger then the corrugation length
(see Supplemental Material 2.C). Further, in the inset of
Fig. 6(b) we plot the difference between the free energy
difference for the two approaches in a large span of values
of N. Notably, the absolute difference never exceeds
0.6 kBT (0.1 kBT if N > 200).
Finally, we compare the second and third approaches

with numerical data. In Fig. 7(a) we compare the diffusion
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FIG. 7. Comparison between the alternative theoretical ap-
proaches and the numerical data for (a) the diffusion coefficient
and (b) the mean passage time, for different values of ΔS, L,
and h0.
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coefficient while in Fig. 7(b) we compare the mean passage
times. In both cases we observe that the alternative
approaches, Eqs. (B3) and (B4) are less precise then the
free energy average but retain salient features, such as the
position of the minimum, and provide a decent comparison
with numerical data, considering there are no free param-
eters and there is no input from the simulations.
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