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In many organisms, cell division is driven by the constriction of a cytokinetic ring, which consists of actin
filaments and crosslinking proteins. While it has long been believed that the constriction is driven by motor
proteins, it has recently been discovered that passive crosslinkers that do not turn over fuel are able to generate
enough force to constrict actin filament rings. To study the ring constriction dynamics, we develop a model
that includes the driving force of crosslinker condensation and the opposing forces of friction and filament
bending. We analyze the constriction force as a function of ring topology and crosslinker concentration, and
predict forces that are sufficient to constrict an unadorned plasma membrane. Our model also predicts that
actin-filament sliding arises from an interplay between filament rotation and crosslinker hopping, producing
frictional forces that are low compared with those of crosslinker-mediated microtubule sliding.
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In animals, fungi, and some closely related unicellular
eukaryotes, cytokinesis is driven by the assembly and
constriction of a ring composed of actin filaments and a
number of actin-binding proteins [1–3]. It is widely
believed that the constriction forces in the ring are
generated by myosin, a motor protein that drives the sliding
of actin filaments along each other in an active process
using fuel turnover [4–10]. However, ring constriction and
successful cell division have been observed with impaired
myosin motor activity [11], particularly in budding yeast
[12–14]. Furthermore, it was recently found that passive
crosslinking proteins, which do not turn over fuel, are also
able to produce sliding forces, either via the entropy
associated with the diffusion of the crosslinkers within
the overlap region between the filaments, or via their
condensation from the solution to the overlap region
[15]. Even more recently, it has been shown that passive
actin crosslinkers can not only induce the assembly of actin
filaments into rings, but also even drive the constriction of
these rings [16]. Yet, it remains unclear what the magnitude
of the constriction force is that can be generated via this
mechanism, how this force depends on the concentration of
the crosslinkers and the stiffness and configuration of the
filaments, and whether these forces would be sufficient to
drive cell constriction. Finally, given that microtubule
sliding driven by passive crosslinkers rapidly stalls because
the friction becomes prohibitive [15,17], it is also unclear
how actin rings are able to constrict on experimental
timescales [16].
Here, we develop an analytical model that accounts for

the sliding force from passive filament crosslinkers and the
opposing forces stemming from the bending of filaments
and the friction of sliding. The details of our model are
based on the anillin-actin system of Ref. [16], although we
emphasize that the framework of the model is more generic,

applying to any system consisting of filaments that are
crosslinked by proteins that passively bind to discrete
binding sites. We show under what conditions a ring at
equilibrium is possible, and how the force depends on the
ring radius for different filament lengths, topologies, and
crosslinker concentrations. The force generated by such a
ring would be sufficient to constrict an unadorned plasma
membrane, and could be of interest for building the division
machinery in a minimal synthetic cell. Lastly, our model
predicts that the frictional force scales exponentiallywith the
number of bound crosslinkers, in contrast with the super-
exponential scaling of crosslinker-mediated microtubule
sliding [17], allowing for ring constriction on minute time-
scales [16].
In order to model the contractile rings, we need an

expression for the energy of filament sliding when passive
crosslinkers are present. In this case, the sliding force is a
condensation force, i.e., the sliding is driven by the binding
of more crosslinkers as the overlap increases [15]. Both
Lansky et al. [15] and Wierenga [18] derived analytical
expressions for a condensation force where the binding and
unbinding of the crosslinkers were assumed to be fast
relative to filament sliding. Here, as in Ref. [18], we assume
that the crosslinkers can either bind once to a single
filament or to a pair of binding sites, such that they bundle
two filaments (see the Supplemental Material [19] for
discussion of anillin-actin bundling). If the binding sites
are separated by a distance of δd, then the overlap length is
L ¼ δdðl − 1Þ, where l is the number of binding site pairs
[Fig. 1(a)]. The free energy is then given by [18]

ΔΦS ¼ −
kBTL
δd

lnð1þ ξÞ; ξ ¼ Ks2
D ½X�

Kd
DðKs

D þ ½X�Þ2 ; ð1Þ
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where T is the temperature, [X] is the concentration of
anillin, Ks

D is the dissociation constant of anillin binding to
a single actin filament, Kd

D is the dissociation constant of
anillin crosslinking two actin filaments from solution, and
kB is the Boltzmann constant. The linear dependence of
ΔΦS on L means that the sliding force, given by the
derivative of Eq. (1), does not depend on the overlap length.
Because the sliding force is independent of the overlap

length, the ring-constriction force depends only on the total
number of overlaps, and hence the connectivity of the
filaments, or in other words, the topology of the ring. We
consider stable rings wherein all filaments are under
tension and hence contribute to the constriction force
(i.e., those filaments that have overlaps on either end;
see the Supplemental Material [19] for further discussion).
To characterize the ring topology, we introduce the
notion of a “scaffold ring” [Figs. 1(b), 2(a), and S1(a) in

the Supplemental Material [19]]. The scaffold ring is
defined by the smallest set of filaments that still form a
ring, and Nsca is defined to be the number of filaments in
that ring. Making the simplifying assumption that all
filaments have the same length, the number of overlaps
in the ring is determined by Nsca and the total number of
filaments in the ring Nf [Fig. 1(b)]. In a scaffold ring, each
filament forms two overlaps, making the number of over-
laps equal to the number of filaments. However, each
additional filament will add two more overlaps to the ring;
the total number of overlaps is thus No ¼ 2Nf − Nsca.
To derive the total free energy of the ring as a function of

the radius, we need an expression for the total overlap
length Ltot as a function of the radius R. If we make the
further simplifying assumption that all filaments overlap to
the same degree, then Nsca also determines this relation-
ship: the length of each overlap L is the difference between
the filament length Lf and the current ring circumference
divided by Nsca. Then, the total overlap length is

Ltot ¼ NoL ¼ ð2Nf − NscaÞ
�
Lf −

2πR
Nsca

�
: ð2Þ

This expression reveals that the maximum radius Rmax,
where Ltot ¼ 0, is Rmax ¼ NscaLf=2π. We restrict the
minimum radius Rmin to be Rmax=2 because of an energy
barrier due to steric clashing that begins to occur at this
point as the filaments run into each other; see also the
Supplemental Material [19].
The final element in deriving an expression for the

constriction force is an expression for the energy required
to bend the filaments into a ring. If we treat the ring as a
simple linearly elastic rod, and assume that the ring
geometry is perfectly circular (the full derivation and
justifications for these assumptions are given in the
Supplemental Material [19]), then the bending energy is

UB ¼ NfEILf

2R2
; ð3Þ

where E is the Young’s modulus, I is the second moment of
area, and R is the ring radius. Then, multiplying Eq. (1) by
No and combining it with Eqs. (2) and (3) allows us to write
the total free energy, the derivative of which gives the radial
constriction force,

F ¼ −
2πkBTð2Nf − NscaÞ

Nscaδd
lnð1þ ξÞ þ NfEILf

R3
: ð4Þ

In equilibrium, the sliding force is balanced by the
opposing bending force such that the net force F is zero;
solving Eq. (4) for F ¼ 0 then yields the equilibrium
radius Req.
With Eq. (4), we can calculate the free energies and

constriction forces as a function of the radius, as well as the
equilibrium radius for a given set of parameters. In the

FIG. 1. (a) Diagram of a single overlap of length L formed by
two actin filaments. The half helical pitch determines the distance
between crosslinking sites δd rather than the monomer-monomer
distance δs. Filaments slide in increments of δs, which requires a
rotation of 2π=13. (b) Diagrams of a ring constricting to half its
radius. The 2D diagrams use periodic boundary conditions. On
the left, the ring is at its maximum radius Rmax; in the middle, it
has constricted to three quarters of Rmax; on the right, it has
reached its minimum radius Rmin ¼ Rmax=2. In the top right, a 3D
representation of the topology diagram in the center is given. In
this example, the number of filaments in the scaffold ring Nsca is
4, while the total number of filaments Nf is 6. Note that while
Nsca is unique, the scaffold ring is not; here, it could instead be
defined by filaments 1, 3, 5, and 6.
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study that observed the constricting rings [16], it was found
that the rings have up to eight filaments, so we focus on this
range of filaments here (see the Supplemental Material [19]
for discussion of model parameters). At large radii, the
sliding force dominates over the bending force, and the net
force is negative (inward) (Fig. 2). The free energy and the

magnitude of the force then decrease as the radius
decreases. For radii smaller than Req, the free energy
increases and the net force becomes positive (outward),
since the bending force becomes larger than the sliding
force. As Nf increases for a given Nsca, Req first decreases,
but then plateaus [Fig. 2(a)(iii)]. From Fig. 2(a)(iv) and
Eq. (4), however, the initial constriction force can be seen
to increase linearly with Nf for a given radius. Finally,
for a given Nf, there is a trade-off between the range of
radii over which the ring can generate force and the
maximum possible force it can achieve. While connecting
the filaments in series (large Nsca) favors the former,
stacking them in parallel (small Nsca) favors the latter
[Fig. 2(b)].
As can be seen from Eq. (4), there is an optimal anillin

concentration that maximizes the force, specifically when
½X� ¼ Ks

D, after which point higher concentrations lead to
lower sliding forces [18]. This decrease in the sliding
force occurs because, at higher crosslinker concentrations,
the entropy of mixing in solution favors the binding of
crosslinkers to a single actin site instead of two, thus
impeding crosslinking and hence the condensation force.
In fact, the anillin concentration used in the experi-
ments [16] happens to be close to Ks

D (Fig. S6 [19]).
Kučera et al. [16] observed that destabilized actin

filaments can, paradoxically, lead to further constriction.
Our model provides an explanation for this observation:
as the filaments depolymerize and Lf decreases, the oppo-
sing bending force and hence Req decrease [Figs. 2(a)(v)
and 2(a)(vi)].
So far, we have ignored the frictional forces involved in

ring constriction. To study the timescale of ring constric-
tion, we simulate the overdamped ring-constriction dynam-
ics within our model. To do so, we require an expression for
the friction coefficient of the ring.
Wierenga and Ten Wolde [17] derived the friction

coefficient of the sliding of two crosslinked microtubules.
The sliding mechanism involves a collective rearrangement
of all the crosslinkers in the overlap, wherein the cross-
linkers hop between neighboring sites on the microtubules.
This collective rearrangement gives rise to an energy barrier
that increases linearly with the number of bound cross-
linkers Nd, and thus a friction coefficient that scales
exponentially with Nd. Additionally, because the cross-
linkers can block each other from hopping, the friction
scales superexponentially with Nd at higher crosslinker
densities.
In actin filaments, the distance between crosslinker

binding sites δd is much larger than the distance over
which crosslinkers can hop, as the distance between sites is
set by the helical pitch rather than the monomer-monomer
distance δs [44] [Fig. 1(a)]. This suggests that the above
sliding mechanism may be unfeasible. However, actin
filaments have been observed to twirl, or rotate, about
their axes when they are being slid by myosin motor

FIG. 2. Total free energy ΔΦ and total force F as a function of
the ring radius. The blue stars indicate the points at which the free
energy is minimal, and negative force values indicate a con-
stricting force. In (a), Nsca ¼ 2, as per the topology depicted with
both 2D periodic boundary conditions (i) and in 3D (ii); the free
energies and total forces are then plotted for either a range of Nf

values [(iii) and (iv)] or a range of Lf values [(v) and (vi)]. The
constriction force increases linearly with Nf . In (b), Nf ¼ 8, and
the free energies (i) and total forces (ii) are plotted for three values
of Nsca (see Fig. S1 in the Supplemental Material [19] for
associated topology diagrams). Connecting the filaments in series
(large Nsca) increases the constriction range, while stacking them
in parallel (small Nsca) increases the maximum constriction force.
Data for all plots were produced with the parameters given in
Table S1 of the Supplemental Material [19].
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proteins bound to a surface [45–50]. We postulate that
passively crosslinked actin filaments must also twirl as they
slide, which would allow crosslinkers to hop distances of δs
(rather than the larger δd), thus also allowing the same
collective rearrangement as was found for microtubules
[Figs. 1(a) and S4 in the Supplemental Material [19]].
Because the crosslinkers are spaced at least δd apart, they

do not block each other when hopping by δs to neighboring
sites [Fig. 1(a)]. The friction coefficient therefore only
scales exponentially with Nd, not superexponentially as
with microtubule sliding [17]; as we will see, this difference
has dramatic consequences. In the regimewhere crosslinker
binding is fast relative to filament sliding and the average
number of crosslinkers is a function of the overlap L, the
friction coefficient of a single overlap is

ζ ¼ ζ0

�
1þ ξ

1þ ξe−B

�ð Lδdþ1Þ
: ð5Þ

Here, ξ is defined in Eq. (1) and

ζ0 ¼
kBT
δ2sr0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3kδ2s

4kBT

s
; B ¼ δ2sk

8kBT
− ln 2; ð6Þ

where k is the spring constant of the crosslinker, and r0 is
the jump-rate prefactor for crosslinker hopping (see the
Supplemental Material [19] for full derivation). The friction
coefficient of the ring ζR can be related to that of a single
overlap ζ via ζR ¼ 4π2No=N2

scaζ by considering the num-
ber of overlaps acting in series and in parallel (see the
Supplemental Material [19] for full derivation).
Simulations with this expression for the friction coef-

ficient show that the ring constriction occurs within
experimental timescales [16] for the experimentally rel-
evant range of model parameter values (Fig. 3). Of the

parameters, the spring constant has been shown to be the
most critical [15,17]. While the value of k for anillin has not
been measured, crosslinking proteins tend to be on the
lower end of the range of values measured in proteins
[17,51–61], with values falling within 0.3 and 1.2 pNnm−1
[17,54,59,61]. To explore the dynamics in this range of k,
we first consider a ring with Nsca ¼ 2, Nf ¼ 5, and
Lf ¼ 3.0 μm, which leads to an equilibrium radius that
is around halfway between the maximum and minimum
possible radii [Fig. S7(b) in the Supplemental Material
[19] ]. With k ¼ 1.0 pNnm−1, the ring constricts almost
instantaneously (Fig. 3). Increasing the value to k ¼
1.5 pNnm−1 leads to much slower constriction, but
the ring still reaches its equilibrium value within the
timescale used in the experiments (1000 s) [16]. By
k ¼ 2.0 pNnm−1, the ring constriction stalls before reach-
ing the equilibrium radius. Varying Nf [Figs. S8(b) and S9
in the Supplemental Material [19] ] and using a different
value of Lf (Fig. S10 in the Supplemental Material [19])
did not have a large impact on the dynamics. Overall, while
microtubule sliding rapidly stalls because the friction
becomes prohibitive [15], the much weaker scaling of
the friction with Nd for anillin-actin rings means that the
latter can constrict to their equilibrium radii on experi-
mental timescales of minutes [16].
Even when the mean forces on either end of the filaments

are balanced, thermal fluctuations will eventually break the
ring. However, in Ref. [16], the rings were observed to be
stable on the timescale of the experiments. During ring
constriction, a mechanism exists that tends to equalize
overlaps: if some overlaps fluctuate toward smaller values,
then the ring-constriction force will tend to increase their
overlap more quickly because they also then have a lower
friction. Once the rings have reached equilibrium, we can
estimate the timescale on which the ring is stable from
τ ¼ x2=Df, whereDf is the diffusion coefficient of a single
filament and x is the overlap length at equilibrium. The
overlaps of a single filament act in parallel, so the total
friction force experienced by a single filament is the sum of
the friction of its n individual overlaps, which implies that
the friction coefficient of a single filament is ζf ¼ nζ, and
its associated diffusion coefficient is Df ¼ kBT=ζf. If we
consider a filament with two overlaps, and use the overlap
length of the rings modeled in Fig. 3 in equilibrium,
x ¼ 0.75 μm, as well as the value of the friction coefficient
at equilibrium, ζ ¼ 5 × 10−4 s kg−1, then τ ¼ 14 000 s.
This is more than an order of magnitude longer than the
experimental timescale. Further, this calculation assumes
that the overlaps are equal in size, yet fluctuations away
from this state will lengthen some overlaps at the expense
of others, which tends to increase the friction the filament
experiences. This estimate for τ thus gives a lower bound,
strengthening the prediction that the rings are stable on
much longer timescales than the experiments were per-
formed on.

FIG. 3. Ring-constriction trajectories with Lf ¼ 3.0 μm,
Nsca ¼ 2, Nf ¼ 5, and three different values of k. (a) Progress
of radial constriction from its maximum (ϕR ¼ 0) to its equilib-
rium value (ϕR ¼ 1), where ϕR ¼ ðRmax − RÞ=ðRmax − ReqÞ.
(b) Friction coefficient of an overlap in the ring. For numerical
details and additional quantities, see Fig. S8(a) in the Supple-
mental Material [19]; for trajectories with values of k down to
0.1 pN nm−1, see Fig. S11 in the Supplemental Material [19]. For
the biologically relevant range of k, constriction occurs on
experimental timescales [16].
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The tension T of cytokinetic rings, which is related to the
constriction force F via T ¼ F=2π, has been measured to
be hundreds of pN in fission yeast [4,62], while here, using
experimentally measured values of Nf, Lf, and R in vivo
[63–65], the tension does not exceed 10 pN. However, even
the measured ring tensions are nearly 3 orders of magnitude
too small to balance measured turgor pressures and would,
in fact, only produce strains in the cell wall of 0.01% [1].
Instead of directly constricting the cell, the cytokinetic ring
in fission yeast coordinates and guides the inward growth
of the cell wall via mechanosensitive enzymes [66,67]. For
this function, even a much smaller ring tension may be
sufficient, if less effective [67]. These findings in fission
yeast, a model organism for eukaryotic division [68,69], are
likely relevant more broadly in fungi; in budding yeast, a
similar interplay between cell-wall growth and cytokinetic-
ring constriction has been observed [70]. While the
maximum tension generated by passive crosslinking is
smaller than that generated by myosin motors in the
cytokinetic ring, the mechanism may provide an explan-
ation for the observations that budding yeast can divide
without myosin motor activity [12–14], possibly in combi-
nation with other non-myosin-motor force generating
mechanisms [71].
Regardless of the role of passive-crosslinker-driven

constriction in natural cells, the anillin-actin system is an
interesting candidate for a cell-division module in a
minimal synthetic cell. Actin, under polymerizing condi-
tions, can grow into rings centered at the equator of droplets
with diameters less than the persistence length of actin [72].
Anillin, besides being a crosslinker of actin, also has
domains which bind to lipid membranes, and it appears
to play a key role in anchoring the cytokinetic ring to the
membrane in animal cells [73]. Further, experiments [74]
and modeling [75] indicate that constriction of unadorned
lipid-membrane vesicles requires contractile forces on the
order of a pN, well within the range that can be generated
via this mechanism. Therefore, by coupling anillin expres-
sion to the cell cycle, the system studied here may
constitute a minimal module for triggering cell division
upon the completion of DNA replication [76].
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