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Precipitation of calcium carbonate in bulk solutions is well known to result in a bell-shaped or bimodal
particle size distribution. However, it is unclear how the distribution behaves if precipitation occurs in a
small, confined volume. In this Letter, we conduct microfluidic experiments where sodium carbonate and
calcium chloride solutions are continuously injected into a microchannel to precipitate calcium carbonate
particles. Results show that, regardless of the variations in reagent concentrations, mixing schemes, flow
rates, and precipitation time, sizes of precipitated particles in the channel are power law distributed, with an
exponent of 1.4. The data are described by an extended Yule process with the introduction of a ripening
term. Since the Yule process is a general mechanism for power law generation, the extended Yule process
proposed here provides a general model for systems where growth and ripening simultaneously present.
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Calcium carbonate is an important mineral for nature and
life. It is essential for the carbonate-silicate geochemical
cycle [1,2] that dictates Earth’s climate at geological
timescales. It is also the main constituent of skeletal
structures in living creatures such as echinoderm [3] and
sponge [4]. It is ubiquitous in human society, including the
paper and plastics industry [5], agriculture [5], pharma-
ceutics [6], and fossil fuel energy [7].
Given its many applications, calcium carbonate is argu-

ably the most studied mineral; however, our understanding
of it is far from complete. For example, calcium carbonate
precipitation in small, confined volumes, which holds the
key to biomineralization [8–10], geological carbon seques-
tration [11,12], nanomaterial fabrication [13], etc., remains a
challenging area. Extensive efforts have beenmade to unveil
how confinements (e.g., organisms [9,10], porous media,
and microfluidic devices [14–18]) shape the kinetics of
precipitation [19,20], polymorphism [21], reactive transport
mechanisms [15–17,20,22,23], spatial patterns of precip-
itates [24,25], and crystal morphologies [26–28]. An often-
overlooked aspect is the statistics of precipitates. Since it is
well known that calcium carbonate precipitation in bulk
conditions results in a bell-shaped or bimodal particle size
distribution [29–32], a natural question is, what size dis-
tribution is formed in confinements? To our knowledge,
there is not yet any study that addresses this question.
In this Letter, we inject Na2CO3 and CaCl2 solutions into

a microfluidic channel to precipitate CaCO3. Microscopic
images of the precipitates are analyzed to yield particle
size statistics. Experimental conditions vary in multiple
ways, but surprisingly all data collapse to a power-law

distribution with an exponent of 1.4. Although power-law
distribution is ubiquitous in nature and society [33–35], this
is the first time it is observed in mineral precipitation. An
important factor contributing to its emergence is that
supersaturation in confinement depletes quickly [28] and
a continuous supply of reactants is required to fuel crystal
growth. Furthermore, a finite feed rate renders competition
for resources. These features are characteristic of dissipa-
tive systems such as growing networks [36,37] and
economic incomes [38] that are ruled by power-law
distributions.
Quantitatively, we find the data can be described by an

extended version of the Yule process. The Yule process was
proposed in 1925 to explain the observation that the
number of species in a biologic genus follows a power-
law distribution [39]. In the following decades it had been
generalized to explain power-law distributions of city
sizes [40], citations of academic papers [41], and internet
weblinks [42]. It is one of the widely accepted mechanisms
for power law generation (among others such as self-
organized criticality [35] and phase transition [33,43]).
However, in both the original and generalized Yule proc-
esses, the power exponent is larger than 2, which does not
explain an exponent of 1.4. We show that introduction
of a ripening term into the Yule process may resolve
this issue. In the Letter we use “crystal” and “particle”
interchangeably.
Schematics of the experimental setups and dimensions of

the microfluidic chips are presented in Fig. 1. Details
of chip fabrication are described in the Supplemental
Material [44].
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We conducted ten precipitation experiments (numbered
Expt. 1–10) in chip 1, two (Expt. 11–12) in chip 2 and two
(Expt. 13–14) in chip 3, all at room conditions.
As described in Fig. 1, from chip 1 to chip 2 and 3,

cross-sectional area of the channel increases significantly,
which models the ease of spatial confinement. Therefore,
experiments in chips 2 and 3 would indicate if the power-
law distribution returns to bimodal when confinement is
reduced. Experimental conditions, including reagent con-
centrations (wt.%), injection rates (μL=h), precipitation
time (hours) and mixing schemes, are varied to mimic
real-world situations where fluids can mix and precipitate
in various ways. Three mixing schemes (co-injection,
prenuclei, and alternating) are employed. In co-injection,
channels are initially saturated by water, and the reagents
are simultaneously injected into the channel at equal and
constant rates. In prenuclei, initially the channels are
saturated with Na2CO3 solution. Then CaCl2 solution is
injected to displace the former, which creates nuclei.
Following this, co-injection of the two is implemented.
In alternating, injection rates of the two reagents are
unequal and alternated between 1 and 20 μL=h. For
simplicity the schemes are labeled as c (co-injection), p
(prenuclei), and a (alternating).
Snapshots of Expt. 1–14 are shown in Fig. 2. We label

experimental conditions and time in the figure in a format
of (concentration, injection rate, mixing scheme, time). For
example, (5, 2, c, 20.64) means 5 wt.% reagents, injection
rates of 2 μL=h, co-injection scheme, image taken at
20.64 h. Precipitation at different locations of the channel
is also examined. Size of a particle is measured by the pixel
areas it occupies. Details of the particle analysis are
presented in the Supplemental Material [44], which also
includes a discussion of the impact of calcium carbonate
polymorphic transition [45–47] on particle analysis.
Another factor that impacts particle size calculations is

merger, as shown in Fig. 2(J.1). Since the particle analysis

FIG. 2. Snapshots of precipitated calcium carbonate crystals in the three microfluidic chips. Grouped images are from the same
experiment but taken at different locations in the channel or time. Insets (J.1) and (V.f.1) show the characteristic spheric vaterite and
rhombohedral calcite [27,48–50]. (D.1) shows the elongated aragonite crystal, which extends to a long, serpentine structure, as
evidenced in D, E, F, G, H, I, T.c, T.e, and T.f. Such continuous linelike aragonite structure is also observed in Yoon et al. [15]. Note that
in batch or bulk conditions aragonite emerges when temperature exceeds 60 °C [45,51]. However, confinement promotes its formation at
room temperature [52]. This is supported by our observations—in chip 3 that has the least confinement, there is no serpentine aragonite
as found in chips 1 and 2.

FIG. 1. (a) Schematics of experimental setups. The syringe
pumps (Chemyx Fusion 400) inject reagents into the chip, which
is monitored by the microscope (AccuScope EXI-310). The
computer controls image acquisition through the microscope’s
CCD camera unit. (b) Dimensions of the three glass chips. Width
and depth of the channels in chip 1, 2, 3 are 820 and 10 μm,
10 mm and 20 μm, 30 mm and 20 μm, respectively. (c) Micro-
scopic view of the channel in chip 1. After precipitation, the
channel is populated by crystal particles.
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is based on image binarization [44], a merger is identified
as one particle. In experiments such as Expt. 4, 6, 11, 13,
merger seems rather scarce, while in Expt. 5, 7, 14, there
are a few instances. In addition, in earlier times when
particles are smaller, merger is less likely. As will be shown
later, considering these variations, all data from chip 1
(Expt. 1–10) obey the same power-law distribution, indi-
cating that merger is not essential for the power law. Also
note that the starlike calcite in Fig. 2(V.f.1) (which also
presents in, e.g., Figs. 2(E), 2(F), 2(V.a), and 2(V.e)) is not
the result of merger. It grew from a nucleus with a
heterogeneous structure. Close-up views of starlike calcites
in Figs. 2(E), 2(F), 2(V.a), and 2(V.e) are shown in
Fig. S9 [44].
The area of one pixel (k0) is 0.89 μm2. Particle size k

must be integer times of k0. Upon obtaining particle
areas in an image, we generate the statistics by logarithmic
binning [33]. Details of computations are in the
Supplemental Material [44]. Particle size distributions of
Expt. 1–14 are plotted in Fig. 3.
The power exponent in Fig. 3(a) is estimated by linear

regression and the maximum likelihood method [33].
Agreement between the two methods can be reached,
which yields α ¼ 1.4 [44]. In Fig. 3(b), the fraction of
the smallest particles drops below the power-law trend.
Moreover, data in the middle range are biased towards
above the power-law trend. As confinement further
decreases, a bimodal trend starts to form in Fig. 3(c) (note
the left peak is not as pronounced as in bulk precipitations
because the chip is still confined in vertical dimension).
Additionally, its tail decays faster than the power-law trend.
These features are characteristic of precipitation in bulk
conditions. Therefore, we confirm that confinement is
responsible for the power-law statistics.
To understand the origin of the statistics, we find the

Yule process [33,39] useful. It describes the growth of a set
of objects, which might be genera, cities, particles, etc. The
object has a property k—such as the number of species in
the genus, size of the particle, etc.; the object emerges while

existing objects grow larger in k. The Yule process predicts
that if the addition of a new object and growth of existing
objects persist, in the long-time limit, the objects’ sizes
observe a power-law distribution. To illustrate in a formal
way, let us define several variables. (i) When a particle first
appears, its size is the unit area k0. (ii) Between the
appearance of the nth and (nþ 1)th particle, m unit areas
are added from the liquid phase due to supersaturation-
driven particle growth. Therefore, total area at n is
ST ¼ nðmþ 1Þk0. n increases linearly and measures the
system’s time [33], which we refer to as the Yule time.
(iii) Dimensionless area θ ¼ k=k0. (iv) The probability to
have a particle of area θ at n is pθ;n.
In Newman’s approach for the Yule process [33], the

probability that when adding species (in our case, unit area)
to the genera (in our case, particles) a genus (particle) with
size θi gains one more species is ðθi=

P
iθiÞ¼ ½θ=nðmþ1Þ�

(richer-get-richer). Since m unit areas are added, the
probability that a particle of size θ gains a unit area is
½mθ=nðmþ 1Þ� and the expected number of changes is
½m=ðmþ 1Þ�θpθ;n, which can be used to construct a master
equation of pθ;n [33]. A solution of the equation leads to the
stationary distribution of pθ ¼ ð1þ 1=mÞBðθ; 2þ 1=mÞ,
where pθ¼ limn→∞pθ;n is termed the Yule distribution [40].
Bðx; αÞ is the beta function with parameter α, which scales
as x−α for large x.
Sincem is positive, the exponent (2þ 1=m) cannot equal

to 1.4, as found experimentally; therefore, themodelmust be
missing important phenomena. From experimental mea-
surements, we find that the actual particle number does not
increase linearly like the Yule time. In most cases the
increase of particle number slows down at late times, and
some even show a decrease, as shown in Fig. 4. In contrast,
the total area continues to climb in all cases. The only
explanation is mass transfer from small particles to large
particles, i.e., ripening [45]. A direct visual example of the
growth and ripening process is shown in Figs. 4(k)–4(p).
Small particles have higher surface energy than large

particles due to larger surface curvature (the Kelvin

FIG. 3. The logarithm of fraction p of particles with area k versus the logarithm of dimensionless particle size k=k0, generated from
experimental data in chip 1 [(a), Expt. 1–10], chip 2 [(b), Expt. 11 and 12], and chip 3 [(c), Expt. 13 and 14]. Labeling of time and
location in the legends follows that in Fig. 2. The hollow arrows point to deviations from the power-law trend obtained in (a).
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equation [53]), which leads to higher equilibrium solute
concentration around them than that around a large particle.
This establishes the chemical potential difference for
diffusion of solute from small particle to large particle
during ripening. Therefore, in ripening large particles grow
at the dissolution of small particles. On the other hand,
supersaturation drives nucleation and solute deposition
onto solids, and hence compensates for the loss from small
particles, which leads to growth of all particles. However,
when the difference between particle size (curvature)
increases during the overall growth, it is increasingly
difficult to compensate for the loss and the small particles
will be dissolved. Simply put, growth fuels inequality,
and inequality enhances ripening. In early times, from
Figs. 4(k)–4(n), both the number and size of particles grew.
From Figs. 4(n)–4(p), some particles became smaller, and
some were dissolved, while the large ones kept growing.
These direct visuals corroborate that ripening becomes
important at late times while growth dominates at early
times, thus explaining the trends in Figs. 4(a)–4(j).
We therefore introduce a ripening rate mr, which is the

number of unit areas that are transferred from small
to large particles between the nth and (nþ 1)th Yule time.
We assume that the new transition probability is
½ðmþmrÞθ=nðmþ 1Þ�. Since the net gain of area from
liquid to solid phase is m, an extra flux mr can only come
from an existing solid phase, which may decrease
the number of small particles. We rewrite the master
equation [33] as

ðnþ 1Þpθ;nþ1 ¼ npθ;n þ
ðmþmrÞðθ − 1Þ

mþ 1
pθ−1;n

− ðmþmrÞθ
mþ 1

pθ;n: ð1Þ

Solving for the stationary pθ, we get [44]

pθ ¼ ðα − 1ÞBðθ; αÞ; ð2Þ

where the exponent reads

α ¼ 1þ mþ 1

mþmr
: ð3Þ

Obviously, if mr vanishes, Eqs. (2) and (3) recover the
classical Yule distribution and exponent. Importantly,
Eq. (3) shows that a ripening flux mr leads to a power
exponent smaller than 2.
Mass transfer during precipitation in confinement is

very difficult to measure experimentally [28] and mr
may not be directly measured either. However, m is
measurable. More specifically, the slope of the total solid
area ST versus particle number n is ðmþ 1Þk0. Data from
Fig. 4 are used to generate plots of ST versus n, shown
in Fig. 5.
With m measured, mr can be calculated from Eq. (3) as

mr ¼
2 − α

α − 1
·mþ 1

α − 1
; ð4Þ

where α is known from the statistics [Fig. 3(a)]. Based on
measurements in Fig. 5, calculated values of mr for
Expt. 1–10 are 39, 241, 63, 528, 115, 109, 75, 124,
159, and 154. Given that α is between 1 and 2, Eq. (4)
indicates that higher growth rate leads to stronger ripening
flux. Note that ðmþ 1Þk0 is also the average particle size,
and measurements in Fig. 5 indicate it is unbounded. This is
compatible with a power exponent between 1 and 2, which
causes a diverging mean [33].

FIG. 4. Total area (ST) and total number (n) of the crystal population versus time in Expt. 1–10, plotted in (a)–(j). Exact values behind
the symbols are summarized in Tables S3–S12 [44]. As in Fig. 2, experimental conditions are attached to the plots. (k)–(p) show a
sequence of growth and ripening in a region of size 200 μm × 93 μm captured in Expt. 8.

PHYSICAL REVIEW LETTERS 131, 034001 (2023)

034001-4



In conclusion, we demonstrate through microfluidic
experiments that calcium carbonate precipitation in
micrometer confinement obeys a power-law particle size
distribution. The power-law behavior is explained by an
extended Yule process with a ripening effect. The discovery
offers new insight into the phenomenon of precipitation in
confinement and may be useful in areas such as precipi-
tation in porous media and material synthesis. Furthermore,
the extended Yule process may find wide applications in
natural and social systems. For example, the original Yule
process could not consider extinction of species in its
treatment of the biologic system [33]. In our model, agents
can decrease in scale and disappear, which naturally allows
“extinction” to occur. In many economies, the sizes of
companies (measured by the number of employees) were
found to observe power-law distributions with exponents
smaller than 2 [54]. This may be explained by the extended
Yule process since ripening could very well model the
acquisition of small companies by large companies. In
Earth sciences, the areas of wildfires and volumes of rain
clusters were found to observe power-law distributions with
exponents smaller than 2 [34], which might also relate to
the extended Yule process. In general, we expect our model
to be applicable when both growth and ripening are present.
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