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Experiments have shown that the conductance of conical channels, filled with an aqueous electrolyte,
can strongly depend on the history of the applied voltage. These channels hence have a memory and are
promising elements in brain-inspired (iontronic) circuits. We show here that the memory of such channels
stems from transient concentration polarization over the ionic diffusion time. We derive an analytic
approximation for these dynamics which shows good agreement with full finite-element calculations.
Using our analytic approximation, we propose an experimentally realizable Hodgkin-Huxley iontronic
circuit where micrometer cones take on the role of sodium and potassium channels. Our proposed circuit
exhibits key features of neuronal communication such as all-or-none action potentials upon a pulse
stimulus and a spike train upon a sustained stimulus.
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Transport phenomena of charged species through
channels in the nanometer and micrometer regime play a
key role in a plethora of applications [1–12]. An exciting
emerging direction of research is that of iontronics, the
use of ion transport for signaling [13], which holds the
promise of interfacing with biological systems [13–16] and
processing information via multiple signal carriers and
chemical regulation [17,18]. In particular, conical channels
have garnered significant interest for such applications
[14,15,19–23], as they exhibit current rectification thereby
acting as ionic diodes [9,19,24–26]. This has been exten-
sively studied experimentally [19,22,27–31] as well as
numerically [23,32–35] and several analytic descriptions
are available [25,36–38]. Because of this interest cones are
now comparatively easy to fabricate [39–42]. Recently, it
has been observed that the conductance of cones exhibits
hysteresis when driven by an alternating potential [43–53],
and hence they are memristors (resistors with memory)
[54–57]. Various explanations of this effect have been
explored [43–48], the most recent hypothesis being
dynamic concentration polarization [50–53], which we
confirm below. Memristors in general are essential com-
ponents for neuromorphic (brain-inspired) circuits, since
much of their dynamics is analogous to the synapses that
connect neurons [58–62] and to the ion channels
responsible for electric signaling within neurons [58,63].
The popularity of memristors and neuromorphic circuits
has drastically increased [64–66] due to the prospects
of energy-efficient computers [67–69] and biocompatibility
[59,70–74]. Solid-state devices received the majority of
attention [64–66,68], while the brain in contrast relies on
ion transport in an aqueous medium [75,76]. Iontronic

circuits, based on the same signaling medium as the
brain, sparked recent interest as a promising platform
for a new generation of (neuromorphic) computing
devices [17,77–80]. However, the development of neuro-
morphic iontronic devices is still in its infancy [13,79] and a
deeper understanding of underlying mechanisms and pos-
sible end uses is needed [79,80].
In this Letter we propose a neuromorphic iontronic

circuit where all-or-none action potentials (APs) [75,76,81]
and neuronal spiking [76,82–85] are obtained through
micrometer cones filled with aqueous electrolyte. First
we solve for the dynamic competition between ionic
diffusion, conduction, and advection, using the Poisson-
Nernst-Planck-Stokes (PNPS) equations and the steady-
state results in Ref. [25]. We obtain a differential equation
with no free parameters describing transient concentration
polarization and we surprisingly find that the inhomo-
geneous conduction responsible for concentration polari-
zation retains memory over slow (diffusive) timescales.
Using this result we construct an experimentally accessible
iontronic circuit of several cones, batteries, and a capacitor
and show that the time-dependent voltage over this circuit
exhibits multiple key features of neuronal communication.
While neuronal behavior in the form of an emerging
voltage spike train has been reported in a simulated
iontronic circuit containing quasi-two-dimensional nano-
channels that connect aqueous electrolytes [86], the defin-
ing all-or-none law of action potentials [75,76,81], a
phenomenon considered to be a requirement for artificial
neurons [66], has not yet been reported. Furthermore, the
circuit in Ref. [86] requires comparatively difficult to
fabricate two-dimensional channels and Nernst potentials

PHYSICAL REVIEW LETTERS 130, 268401 (2023)

0031-9007=23=130(26)=268401(7) 268401-1 © 2023 American Physical Society

https://orcid.org/0000-0002-8898-8337
https://orcid.org/0000-0003-3385-1904
https://orcid.org/0000-0002-2221-294X
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.130.268401&domain=pdf&date_stamp=2023-06-26
https://doi.org/10.1103/PhysRevLett.130.268401
https://doi.org/10.1103/PhysRevLett.130.268401
https://doi.org/10.1103/PhysRevLett.130.268401
https://doi.org/10.1103/PhysRevLett.130.268401


that do not directly affect the circuit voltage, complicating
experimental accessibility. In this Letter we overcome these
issues. As conical pores are a well-known iontronic model
system, we believe our proposed neuromorphic circuit is
within experimental reach.
We first consider a single conical channel, schematically

illustrated in Fig. 1, that connects two bulk reservoirs of
an incompressible aqueous 1∶1 electrolyte at temperature
T ¼ 293.15 K, with viscosity η ¼ 1.01 mPa s, mass den-
sity ρm ¼ 103 kgm−3, and electric permittivity
ε ¼ 0.71 nFm−1, containing ions with diffusion coeffi-
cientsD� ¼ D ¼ 1.75 μm2ms−1 and charge�ewith e the
proton charge. At the far side of both reservoirs we impose
a fixed pressure P ¼ P0 and fixed ion concentrations
ρ� ¼ ρb ¼ 0.1 mM. The reservoirs are connected by an
azimuthally symmetric conical channel with base radius
Rb ¼ 200 nm at x ¼ 0 and tip radius Rt ¼ Rb − ΔR ¼
50 nm at x ¼ L ≫ Rb, the central axis being at radial
coordinate r ¼ 0. Unless otherwise stated the channel has
length L ¼ 10 μm; hence the geometry is similar to cones
in Ref. [39]. The channel radius is described by RðxÞ ¼
Rb − xΔR=L for x ∈ ½0; L�. We assume a uniform surface
charge density eσ ¼ −0.0015e nm−2 on the channel walls,
resulting in a surface potential ψ0 ≈ −10 mV (typical for
PMMA [87]) and an electric double layer that screens the
surface charge with Debye length λD ≈ 30 nm. On the far
side of the reservoir connected to the base we impose an
electric potential VðtÞ, while the far side of the other
reservoir is grounded, which leads to an electric potential
profile Ψðx; r; tÞ, an electro-osmotic fluid flow with
velocity field uðx; r; tÞ, and ionic fluxes j�ðx; r; tÞ with
jþ − j− the charge flux. A relatively low surface
potential ψ0 ensures a weak electro-osmotic flow QðVÞ,
allowing conductance tuning over a wider voltage

range [25,49,88]. We haveQðVÞ=V ¼ −πRtRbεψ0=ðηLÞ ≈
22.7 μm3 s−1V−1 for our standard parameter set [25].
Transport through the conical channel is described by the

Poisson-Nernst-Planck-Stokes equations (1)–(4) given by

∇2Ψ ¼ −
e
ε
ðρþ − ρ−Þ; ð1Þ

∂ρ�
∂t

þ∇ · j� ¼ 0; ð2Þ

j� ¼ −D�

�
∇ρ� � ρ�

e∇Ψ
kBT

�
þ uρ�; ð3Þ

ρm
∂u
∂t

¼ η∇2u−∇P− eðρþ − ρ−Þ∇Ψ; ∇ ·u¼ 0. ð4Þ

Here electrostatics is accounted for by the Poisson Eq. (1),
the conservation of ions by the continuity Eq. (2), the
combination of Fickian diffusion, Ohmic conduction, and
Stokesian advection by the Nernst-Planck Eq. (3), and
finally the force balance on the (incompressible) fluid by
the Stokes Eq. (4). This system is closed upon imposing no-
slip and blocking boundary conditions on the channel wall,
u ¼ 0 and n · j� ¼ 0, respectively, together with Gauss’s
law n ·∇Ψ ¼ −eσ=ε, with n the wall’s inward normal
vector.
When an electric potential VðtÞ is applied, the

ionic concentrations ρ�ðx; r; tÞ will deviate from their
equilibrium profiles, thereby changing the channel con-
ductance [25]. In Ref. [25] the stationary state version
of the PNPS equations (1)–(4) is solved for a static
potential V, which gives rise to the stationary charge
current I ¼ g∞ðVÞV, where the static conductivity
g∞ðVÞ was found to be governed by the (voltage-depen-
dent) radially averaged salt concentration ρ̄sðx; VÞ ¼
2
R RðxÞ
0 rρsðx; V; rÞdr=RðxÞ2, with ρs ¼ ρþ þ ρ− [see

Supplemental Material (SM) for full expression [89] ].
For small potentials ejVj=kBT ≪ jwjðRb=RtÞ, with w ¼
eDη=ðkBTεψ0Þ ≃ −9.5 the ratio of ionic to electro-osmotic
mobility [88], the pore concentration equals the bulk
concentration ρ̄sðx; VÞ ¼ 2ρb, yielding g∞ðVÞ ¼ g0, with
the Ohmic cone conductance g0 ¼ ðπRtRb=LÞ
ð2ρbe2D=kBTÞ, and the resulting current follows Ohm’s
law I ¼ g0V [25]. For large static potential drops the cone
exhibits diodic behavior due to concentration polarization,
with the cone conductance determined by the salt concen-
tration profiles according to

g∞ðVÞ
g0

¼
Z

L

0

ρ̄sðx;VÞdx=ð2ρbLÞ

¼1þΔg
Z

L

0

�
x
L

Rt

RðxÞ−
ePeðVÞðx=LÞ½R2

t =RbRðxÞ�−1

ePeðVÞðRt=RbÞ−1

�
dx=L;

ð5Þ

Lρ
±
=ρb ρ

±
=ρb

Rb x
r

Rt

eσ

V(t)

FIG. 1. Schematic representation of an azimuthally symmetric
conical channel of length L, base radius Rb, and tip radius
Rt < Rb, connecting two bulk reservoirs of a 1∶1 aqueous
electrolyte, with bulk concentrations ρb. The channel wall
carries a surface charge density eσ. An ac electric potential drop
VðtÞ over the channel drives an ionic charge current
I½VðtÞ; t� ¼ g½VðtÞ; t�VðtÞ, with g½VðtÞ; t� the channel conduct-
ance. The ac potential causes transient concentration polarization
resulting in a volatile conductance memory.
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where an approximation is made compared to
the more accurate dependence on L=

R
L
0 ½ρ̄sðx; VÞ�−1dx

to reduce computational complexity [25]. The static con-
ductance g∞ðVÞ depends on V through the Péclet
number at the narrow end PeðVÞ ¼ QðVÞL=ðDπR2

t Þ ¼
−ðeV=kBTÞðRb=RtÞw−1, where for our standard parame-
ters PeðVÞ=V ≈ 16.5 V−1, and Δg≡ −2wðΔR=RbÞDu ≈
−3.6 with the tip Dukhin number Du ¼ σ=ð2ρbRtÞ≈
−0.25. In our case of σ < 0, V > 0 depletes the
channel of ions such that g∞ðVÞ=g0 < 1, whereas V < 0
results in ion accumulation such that g∞ðVÞ=g0 > 1,
which is responsible for the static diode behavior of
the cone [25].
Voltage-driven accumulation or depletion of ions from

the pore is not instantaneous, as it takes time for the ions to
move into or out of the channel. In the SM [89] we derive
from the PNPS equations (1)–(4) that the typical timescale
for this process is not given by an RC-like time as
suggested in Ref. [46], but rather by a diffusionlike time,

τ ¼ L2

12D
; ð6Þ

which for our standard parameter set yields τ ¼ 4.8 ms. To
obtain an analytic approximation for the time-dependent
conductance g½VðtÞ; t�, we assume a single exponential
relaxation of the salt concentration with timescale τ
toward the steady-state concentration profile. This natural
approach has been successfully applied to investigate
memristor dynamics before [78,97] and is verified for
conical channels in Fig. 2. Using Eq. (5), this approach
yields the following expressions for the time-dependent
conductance g½VðtÞ; t� and current I½VðtÞ; t�:

∂g½VðtÞ; t�
∂t

¼ g∞½VðtÞ� − g½VðtÞ; t�
τ

; ð7Þ

I½VðtÞ; t� ¼ g½VðtÞ; t�VðtÞ: ð8Þ

Equation (7) shows that the conductance g½VðtÞ; t�
depends on the entire time trace of the potential VðtÞ.
This conductance memory is the key feature of a
memristor [57]; in fact, Eqs. (7) and (8) indeed fit the
mathematical definition of a generic voltage-driven mem-
ristor [56–58]. From now on we will refer to Eqs. (5)–(8) as
the approximate analytical (AA) solution of the PNPS
equations [25]. To verify the AAwe also numerically solve
the full PNPS equations (1)–(4) in the geometry of a conical
channel using the finite-element (FE) analysis package
COMSOL [98,99].
In Fig. 2(a) we compare the time-dependent

laterally averaged salt concentrations hρ̄si½VðtÞ; t�≡R
L
0 ρ̄s½x; VðtÞ; t�dx=L from FE calculations (blue line)
and the AA (red line), which for the AA is equivalent to
g½VðtÞ; t�=g0. In both cases VðtÞ is a periodic triangle
potential (green line) with amplitudes�1 V and a period of
25 ms. The features of the AA and FE calculations
essentially agree, not only the typical amplitude of
hρ̄si½VðtÞ; t�, but also the time lag ∼τ [Eq. (6)] between
VðtÞ and hρ̄si½VðtÞ; t�, as indicated by the two pairs of
dashed vertical lines. This time lag results in a hysteretic
conductance-voltage diagram, shown in Fig. 2(b). Here the
AA and FE calculations agree with each other again,
verifying the proposed relation of hρ̄si½VðtÞ; t� with the
conductance g½VðtÞ; t�.
Translating the results of Fig. 2(b) to the current with

Eq. (8) we obtain the current-voltage (I-V) plot of Fig. 2(c),
which shows the memristor hallmark of a pinched hyste-
resis loop [56]. We again find agreement between the
AA and FE calculations, and the I-V loop resembles
previously reported experimental results from comparable
systems [43–45,49,52]. The shape of the hysteresis loop
depends on the frequency f of the applied triangle potential

(a) (b) (c)

FIG. 2. Comparisons of finite-element (FE) calculations (blue) of the full PNPS equations (1)–(4) and our analytic approximation
(AA) Eqs. (5)–(8) (red) when a periodic triangle potential VðtÞ [green line in (a)] with amplitudes �1 V and frequency f ¼ 40 Hz is
applied. In (a) we show two periods of the time-dependent laterally averaged salt concentration hρ̄si½VðtÞ; t�≡ R

L
0 ρ̄s½x; VðtÞ; t�dx=L, in

(b) the corresponding conductance-voltage diagram as per Eqs. (5) and (7), and in (c) the corresponding current-voltage diagram with a
clear pinched hysteresis loop. The left-hand inset of (c) shows the dependence of the enclosed area in I-V hysteresis loop on the
(dimensionless) triangle potential frequency fτ with a maximum at fmaxτ ≈ 0.19 for L ¼ 10 μm. The right-hand inset of (c) shows the
dependence of 1=fmax (blue) and of the characteristic time τ from Eq. (6) (red) on the channel length L, satisfying fmaxτ ≈ 0.19 for all L
considered.
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VðtÞ. The enclosed area inside the loop shrinks to 0 for
fτ ≪ 1 and fτ ≫ 1 and shows a maximum at fmaxτ ≈ 0.19
for the standard parameter set, as shown in the left-hand
inset of Fig. 2(c). In the right-hand inset of Fig. 2(c) we see
that the one-to-one relation fmaxτ ≈ 0.19 also holds for
various lengths L, further supporting the validity of Eq. (6).
Excitingly, the quadratic dependence of τ on the channel
length L offers strong control over the channel memory
retention time, a desirable trait [61].
Having derived Eqs. (6)–(8) for the memristive effect in a

single conical channel, we now turn our attention to
modeling a brain-inspired iontronic circuit. Electric signal-
ing within a neuron is facilitated by an action potential, a
propagating voltage spike over the cell membrane [75].
APs obey the all-or-none law, i.e., an AP either fails to
initiate upon a subcritical stimulus or completely occurs for
a supercritical stimulus, with no gradual transition in
between [75,76,81], and can be sequentially generated,
resulting in a spike train [76,82–85]. These neuronal
features of electric activity over the membrane have
been successfully modeled by an equivalent circuit as in
Fig. 3(a), first quantitatively characterized by Hodgkin and
Huxley [100], which has formed an extensively
used basis to mathematically model neuronal signaling
[101–107]. Interestingly, the mathematical descriptions of
the biological potassium and sodium channel conductances
gK and gNa in the Hodgkin-Huxley (HH) model were later
identified to be descriptions of memristors [63]. Therefore

we expect similar spontaneous neuronal features by assem-
bling conical channels in a HH-like circuit, where the
micrometer channels take on the role of the potassium and
sodium channels.
Inspired by HH circuits we present the circuit shown in

Fig. 3(b). This circuit consists of a capacitor with capaci-
tance C ¼ 5 fF (corresponding to the typical capacitance of
a biological neuronal membrane of area ∼1 μm2 [108]),
connected in parallel with three oriented conical channels,
with conductances gþ, g−, and gs and lengths L� ¼ 1 μm
and Ls ¼ 25 μm. As per Eq. (6), the timescales τ� ≈
0.048 ms of the two fast channels are identical, while the
timescale τs ≈ 30 ms ≫ τ� is much slower. The conical
channels are connected in series to batteries with potentials
E� ¼ �0.975 V for the two fast channels and Es ¼
−0.5 V for the slow channel. The imposed stimulus current
IðtÞ is the control parameter and determines whether
spiking occurs. The electric potential VmðtÞ over the circuit
shown in Fig. 3(b) is equivalent to the membrane potential
over a neuronal membrane [100]. Invoking Kirchoff’s law,
the potential VmðtÞ will evolve according to

C
dVmðtÞ

dt
¼ IðtÞ −

X
i∈fþ;−;sg

gi½ViðtÞ; t�½VmðtÞ − Ei�; ð9Þ

where the conductances gi½ViðtÞ; t�, determined by their
individual laterally averaged salt concentrations as per
Eq. (5), each evolve according to Eq. (7), however with

(c)

(d)

(b)

(a)
(e)

(f)

FIG. 3. (a) The Hodgkin-Huxley circuit model with Naþ, Kþ, and leak channels, a capacitor and batteries corresponding to the Naþ

and Kþ Nernst potentials [100]. (b) Schematic representation of our proposed circuit containing three oriented conical channels,
connected in series to individual batteries and in parallel to a capacitor. The electric potential difference VmðtÞ over the capacitor can be
driven by an imposed stimulus current IðtÞ. (c) The imposed subcritical (red) and supercritical (blue) current pulse IðtÞ, and (d) the
resulting VmðtÞ from Eq. (9), displaying an all-or-none action potential, as can be seen by the jump in spike amplitude around IAP as
shown in the inset. (e) The imposed subcritical (red) and supercritical (blue) sustained currents IðtÞ, and (f) the resulting VmðtÞ, where a
spike train emerges for IðtÞ > Itrain.
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arguments Vi of gi;∞ðViÞ given by V−ðtÞ ¼ VmðtÞ − E−,
VþðtÞ ¼ −VmðtÞ þ Eþ, and VsðtÞ ¼ −VmðtÞ þ Es. The
differences in signs of the potentials reflect the different
orientations of the channels as depicted in Fig. 3(b).
Equations (6), (7), and (9) form a closed set of equations,
which we numerically solve with initial conditions Vð0Þ ¼
−0.5 V and gi½Við0Þ; 0� ¼ g0;i.
Figure 3(c) shows a subcritical pulse current I < IAP

(red) and supercritical pulse current I > IAP (blue), both of
duration 70 ms, and Fig. 3(d) shows the two resulting
membrane potentials VmðtÞ. For the supercritical stimulus
VmðtÞ fully depolarizes and an AP emerges, while it fails to
properly depolarize for the subcritical stimulus. The inset of
Fig. 3(d) shows that the amplitude of the voltage spike
undergoes a sharp step increase at the pulse strength
I ¼ IAP; i.e., the circuit exhibits the defining all-or-none
law found in biological neurons [75,76,81], a feature
considered to be a requirement for artificial neurons [66].
For a slightly increased and sustained stimulus strength

[as shown in Fig. 3(e)], the spike train of Fig. 3(f) emerges
for a supercritical input I > Itrain, while just a single AP
appears for a subcritical input I < Itrain. Spike trains are
another unique feature of neuromorphic behavior and play
a vital role in neuronal communication [76,82–85]. In the
SM [89] we show that the frequency of the spike train can
be tuned by altering the capacitance and cone lengths. In
Ref. [86] a spike train emerging from a simulated iontronic
circuit containing quasi-two-dimensional nanochannels
was presented. However, the defining all-or-none law of
APs [66,75,76,81] was not reported in Ref. [86].
Additionally, in biological neurons the battery potentials
stem from Nernst potentials, which are not considered to
affect the voltage-gated channel conductances; hence
jVij ¼ jVmj in typical HH studies [100–107]. However,
in an experimental realization of a microfluidic HH-like
circuit with electric batteries the voltages ViðtÞ over the
channels will be affected by the battery potentials Ei; i.e.,
jViðtÞj ¼ jVmðtÞ − Eij. This detail is not considered in
Ref. [86] and hence it is not immediately clear how this
circuit could be experimentally realized.
In summary, we derived a theoretical model with no free

parameters, starting from the Poisson-Nernst-Planck-
Stokes equations (1)–(4), that explains how dynamic
concentration polarization in conical pores facilitates a
volatile conductance memory. Our theory agrees quantita-
tively with the memristive conductance of conical channels
observed in finite-element calculations and we surprisingly
find that the conductive memory retention process is
governed by a slow diffusive timescale. By assembling
multiple conical channels in an experimentally accessible
iontronic HH circuit, we find emerging neuronal behavior.
The circuit exhibits all-or-none action potentials upon
pulse stimulation, a fundamental requirement for
artificial neurons [66], and spike trains under a sustained
stimulus, thereby displaying hallmark features of neuronal

communication [76,81–85]. Our work promises to accel-
erate the targeted development of iontronic circuits and a
more effortless scanning of possible applications thereof,
beyond what is presented in this Letter.
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