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The interaction between acoustic wave and magnetization in ferromagnetic thin films has attracted great
attention due to its interesting physics and potential applications. However, up to now, the magneto-
acoustic interaction has mainly been studied on the basis of magnetostriction. In this Letter, we develop a
phase field model of magneto-acoustic interaction based on the Einstein–de Haas effect, and predict the
acoustic wave during the ultrafast core reversal of magnetic vortex in a ferromagnetic disk. Because of the
Einstein–de Haas effect, the ultrafast change of magnetization at the vortex core leads to a large mechanical
angular momentum, which induces a body couple at the vortex core and excites a high-frequency acoustic
wave. Moreover, the displacement amplitude of the acoustic wave is highly dependent on the gyromagnetic
ratio. The smaller the gyromagnetic ratio is, the larger the displacement amplitude is. The present work not
only provides a new mechanism for dynamic magnetoelastic coupling but also sheds new insights on the
magneto-acoustic interaction.
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The Einstein–de Haas effect refers to a phenomenon of
mechanical rotation caused by the change of magnetization,
in which the lost magnetic angular momentum is converted
into mechanical angular momentum [1]. The early Einstein–
de Haas experiments were only carried out on macroscopic
samples, which were used to measure the gyromagnetic ratio
for various magnetic materials [2]. In recent years, the
progress in the manufacturing and measuring of microscopic
magnet revives interest in the quantum Einstein–de Haas
effect of single-molecule magnet [3,4] as well as the ultrafast
Einstein–de Haas effect [5,6]. Although the microscopic
mechanism of the mutual conversion between magnetic
angular momentum and mechanical angular momentum is
controversial, different theoretical models have been estab-
lished to describe the Einstein–de Haas effect [7–10].
According to the theoretical models, the Einstein–de Haas

effect depends on the change rate ofmagnetization.The larger
the change rate is, the stronger the Einstein–de Haas effect is.
Becauseof the largechange rateofmagnetization, theultrafast
demagnetization induced by femtosecond laser exhibits very
strong Einstein–de Haas effect [11]. Similar to the ultrafast
demagnetization, the ultrafast core reversal of a magnetic
vortex could also provide a large change rate of local
magnetization at the vortex core [12,13], which holds a
promise to generate strong Einstein–de Haas effect.
Recently, the ultrafast core reversal of a magnetic vortex
has been investigated extensively [14], including the spin-
wave-mediated core reversal [15], fast core reversal at
high temperature [16], unidirectional core reversal under

magnetic pulse [17], periodic core reversal under alternating
magnetic field [18], deterministic vortex reversal by pulsed
electric field-induced strain [19] and ultrafast core reversal by
a local field pulse [20]. The ultrafast core reversal ofmagnetic
vortex is not only important for its application in information
storage unit [21], but also can be used to excite spin waves
[22]. The spinwave can be regarded as a collective precession
of magnetization [23–25], which can excite acoustic waves
through magneto-acoustic interaction [9,26–30].
In recent years, the study of magneto-acoustic interaction

has mainly focused on the spin-wave resonance driven by
the acoustic-wave in multiferroic systems [31–37] as well as
the remote control of magnetic bits through surface acoustic
wave [38]. In previous work, the magneto-acoustic inter-
action has been studied mainly on the basis of magneto-
striction, in which the Einstein–de Haas effect is excluded.
For the ultrafast core reversal of a magnetic vortex in
Fig. 1(a), the change of local magnetization at the core is
ultrafast. Therefore, the Einstein–de Haas effect is strong and
cannot be neglected. According to the Einstein–de Haas
effect, there is mutual conversion between magnetic angular
momentum and mechanical angular momentum during the
ultrafast core reversal of magnetic vortex, resulting in a
mechanical couple at the vortex core as shown in Fig. 1(b).
Although strong radiation of the spin wave from the dynamic
core of magnetic vortex was found in magnetic thin films
[22,39,40], it is still unknown whether the ultrafast core
reversal of magnetic vortex can excite an acoustic wave as
shown in Fig. 1(c).
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In this Letter, we develop a dynamic phase field model for
magneto-acoustic interaction by combining the Einstein–de
Haas effect and generalized elastodynamics equation with
Landau-Lifshitz-Gilbert equation. Different from the tradi-
tional magnetoelastic coupling of magnetization and strain
[41,42], the coupling between the body couple and the
change rate of magnetization, i.e., the Einstein–de Haas
effect, is employed in the present model to describe the
magneto-acoustic interaction. In order to model the dynamic
magnetoelastic coupling behavior caused by a spatially
nonuniform change of spin angular momentum, the couple
stresses and the body couple are introduced into the
elastodynamic equation of the phase field model. The phase
field simulations show that the acoustic waves are excited
due to the Einstein–de Haas effect during the ultrafast core
reversal of magnetic vortex. Furthermore, the dependence of
the displacement amplitude of the acoustic wave on gyro-
magnetic ratio is revealed and its implication in the meas-
urement of gyromagnetic ratio is also discussed.
In the phase field model, the Einstein–de Haas effect is

considered in the coupled form of the magnetization
change rate and the body couple as [5]

Ti ¼ − γ−1dMi

dt
ði ¼ 1; 2; 3Þ; ð1Þ

where Ti is the component of body couple, Mi is the
component of magnetization vector, t is the time, and γ is
the gyromagnetic ratio. Equation (1) shows that the change
of magnetic angular momentum dMi leads to a change in
mechanical angular momentum Tidt, in which the con-
servation of total angular momentum is satisfied.
When the body couple induced by magnetization change

is considered, the conventional mechanical equilibrium
equation of σji;j ¼ ρ∂u2i =∂t

2 is not applicable due to the

absence of couple stress, and thus a generalized mechanical
equilibrium equation with couple stress and body couple is
needed [43]. The generalized mechanical equilibrium
equation can be expressed as

σji;j þ
1

2
eikrqsr;sk þ

1

2
eisrTr;s þ Fi ¼ ρ

∂
2ui
∂t2

; ð2Þ

where σji is the symmetric stress tensor, the subscript of, j
represents the derivative of the variables with respect to the
coordinate of xj, eikr is the permutation tensor, qsr is the
couple stress tensor, Fi is the component of body force, ρ is
the mass density of the material, and ui is the component of
displacement. In Eq. (2), Einstein’s summation convention
is employed and all the subscripts of i, j, k, r and s take the
number of 1, 2 and 3. Based on the constitutive law of
anisotropic materials, the stress tensor can be expressed as
σij ¼ cijklεkl, in which cijkl are the elastic constant tensor
and εij ¼ 1

2
ðui;j þ uj;iÞ is the strain tensor.

Based on the theory of elasticity [44], the coupling stress
is related to the curvature tensor by the constitutive law of
qij ¼ 2Gl2eχij, in which G is the shear modulus, χij is the
curvature tensor, and le is the material length scale
parameter. The curvature tensor can be expressed by
displacement components as χij ¼ 1

4
ðejklul;ki þ eiklul;kjÞ.

If the couple stress tensor and body couple are removed,
Eq. (2) is reduced to the equilibrium equation of conven-
tional elasticity theory. Substituting the body couple of
Eq. (1) into the equilibrium equation of Eq. (2), the
elasticity theory has been generalized to include the
Einstein–de Haas effect, which is able to model the elastic
dynamic deformation of ferromagnetic materials due to the
body couple.
The temporal evolution of magnetization vector M in

ferromagnetic materials is described by the Landau-
Lifshitz-Gilbert (LLG) equation as

FIG. 1. (a) Schematic illustration of the magnetization reversal at the vortex core in a ferromagnetic disk. (b) A body couple Ti
generated at the vortex core by the magnetization reversal due to the Einstein–de Haas effect. (c) The rapid appearance of the body
couple at the vortex core induces high-frequency acoustic waves in the ferromagnetic disk.
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∂M
∂t

¼ −γM ×Heff þ
α

Ms
M ×

∂M
∂t

; ð3Þ

in which α is the Gilbert damping constant, Ms is the
saturation magnetization, Heff ¼ −ð1=μ0ÞðδF=δMÞ is the
effective magnetic field and μ0 is the permeability of free
space. The total free energy F can be obtained by
integrating the free energy density over the entire volume
as F ¼ R

fdV and f is the total free-energy density that is
given in the Supplemental Material [45]. In addition to
LLG and mechanical equilibrium equation, the Maxwell
equation of

∂

∂xi

�

− ∂f
∂Hi

�

¼ 0 ð4Þ

is solved to obtain the magnetostatic potential and magnetic
field, in which H ¼ −∇ϕ is the magnetic field and ϕ is the
magnetic potential [53–55]. To simulate the full coupled
evolution of displacement and magnetization during vortex
core reversal in the ferromagnetic disk, a nonlinear finite
element method is adopted to numerically solve the
coupled governing equations of Eqs. (2)–(4). The detailed
solution procedure and the used material parameters are
given in the Supplemental Material [45]. In our research,
the external magnetic field in the vortex core area is very
large, so the magnetostatic field can be ignored, while for
the outside region without external magnetic field, the
demagnetizing field can be obtained by solving the
Maxwell equation.
Using the proposed phase field model, a magnetic vortex

with downward core is predicted for a ferromagnetic FeGa
disk with the radius of 200 nm and the thickness of 2 nm, as
shown in Fig. S1(a) in the Supplemental Material [45]. In
order to achieve a wave propagating from the center to
outside, a local magnetic field of H3 ¼ 5 × 106 A=m is

applied along the x3 direction at the center circle with a
radius of 10 nm, which can avoid large-scale magnetization
reversal and complex dynamic coupling. In practice, the
local magnetic field could be applied by a saturated
magnetic probe of a magnetic force microscope [56–58].
After 5 ps, the vortex core is reversed from downward to

upward under the magnetic field, as shown in Fig. S1(b)
[45]. Because of the Einstein–de Haas effect, the magneti-
zation reversal at the vortex core generates a localized body
couple at ultrashort time, which triggers acoustic waves in
the ferromagnetic disk as shown in Fig. 2. Figures 2(a)–2(d)
give the contour maps of out-of-plane displacement of u�3 on
the upper surface of the ferromagnetic disk at different
time from 10 to 40 ps. The displacement is normalized by
u�3 ¼ u3=u0 with u0¼ 1×10−12 m, which is the same order
as the experimental observation [5].
From the contour maps, it can be found the propagation

direction of out-of-plane displacement is perpendicular to
the displacement direction, indicating it is a transversal
acoustic wave. The axisymmetric propagation of the
acoustic wave is also shown by the profiles of displacement
on the centerline of the disk at different time in Fig. 2(e).
With the evolution of time, the displacement at the center
changes from downward to upward. Based on the position
of the wave front at different time, the velocity of the
acoustic wave is calculated as 4300 m=s, which is close to
that calculated from the theory of elasticity. In order to
understand the drastic change of the magnetization and
displacement, the distribution of u�3 and M3 within the first
14 ps are shown in Fig. S2 and the coupling dynamics are
shown in Fig. S3 in which the fluctuation of displacement is
more obvious than that of magnetization. Additionally, we
conducted a comparative study on different magnetic
damping constants, as shown in Fig. S4 [45]. In order
to reduce the influence of the propagation of the spin
wave, we adopt a large magnetic damping α ¼ 0.5 in our

FIG. 2. The contour map of out-of-plane displacement of u�3 for the FeGa ferromagnetic disk at different time with (a) t ¼ 10,
(b) t ¼ 20 (c) t ¼ 30, and (d) t ¼ 40 ps. (e) The displacement profiles of u�3 on the center line of the disk at different times. The
axisymmetric acoustic wave propagates outward from the center of the disk, which is induced by the couple at the center due to the
Einstein–de Haas effect.
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simulation. The inconspicuous fluctuation of magnetization
is due to the relatively large magnetic damping. It should be
noted that the thickness of the thin film may affect the
frequency, amplitude, and mode of acoustic waves. In
general, thinner films tend to generate acoustic waves with
out-of-plane displacement as shown in the present work.
In addition to out-of-plane displacement, in-plane dis-

placements of u�1 and u�2 are also excited by Einstein–de
Haas (EdH) effect as shown in Figs. 3(a) and 3(b), which is
collected on the upper surface of the ferromagnetic disk at
t ¼ 40 ps. Based on the contour maps, the components of
u�1 and u�2 outside the core is almost perpendicular to the
radial direction. In order to distinguish the magnetostriction
and EdH effect, the phase field simulations on the same
system with only the magnetostriction and with both
magnetostriction and EdH effect are conducted with the
formula of Sec. II in the Supplemental Material [45]. The
simulation results are given in Fig. S6, indicating that
magnetostriction almost plays no role in generating the
acoustic waves.
In order to understand the dynamic characteristics of the

excited acoustic waves, FFT spectrum analysis is con-
ducted for the volume-averaged displacements of the disk
in the period of time from 0 to 50 ps. Figure 3(c) shows the
frequency spectrum diagram of three displacements. In the
frequency spectrum diagram, the frequency at the first peak
of spectrum curve of out-of-plane displacement is different

from that of in-plane displacement, indicating that out-of-
plane displacement and in-plane displacement belong to
two different acoustic waves. There are also several small
peaks in the frequency spectrum curves for both in-plane
and out-of-plane displacements which indicate the exist-
ence of high frequency acoustic waves.
The Fourier coefficient of out-of-plane displacement at

first peak is much larger than that of in-plane displacement,
which is consistent with the result that the maximum
amplitude of out-of-plane wave in Fig. 2(e) is one order
larger than the in-plane wave in Fig. 3(d). Figure 3(e) gives
in-plane displacement on the lower surface of the disk.
Comparing in-plane displacements on the upper and lower
surfaces in Figs. 3(d) and 3(e), the displacements of two
surfaces are opposite at the same location on the x1 axis.
Moreover, the displacement distribution along the thick-
ness direction of the disk is antisymmetric with respect to
the middle plane, which implies the deformation of the
middle plane of the disk is trivial.
It is interesting that the displacements of the in-plane

acoustic wave in Fig. 3 are almost antisymmetric with
respect to the center point of the center line, which is totally
different from the symmetric distribution of displacement
of the out-of-plane acoustic wave in Fig. 2. The antisym-
metric distribution of displacement persists during the wave
propagation as shown by the profiles of in-plane displace-
ments along the center line of the x1 axis at different time in

FIG. 3. The contour map of in-plane displacements of (a) u�1 and (b) u�2 for the FeGa ferromagnetic disk at the time of t ¼ 40 ps.
(c) Frequency spectrum diagram of acoustic waves at different directions. The displacement component of u�1 on the upper surface (d)
and (e) the lower surface of the disk along the center line of the x1 axis at t ¼ 40 ps. The black arrows in the insets denote the location of
the center line. The directions of displacement of the two surfaces are opposite at the same location on the x1 axis.
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Fig. S5 [45]. The out-of-plane body couple screws the disk
at the center and induces a circle wave in the plane of
the disk. Because of the rotation nature of a circle wave,
the distribution of displacement of in-plane waves is
antisymmetric.
Next, we investigate the influence of the gyromagnetic

ratio on the acoustic wave. Figures 4(a)–4(c) show the
curves of displacement u�3 along the center line of the x1
axis at t ¼ 40 ps with different gyromagnetic ratios. The
insets show the contour map of displacement u�3. It is found
that the fluctuations of displacement are similar for differ-
ent gyromagnetic ratios, while the amplitudes are different.
The smaller the gyromagnetic ratio is, the larger the
displacement amplitude is, which is confirmed by the
contour map of out-of-plane displacement in the insets
of Figs. 4(a)–4(c). In the same color range, the contour with
the smaller gyromagnetic ratio 0.75γ is darker. In order to
deeply understand the effect of gyromagnetic ratio on
acoustic waves, multiple sets of simulations with different
gyromagnetic ratios are conducted. The gyromagnetic ratio
changes from 0.75γ to 3γ and the corresponding displace-
ment amplitude are calculated and plotted by the square
dots in Fig. 4(d). The displacement amplitude changes
dramatically when the gyromagnetic ratio changes from
0.75γ to γ. When the gyromagnetic ratio is larger than γ, the

displacement amplitude decreases moderately with the
increase of the gyromagnetic ratio. The change rate of
displacement amplitude with small gyromagnetic ratio is
much larger than that with large gyromagnetic ratio. Based
on the simulated displacement amplitudes at different
gyromagnetic ratios, an explicit inverse relation between
the displacement amplitude u�3 and gyromagnetic ratio γi is
obtained as u�3 ¼ ½a=ðγi=γÞ� with a ¼ 3.5 × 10−4 by least
square fitting, as shown by the solid line in Fig. 4(d). This
result is consistent with the definition of the Einstein–de
Haas effect of Eq. (1), in which the magnitude of the body
couple is inversely proportional to the gyromagnetic ratio.
Based on the relationship of mechanical torque and
gyromagnetic ratio, the Einstein–de Haas effect has been
employed to measure the gyromagnetic ratio through the
macroscopic magnetomechanical experiments in 1966 [2].
Similarly, based on the microscopic Einstein–de Haas
effect, the gyromagnetic ratio can be determined by
measuring the displacement of acoustic waves because
the displacement has an explicit relationship with the
gyromagnetic ratio.
The gyromagnetic ratio not only affects the displacement

amplitude of the acoustic wave through the Einstein–de
Haas effect, but also has great influence on the evolution of
magnetization through the LLG equation. Based on LLG

FIG. 4. The curves of displacement u�3 along the center line of the x1 axis at t ¼ 40 ps with different gyromagnetic ratios
(a) γ1 ¼ 1.25γ (b) γ2 ¼ γ, and (c) γ3 ¼ 0.75γ. The insets show the contour map of displacement component of u�3. The smaller the
gyromagnetic ratio is, the larger the displacement amplitude is. (d) The maximum amplitude of displacement u�3 at t ¼ 40 ps with
different gyromagnetic ratios. An explicit inverse relation between the displacement amplitude and gyromagnetic ratio is obtained as
u�3 ¼ ½a=ðγi=γÞ� with a ¼ 3.5 × 10−4 (solid line) by fitting the simulation data (square dots). (e) The volume-averaged magnetization
component M3 of the ferromagnetic disk with different gyromagnetic ratios.

PHYSICAL REVIEW LETTERS 130, 256701 (2023)

256701-5



equation, the gyromagnetic ratio is related to the precession
process of the magnetization, so the magnetization evolu-
tions are different for different gyromagnetic ratios, as
shown in Fig. 4(e). Generally, the smaller the gyromagnetic
ratio is, the smaller the magnetization change is. According
to Eq. (1), the body couple is proportional to the change
rate of magnetization. When the gyromagnetic ratio
becomes smaller, although the change of magnetization
becomes slower, the body couple becomes larger. These
results indicate that the magnetization change rate induced
by the gyromagnetic ratio is relatively small and has less
effect on the body couple comparing to the direction effect
of gyromagnetic ratio on body couple.
In conclusion, a phase field model is proposed to predict

the coupling evolution of magnetization and displacement
in ferromagnetic materials based on the Einstein–de Haas
effect and generalized elastodynamics with couple stress.
Different from the traditional magnetoelastic coupling of
magnetization and strain, the coupling between the body
couple and the change rate of magnetization is considered
in the phase field model. The ultrafast core reversal of
magnetic vortex in a FeGa disk is simulated by the phase
field model. Because of the Einstein–de Haas effect, the
change of magnetic angular momentum during core rever-
sal leads to a change in mechanical angular momentum,
resulting in a large body couple at the vortex core and
excites high-frequency acoustic waves. It is found that the
displacement amplitude of acoustic waves is highly de-
pendent on the gyromagnetic ratio. The smaller the
gyromagnetic ratio is, the larger the displacement ampli-
tude is. This work not only suggests that acoustic wave can
be generated through a novel magnetoelastic coupling in
ferromagnetic thin films but also sheds new insights on the
magneto-acoustic interaction.
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