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The ability to modulate free electrons with light has emerged as a powerful tool to produce attosecond
electron wave packets. However, research has so far aimed at the manipulation of the longitudinal wave
function component, while the transverse degrees of freedom have primarily been utilized for spatial rather
than temporal shaping. Here, we show that the coherent superposition of parallel light-electron interactions
in transversally separate zones allows for a simultaneous spatial and temporal compression of a convergent
electron wave function, enabling the formation of sub-Ångström focal spots of attosecond duration.
Specifically, spots spanning just ∼3% of the light optical cycle are shown to be formed, accompanied by an
increase by only a factor of 2 in spatial extension relative to an unperturbed beam. The proposed approach
will facilitate the exploration of previously inaccessible ultrafast atomic-scale phenomena, in particular
enabling attosecond scanning transmission electron microscopy.
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Fourier analysis shows that strongly peaked waveforms
can be obtained by superimposing a large number of phase-
locked frequency components. This ubiquitous principle
underpins pulsed mode-locked lasers and is leveraged to
synthesize attosecond light pulses by combining high har-
monics generated in atomic gases [1–3] or solid-state targets
[4]. Likewise, attosecond electron bunches were formed
through interaction with the near fields induced by laser
scattering at a periodic structure followed by electron pro-
pagation in free space [5], while ponderomotive interaction
was predicted to serve the same purpose [6]. In addition,
optical near-field interaction anddispersive propagationwere
predicted to produce attosecond wave packets in the wave
function of individual electrons [7], as later demonstrated in
experiments using laser scattering by nanostructures [8,9]
and also through stimulated Compton scattering in free
space [10].
Temporal compression of free-electron beams (e-beams)

has a long tradition in the context of accelerator physics and
electromagnetic wave generation [5,11–18]. In an intuitive
picture, exposure of the e-beam to electromagnetic fields
induces a momentum modulation that causes a periodic
compression into subcycle bunches upon dispersive pro-
pagation of the electron ensemble. By subsequently inter-
acting with gratings [19] or undulators [16], bunches
containing a large number of electrons N can produce
radiation by acting in unison, giving rise to directed emission
with an intensity ∝ N2 in what is known as superradiance
[20]. This mechanism is widely used in radiation sources
operating over spectral ranges extending frommicrowaves in
klystrons [12] to x rays in free-electron lasers [13,14,16,17].

Electron compression can also be accomplished through
the coherent evolution of each individual free-electron
wave function after interaction with intense optical fields,
provided that the level of spatial and temporal coherence of
both electrons and light is sufficiently high. For large
enough laser intensities, multiple photon exchanges take
place, as demonstrated in pioneering experiments of low-
energy electron scattering by illuminated atomic targets
[21,22]. In the context of ultrafast transmission electron
microscopy, this type of process has attracted considerable
interest in the form of photon-induced near-field electron
microscopy (PINEM) of optical near-field distributions
[7,23–29]. In PINEM, electrons emerge in states compris-
ing a superposition of energy sidebands equally spaced by
the photon energy. Besides imaging, the quantum-coherent
phase modulation underlying the inelastic light-electron
scattering process was predicted [7] and experimentally
shown [8,9] to produce longitudinal shaping and atto-
second bunching. In the momentum representation, the
velocity dispersion across the sidebands translates into
relative phase differences that accumulate as the probes
propagate, developing a periodic train of temporally
compressed electron pulses analogous to the Talbot effect
[8,30,31].
While a single PINEM interaction is fundamentally

limited to produce just a moderate level of temporal
compression [32–34], close to perfectly confined pulses
are predicted to be formed from a sequence of PINEM
interactions separated by free-space propagation [35]. In a
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separate development, following the demonstration of
ponderomotive phase plates for electron microscopy
[36], the possibility of realizing a customizable modulation
of the transverse electron wave function profile was
proposed using PINEM [37] and ponderomotive [38]
light-electron interactions, and recently realized in separate
experiments [39,40]. Conceivably, the coherent superposi-
tion of electron waves that have undergone distinct PINEM
interactions in the transverse plane should grant us access
into a much wider range of electron wave functions such as,
for example, states that comprise tailored spatiotemporal
compression.
In this Letter, we theoretically demonstrate that inelastic

electron-light interaction can simultaneously produce spa-
tial and temporal compression. Specifically, we consider a
convergent electron wave produced by the objective lens of
a scanning transmission electron microscope and study the
effect of the interaction with light at a plane preceding the
focal plane. For relatively simple transverse field profiles
reminiscent of zone plates, we predict the formation of sub-
Ångström focal spots of attosecond duration. In particular,
a high level of compression is achieved with the super-
position of only two wave function components (Fig. 1),
while more complex profiles (Figs. 2 and 3) enable a
stronger temporal compression without substantially com-
promising the spatial focusing performance of the micro-
scope. Our work holds potential for the study of ultrafast
phenomena at the atomic scale, including highly nonlinear
and subcycle charge and lattice dynamics.
Right after interaction with monochromatic light of

frequency ω characterized by a space- and time-dependent
electric field amplitude EðrÞe−iωt þ c:c:, the wave function
of an electron moving along the z direction with average
velocity v becomes [24,41,42]

ψðr; tÞ ¼ ψ incðr; tÞ
X∞

l¼−∞
αlðrÞeilωðz−vtÞ=v; ð1Þ

where ψ incðr; tÞ is the incident wave function. The sum in
Eq. (1) extends over the net number of exchanged photons
l, corresponding to an electron energy change lℏω and
having an associated transition amplitude

αlðrÞ ¼ Jl½jβðRÞj�eil argf−βðRÞge−2πil2z=zT ; ð2Þ

which is expressed in terms of a single electron-light
coupling parameter

βðRÞ ¼ e
ℏω

Z
∞

−∞
dzEzðrÞe−iωz=v: ð3Þ

We note that Eq. (3) depends on the transverse coordinates
R ¼ ðx; yÞ. This result assumes an initial energy spread
much smaller than ℏω, which is in turn negligible
compared with the average kinetic energy (nonrecoil

approximation). In addition, a phase ∝ l2 is incorporated
to include the effect of velocity dispersion with a character-
istic Talbot distance [30] zT ¼ 4πmev3γ3=ℏω2, where
γ ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2=c2

p
.

In the spatial representation, the wave function is
modulated in time with the optical period τ ¼ 2π=ω
imposed by the light frequency ω. This allows for a
quantification of the achieved level of temporal compres-
sion through the so-called degree of coherence (DOC)
[33,34]. The DOC, defined as

DOCmðrÞ¼
����
Z

τ

0

dtjψðr;tÞj2eimωt

����
2

=
����
Z

τ

0

dtjψðr;tÞj2
����
2

; ð4Þ

quantifies the strength of modulation of the electron density
throughout an optical cycle. For an index m, it describes to
what degree an excitation such as cathodoluminescence
generated by the e-beam at position r and frequency mω is
coherent with the driving field, a quantity that could be
measured from the interference fringes obtained when
mixing the emission with a coherent mth harmonic of
the driving field. The ideal compression associated with
the point-particle limit corresponds to DOCmðrÞ ¼ 1 for
all m’s.
For a single light-electron interaction, one finds

the analytical expression [31,32,34,35] DOCm ¼
J2m½4jβj sinð2πmz=zTÞ�. For m ¼ 1, a moderate maximum
value of DOC1 ≈ 0.34 [see Fig. 1(b)] is obtained by
adjusting the optical field strength to satisfy the condition
jβj ¼ e1=½4 sinð2πz=zTÞ�, where e1 ≈ 1.841 is the argument
that maximizes the J1 Bessel function. As stated above,
even tighter compression can be reached by sequential
interactions [35]. However, harnessing the transverse
degrees of freedom to produce tailored temporal as well
as spatial structuring has yet to be explored.
Here, we leverage the coherent superposition of electron

wave function components undergoing separate parallel
interactions with light in distinct zones for far-reaching
spatiotemporal control. Replacing the coefficients in
Eq. (2) by a weighted sum with various values of β yields
a powerful set of additional control parameters. In a simple
picture, temporal compression can be achieved if αl
becomes independent of l over a certain range such as
−L ≤ l ≤ L, for which the wave function in Eq. (1) be-
comes ψ ∝

P
L
l¼−L e

ilζ ¼ sin½ðLþ 1=2Þζ�= sinðζ=2Þ with
ζ ¼ ωðz − vtÞ=v, such that DOCm ¼ ½1 − jmj=ð2Lþ 1Þ�2
approaches the perfect compression limit for L ≫ 1. The
question we ask is whether l-independent coefficients can
be obtained by superimposing parallel electron-light inter-
actions, such that they become

αlðrÞ ¼ e−2πil
2z=zT

X

i

aiJlð2jβijÞeil argf−βig ð5Þ
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for a given set of weighting coefficients ai, with the
dispersive phase −2πz=zT proportional to the distance
z from a given interaction plane to a common focal spot
toward which the electron is converged.
The superposition of wave functions with two different

electron-light coupling parameters [Fig. 1(a)] is already
enough to produce a substantial improvement in temporal
compression corresponding to DOC1 ≈ 0.84 [43] and
illustrated by the sharp wave function profile plotted in
Fig. 1(c), where it is compared with the single-interaction
result. The spectral distribution of the wave function
resulting from this superposition cannot be achieved with
a single interaction [Fig. 1(b)]; it rather approaches a more
continuous spectral distribution, as also observed for
sequential interactions [35]. This exemplifies a method
to produce any designated combination of sideband ampli-
tudes by superimposing a sufficient number of parallel
interactions. Incidentally, we impose real coefficients ai in
Fig. 1 (see below), for which the optimum solution involves
moderate values of the coupling coefficients βi [see
Fig. 1(b)].
As a practical zone-plate-type configuration, we consider

an R-dependent light-electron interaction taking place at a
plane situated within the pole piece gap in an electron
microscope and before the focal plane, although similar
designs could operate by placing the plate at other places
along the electron column. Under the paraxial approxima-
tion, and assuming axially symmetric coupling coefficients
βðRÞ with respect to the e-beam axis at R ¼ 0, the wave
function near the focal region is found to take the form of
Eq. (1) with coefficients (see details in the Supplemental
Material [44])

(a) (b) (c)

FIG. 1. Temporal compression of a free electron through parallel interactions with optical fields. (a) We consider an incident electron
separated into two paths, each of them interacting with light as described by the respective coupling coefficients β1 and β2. The two
paths are then recombined and brought to interference at a focal point. (b) Spectrum of the incident electron state before (top) and right
after (middle) interacting with light, along with the spectrum produced at the focal point by path mixing (bottom). (c) Temporal profile at
the focal point, showing a comb of electron probability density with the same period τ ¼ 2π=ω as the employed light. The interaction
coefficients βi in (b) and (c) are optimized to achieve maximum temporal compression [see βi values and propagation distance z from
optical interaction to focal point in (b)]. We also show results for an optimally compressed single-path–interaction configuration (dotted
curves, same z, β ¼ 0.460).

(a)

(c)

(b)

FIG. 2. Optimum temporal electron compression. (a) An in-
creasing number N of parallel interactions with light leads to a
narrowing of the probability density peak. The maximum
magnitude of the required coupling coefficient is indicated for
each considered value of N by color-matching labels. Optimum
results are obtained for a propagation distance z ¼ zT=4 in all
cases. (b) Degree of coherence DOCm for optimally compressed
electrons after interaction with N parallel zones. We consider
harmonic orders m ¼ 1–20.
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αlðrÞ ≈ e−2πil
2z=zT

Z
NA

0

θdθ J0ð2πθR=λeÞe−iπθ2z=λe

× Jl½2jβðθÞj�eil argf−βðθÞg; ð6Þ

where NA is the numerical aperture (set to 0.02 in this
work), and λe is the electron wavelength. This expression is
accurate within the paraxial approximation for the wide
range of geometrical parameters encountered in currently
available electron microscopes (see the Supplemental
Material [44]). Incidentally, both spherical and chromatic
aberrations can easily be included in our formalism, but are
not considered here for simplicity. For concreteness, we
consider a stepwise distribution of βðθÞ parameters (with
theR dependence now absorbed in the paraxial angle θ; see
the Supplemental Material [44]), which could be achieved
by projecting a correspondingly shaped laser beam on an
electron-transparent film at an oblique angle [46] or,
alternatively, by a weakly focused laser beam illuminating
a film featuring a stepwise thickness profile consisting of
concentric circular (ring-shaped) zones [see Fig. 3(a)]. This
configuration reduces Eq. (6) to Eq. (5), with coefficients ai
determined by restricting the θ integral to each of the
i zones.
We numerically optimize temporal compression at the

focal spot r ¼ 0 (where the coefficients ai become real) by
finding the maximum of DOC1ðr ¼ 0Þ [43] through the
steepest-gradient method. Separating the circle defined by
the NA in the interaction plane into a total of N equal-area
zones [Fig. 2(a)], the coefficients ai are made independent

of i. Under these conditions, the optimum focal electron
wave function, represented over an optical period at r ¼ 0
in Fig. 2(b), becomes increasingly sharper as N is increased
(see Table S1 in the Supplemental Material [44] for a subset
of the obtained optimum values of βi). Again, realistically
attainable values of the coupling coefficients βi are
obtained (i.e., similar to those used in experiments
[7,25–27]). Interestingly, optimum results are obtained
for a propagation distance z ¼ zT=4 (e.g., z ≈ 2.5 mm
for 60 keV electrons and 4 eV photons), which renders
odd l terms in quadrature relative to even terms. The
corresponding degree of coherence is calculated analyti-
cally for each set of βi values (see the Supplemental
Material [44]) and plotted as a function of the number
of zones N and the harmonic order m in Fig. 2(c). A
monotonic increase is observed for each order m as N
increases, and in particular, we find DOCm > 0.8 for
jmj ≤ 5 with N ≥ 15. Although the probability for an
electron to undergo inelastic scattering cannot be enhanced
by shaping it, as conclusively demonstrated through
rigorous theory [42,47], fully coherent excitations can be
produced by compressing it when DOC1 approaches 1
(e.g., a coherent cathodoluminescence emission [33,34]).
The optimum solution at r ¼ 0 is compatible with spatial

focusing, as revealed by the analysis presented in Fig. 3.
Remarkably, a good level of temporal compression is
simultaneously obtained within a finite spatial region
covering the focal spot under the configuration presented
in Fig. 3(a). At the time of maximum electron density
[Fig. 3(b)], the focal spot is laterally confined within a

(a)

(e)

(f)

(b) (c)

(d)

FIG. 3. Focal electron spot profile under temporal compression. (a) We consider a set ofN equal-area concentric circular (ring-shaped)
zones, each of them delivering a uniform light-electron coupling coefficient. (b)–(d) Upon optimization of the latter for electron
temporal compression at the focal spot r ¼ 0 using N ¼ 30 zones, we still find a Gaussian-like spatial profile (b) of short duration, as
revealed in cuts along both longitudinal (c) and transverse (d) directions. (e) Selection of focal region frames near the time of maximum
electron probability reveals a short duration compared with the optical period τ. (f) Width of the focal electron density profile in time
(Δt) and along transverse (Δx) and longitudinal (Δz) spatial directions. The pulse duration is shown to decrease with increasing N. All
distances are scaled to L ¼ λe=NA, where λe is the de Broglie electron wavelength and NA is the numerical aperture (outer-zone
diameter divided by rings-focus distance).
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region R≲ λe=2NA (e.g., ≈1 Å for 100 keVelectrons with
NA ¼ 0.02) for N ¼ 30, whereas it extends over a longi-
tudinal range jzj ≲ λe=ðNAÞ2 (≈10 nm). When examining
the temporal profile of cross sections passing by the focal
spot and oriented along the transverse [Fig. 3(c)] and
longitudinal [Fig. 3(d)] directions, we observe an overall
level of compression similar to the optimized behavior at
the spot center. A similar preservation of spatial focusing is
observed with other values of N, while this parameter is
primarily affecting temporal compression. For example, the
full width at half maximum of the electron density profile is
≈0.027τ for N ¼ 30, while the spot diameter and longi-
tudinal elongation are roughly a factor of 2 larger than in a
temporally unmodulated configuration [see Fig. 3(f)]. For
illustration, we present focal spot movies [Fig. 3(e)]
revealing the emergence of a sharp electron density dis-
tribution within an interval spanning 20% of the optical
period for N ¼ 2, while shorter focal spot durations are
obtained with larger values of N.
In summary, we predict the formation of subnanometer-

attosecond spatiotemporal electron probes by molding the
transverse electron wave functions through PINEM-like
interactions with spatially separated optical fields struc-
tured in relatively simple zone profiles. For illumination
with 4 eV light, we predict pulses of ∼30 as duration at the
expense of a twofold increase in the spatial extension of the
focal spot relative to the nonilluminated e-beam. This
approach is generally compatible with spatial electron
focusing in scanning transmission electron microscopy,
where the required optical fields could be directly projected
on an electron-transparent plate. Alternatively, a simpler
configuration could rely on illumination by a uniform
broad light beam, supplemented by lateral structuring of
the plate (e.g., a dielectric film coated with metal and
forming a layer of laterally varying thickness; see the
Supplemental Material [44]). While we have considered
monochromatic light, such that a long electron pulse is
transformed into a train of attosecond pulses spaced by the
optical period, more general illumination conditions relying
on broadband fields could be employed to obtain individual
electron pulses with much wider temporal separation. As an
extrapolation of these ideas, we envision the formation of
arbitrary spatiotemporal electron profiles consisting, for
instance, of several individual probes at tunable positions
and instants to realize subnanometer-attosecond electron-
electron pump-probe spectroscopy (e.g., two attosecond
electron pulses serving as pump and probe, respectively). A
currently attainable light-electron pump-probe scheme
could consist in triggering strongly nonlinear processes
in a sample through ultrafast laser pulse irradiation, whose
fast evolution within a suboptical-cycle timescale could be
probed by compressed electrons such as those here
investigated.
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