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Contemporary gravitational-wave detectors are fundamentally limited by thermal noise—due to
dissipation in the mechanical elements of the test mass—and quantum noise—from the vacuum
fluctuations of the optical field used to probe the test-mass position. Two other fundamental noises
can in principle also limit sensitivity: test-mass quantization noise due to the zero-point fluctuation of its
mechanical modes and thermal excitation of the optical field. We use the quantum fluctuation-dissipation
theorem to unify all four noises. This unified picture shows precisely when test-mass quantization noise and
optical thermal noise can be ignored.
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Introduction.—Fundamental constraints on the sensi-
tivity of gravitational-wave (GW) detectors arise from
classical and quantum fluctuations. At present, each of
these noises is modeled using different techniques. Thermal
noise —due to the Brownian motion of the mechanical
test mass, its suspension, and the mirror coating on the test
mass—is derived from the (classical) fluctuation-dissipation
theorem (FDT) [1,2]. Quantum noise —due to the vacuum
fluctuations in the phase and amplitude of the optical field
used to measure the test-mass position—is derived from
quantum electrodynamics in the so-called “two-photon
formalism” [3–7]. The sum of these noises limits the
performance of today’s GW detectors: quantum fluctua-
tions in the amplitude of the optical field drive the motion
of the test mass in the ∼20–50 Hz range [8,9], Brownian
motion of the mirror coatings dominate in the ∼50–200 Hz
range [10], and quantum fluctuations in the phase of the
optical field sets the sensitivity above 200 Hz [11,12].
In principle there exist noises that are exactly comple-

mentary, i.e., quantum noise of the mechanical degrees of
freedom and thermal noise of the optical field. The former
is a consequence of quantizing the mechanical motion of
the interferometer test masses and the zero-point fluctua-
tions that manifest as a result. In fact, Braginsky et al.
studied the role of test-mass quantization noise [13],
concluding that “test-mass quantization is irrelevant […]
if one filters the output data appropriately.” Subsequent
analysis by Khalili et al. [14] studied the manifestation of
mechanical quantization noise for the single lossy mode of
a mechanical oscillator. On the other hand, thermal fluc-
tuations of the optical field—for example, due to blackbody
radiation—can contribute excess noise.
We show that the four fundamental noises described

above—thermal and quantum noises of the mechanical and
optical degrees of freedom—can all be treated uniformly

using the quantum extension of the fluctuation-dissipation
theorem [15–20]. This perspective enables a simple treat-
ment of the test-mass quantum noise that is independent of
the detector topology, instead depending only on the
relative thermal and optical quantum energy scales. In
doing so, we extend the analysis of Refs. [13,14] to
incorporate mechanical losses for any GW detector
topology and arbitrarily complex test-mass suspensions.
We find that test-mass quantization noise is negligible in
principle—i.e., independent of any “filtering”—so long as
the mechanical degrees of freedom of the test mass resonate
at acoustic frequencies (Ωm) and the detector is operated at
a temperature

T > ℏΩm=kB ≈ ð5 × 10−11 KÞ
�

Ωm

2π × 1 Hz

�
: ð1Þ

Likewise, optical thermal noise at the carrier frequency ωo
is negligible compared to its quantum noise as long as GW
detectors are operated at a temperature

T <hωo=kB ≈ ð14×103 KÞ
�

ωo

2π×300 THz

�
: ð2Þ

Quantum fluctuation-dissipation theorem.—A system in
thermal equilibrium at temperature T can be modeled by
the coupling of its observables to a noisy force from the
environment. In the simplest case of a single observable
x̂, this coupling can be described by an interaction
Hamiltonian Ĥint ¼ −x̂f̂x, where f̂x is the generalized
force conjugate to the system operator x̂ originating from
the system’s quantum and thermal environmental fluctua-
tions. In the linear response regime, the quantum
fluctuation-dissipation theorem states that the (symmetrized
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double-sided) power spectral density of any system observ-
able ŷ is [see Ref. [16], Eq. (7.2)]

S̄yy½ω� ¼ ℏ coth

�
ℏω
2kBT

�
Imχyx½ω�; ð3Þ

where χyx is the susceptibility of the observable ŷ to the

generalized force f̂x, i.e., ŷ½ω� ¼ χyx½ω�f̂x½ω�. Using the
identity cothðα=2Þ ¼ 1þ 2ðeα − 1Þ−1, we rewrite this as

S̄yy½ω� ¼ ℏð2nth½ω� þ 1Þ Imχyx½ω�; ð4Þ

where nth½ω�≡ ðeℏω=kBT − 1Þ−1 is the Bose-Einstein occu-
pation number.
We define the quantum noise in ŷ to be its fluctuations at

zero temperature:

S̄QNyy ½Ω�≡ lim
T→0

S̄yy½ω� ¼ ℏ Imχyx½ω�; ð5Þ

also called the zero-point fluctuations.
The thermal noise is then the remaining T-dependent

term in Eq. (4)

S̄TNyy ½ω�≡ ℏ × 2nth½ω� Imχyx½ω�: ð6Þ

Indeed, in the regime where the thermal energy dominates
(kBT ≫ ℏω), we have nth ≈ kBT=ℏω ≫ 1 and recover the
classical FDT result, S̄yy ≈ S̄TNyy ≈ ð2kBT=ωÞ Imχyx.

The power of the FDT is that mere knowledge of the
susceptibility—an object accessible to classical experi-
menters—dictates all fundamental (i.e., quantum and ther-
mal) noises of interest. Even further, it implies that the
thermal and quantum noises are directly related to each
other as

S̄TNyy ½ω� ¼ 2nth½ω�S̄QNyy ½ω�: ð7Þ

Thus, one can be bootstrapped from the other, even without
direct knowledge of the susceptibility.
For a system in either the “cold” or “hot” regime, we can

approximate the occupation number as

nth½ω� ≈
(
e−ℏω=kBT kBT ≪ ℏω ðcoldÞ
kBT
ℏω kBT ≫ ℏω ðhotÞ ð8Þ

in Eq. (7) to relate the known quantum noise to the thermal
noise and vice versa. In contemporary GW detectors, the
mechanical and optical modes are, respectively, in the hot
and cold regimes. Thus, the known thermal noise in the
mechanical degrees of freedom—calculated independently
using the classical FDT [1,2]—can be used to estimate the
mechanical quantum noise:

S̄QN;mech
yy ½ω� ≈ ℏω

2kBT
S̄TN;mech
yy ½ω�: ð9Þ

Similarly, the known quantum noise in the optical
field—calculated independently, say from input-output

FIG. 1. A qualitative depiction of noise terms arising from the general fluctuation-dissipation theorem, coupling into each of the
mechanical modes x̂ and optical modes Ê. At low frequencies—up to ∼ kHz—contributions to the mechanical motion of the test
masses are plotted as power spectra. At these frequencies, thermal noise (red) dominates over the zero-point fluctuations of the test
masses (purple). At high frequencies—in the ∼THz range—the optical power spectrum is shown. Here, the optical vacuum
fluctuations (purple) are the relevant effect; the thermal occupation of optical modes (red) is exponentially suppressed. For each noise
curve, the relevant prefactors to the susceptibilities Im χ [from Eqs. (5), (6), and (8)] are also shown. Gray shows the optical sidebands
due to mechanical motion.
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relations [5,6]—can be used to estimate the optical thermal
noise:

S̄TN;optyy ½ω� ≈ 2e−ℏω=kBT × S̄QN;optyy ½ω�: ð10Þ
Figure 1 qualitatively shows the well-understood mechani-
cal thermal noise and optical quantum noise, as well as the
bootstrapped mechanical quantum and optical thermal
noises. In the following we discuss the specifics of each
of the mechanical and optical degrees of freedom in GW
detectors.
Test-mass quantization.—The test masses in GW detec-

tors are engineered to be acoustic frequency mechanical
oscillators. Their simplest description is through a lumped
element model of a mechanical force f̂x—by definition
conjugate to the displacement x̂—driving the displacement,
i.e., x̂½Ω� ¼ χxx½Ω�f̂x½Ω�. Given the test-mass pendulum
mode is structurally damped, the damping rate is
Γm½Ω� ¼ Ω2

m=ΩQ, where Ωm is the mechanical resonance
frequency andQ the mode quality factor [1]. The pendulum
mode susceptibility is then

χ−1xx ½Ω� ¼ mð−Ω2 þΩ2
m − iΩ2

m=QÞ: ð11Þ
It is precisely the interaction of the test mass oscillator with
its environment that modifies the conclusion of Ref. [13]:
decoherence of the oscillator leads to spreading of the
oscillator susceptibility in frequency, causing broadband
quantization noise [14,19]. (Equivalently, in the time
domain, decoherence effectively resets the initial condi-
tions after a characteristic decoherence time.) Accounting
for it consistently using the quantum FDT shows that the
zero-point motion of the oscillator is the mechanical
quantum noise:

S̄QNxx ½Ω� ¼ ℏ
m

Ω2
m=Q

ðΩ2 −Ω2
mÞ2 þ ðΩ2

m=QÞ2 : ð12Þ

Even in this simple model, the quantum noise of the test
mass cannot, prima facie, be “filtered” out as asserted by
Braginsky et al. [13]. In Advanced LIGO, for example [21],
because of the low frequency and low loss of the test mass’s
pendulum mode (Ωm ≈ 2π × 0.4 Hz and Q ≈ 108), this
model predicts the off-resonant test-mass quantum noise:ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S̄QNxx ½Ω ≫ Ωm�

q
≈ 10−25 m=Hz

�
Ω

2π × 10 Hz

�
−2
; ð13Þ

6 orders of magnitude smaller than the thermal noise.
In reality, the test masses (and their suspensions) are not

lumped elements. They are vibrating elastic continua;
further, in interferometric GW detectors, test masses have
mirror coatings which have their own elastic fluctuations.
Although a lumped element treatment of the susceptibility
is not possible in this case, susceptibilities that describe the
thermal noise can nevertheless be derived [2]. This is then
precisely where our earlier observations are helpful. Since
the relevant frequencies Ω ≈ 2π × ð0.1–103Þ Hz and the

operating temperature satisfies T ≫ ℏΩ=kB, these modes
are in the hot regime. Thus, knowledge of the thermal noise
allows a direct and accurate prediction of the broadband
mechanical quantum noise using Eq. (9). The dashed
purple line in Fig. 2 shows the broadband mechanical
quantum noise in Advanced LIGO bootstrapped from the
well-modeled mechanical thermal noise (red solid line).
Note that the broadband mechanical quantum noise is
relatively white, in contrast to the 1=Ω falloff of the thermal
noise amplitude spectral density, a consequence of the
frequency prefactor in Eq. (9). The dashed orange line is the
prediction from a lumped element model of the pendulum
mode alone [Eq. (12)]. Clearly, the displacement quantum
noise is broadband, but negligible compared to the corre-
sponding thermal noise—a fact that is contingent on the
operating temperature.
Optical thermal noise.—Information about the motion of

the test masses is imprinted onto electromagnetic fields that
propagate through the GW detector. Typically, the incident
field has a carrier at frequency ωo, while all relevant
information is contained in field fluctuations at frequency
offsets Ω around the carrier that are small compared to ωo

(i.e., jΩj ≪ ωo). Thus we are interested in S̄EE½ωo þΩ�,
which is given by the quantum FDT:

S̄EE½ωoþΩ� ¼ℏð2nth½ω0þΩ�þ1Þ ImχEE½ω0þΩ�: ð14Þ

The optical fields in current interferometric GWs are in the
cold regime with respect to the optical carrier and hot with
respect to the offset frequency Ω, i.e., ℏΩ ≪ kBT ≪ ℏωo.
Thus field fluctuations around the carrier are quantified by

1þ 2nth½ωo þ Ω� ≈ 1þ 2e−ℏωo=kBT

�
1þ ℏΩ

kBT

�
; ð15Þ

which consists of a dominant quantum noise term [20,22,23]
with an exponentially small thermal noise contribution. Thus
the thermal noise around the electric field carrier is related to
the quantum noise by

S̄TNEE½ωoþΩ�≈2e−ℏωo=kBT

�
1þ ℏΩ

kBT

�
S̄QNEE ½ωoþΩ�: ð16Þ

In Advanced LIGO, the quantum noise contribution of the
optical field fluctuations is well characterized (see purple
solid line in Fig. 2). Applying Eq. (16) allows a direct
extrapolation of the optical thermal noise (red dashed line in
Fig. 2),which is shown tobenegligible, evenwhen compared
to the already small mechanical quantum noise.
Some designs for future upgrades to detectors and next-

generation installations employ cryogenic technologies.
However, the temperature will be reduced by only an order
of magnitude or two [24–26] and the implications of Fig. 2
will be unchanged. A contrasting example can be found in
superfluid helium-4 Weber bar antennas, which represent
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an altogether different technology that breaks into a new
operational regime. Here, the (tunable) mechanical reso-
nance of the superfluid at ∼1 kHz couples to a microwave
cavity resonant at 10.6 GHz [27,28]. The microwave
readout circuit spans temperatures from 50 K to room
temperature. For temperatures above 0.5 K within this
circuit, the microwave modes enter the hot regime and its
thermal noise becomes significant compared to quantum
fluctuations.
Optomechanical and electromechanical interactions.—

Figure 2 shows the noises that contribute to the free-
running displacement x̂0 of the test masses, where the effect
of optical and electrical feedback has been removed by the
calibration process. Here, we explain why the specifics of
such feedback do not affect our analysis as far as metrology
is concerned.
The feedback force on the oscillator can be written as

f̂fb½Ω� ¼ χ−1xx;fb½Ω�x̂½Ω�; ð17Þ

where χ−1xx;fb is the displacement-to-force open-loop transfer
function, and we have omitted the noise component of the

feedback since it has no effect on calibration. This feedback
may be electro-optic control loops or direct optical feed-
back from detuned interaction [29]. The displacement
fluctuations due to the FDT [Eq. (4)] can equivalently
be written as force fluctuations f̂x, with spectrum

S̄fxfx ½Ω� ¼ ℏð2nth½Ω� þ 1Þ Imð−χ−1yx ½Ω�Þ; ð18Þ

that sum with the feedback force f̂fb.
As a result of the feedback, the test-mass susceptibility

is modified from its intrinsic form χxx [see Eq. (11)] to
an effective (i.e., closed-loop) susceptibility, χxx;cl≡
χxx=ð1 − χxxχ

−1
xx;fbÞ. The displacement observed with the

loop closed is then x̂cl ≡ χxx;clf̂x. This can be extended to
also include the GW signal, which couples to the test-mass
displacement via a force f̂GW [30]. The free-running
displacement is then inferred as

x̂0 ¼ x̂clð1 − χxxχ
−1
xx;fbÞ ¼ χxxðf̂x þ f̂GWÞ;

(19)where we drop the frequency dependence of each term
for brevity. By convention, the spectrum S̄ff of the noise f̂x
is calibrated to a displacement spectrum and then plotted as
in Fig. 2. Since the effect of the feedback is common to all
forces, our ability to measure f̂GW depends only on the
force noise f̂x and not on the behavior of the feedback
system. In the normal operation of Advanced LIGO,
additional technical noises dominate over these fundamen-
tal noise sources at low frequencies (≲10 Hz for the
Advanced LIGO design) [10], but we have omitted these
for simplicity.
Our conclusion that the effect of feedback is incon-

sequential for metrology (as in GW detectors) should not be
confused with a statement on feedback-based quantum
state preparation in general. For example, feedback can be
used, given certain conditions on the measurement sensi-
tivity, to trap and cool the motion of test masses, as is done
to the pendulum mode in Ref. [31]. For the purposes of
metrology, however, such an exercise will suppress the
signal (i.e., the force originating from GWs f̂GW) and offer
no improvement in signal-to-noise ratio.
Conclusion.—Thermal and quantum noises place

fundamental limits on sensitivities achievable by GW
detectors. In this Letter, we expand on the treatment of
these noise sources by Braginsky et al. [13] using the
general fluctuation-dissipation theorem. Our approach
allows a direct computation of mechanical quantum noise
(“test-mass quantization noise”) and optical thermal noise
from the well-understood mechanical thermal noise and
optical quantum noise, respectively. In doing so we settle
the long-standing question of test-mass quantization noise
in GW detectors: it is a broadband source of noise that
cannot be neglected on the grounds of being limited to
certain frequencies, but it lies many orders of magnitude

FIG. 2. Gray shows the design sensitivity of Advanced LIGO,
which is dominated by mechanical thermal noise (red solid line)
up to ∼200 Hz and by optical quantum noise (purple solid line)
above that frequency [21]. Orange dashed line is the predicted
mechanical quantum noise in a simplified model of the test-mass
pendulum [Eq. (12)], while purple dashed line shows the
prediction [Eq. (9)] for the full mechanical degree of freedom.
The difference in shape between the test-mass quantum and
thermal noises is a result of the frequency-dependent factor in
Eq. (9). Red dashed line is the optical thermal noise predicted
from the known optical quantum noise using Eq. (16).
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below the sensitivity of any GW detector based on current
technology.
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