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The ground-state properties and excitation energies of a quantum emitter can be modified in the
ultrastrong coupling regime of cavity quantum electrodynamics (QED) where the light-matter interaction
strength becomes comparable to the cavity resonance frequency. Recent studies have started to explore the
possibility of controlling an electronic material by embedding it in a cavity that confines electromagnetic
fields in deep subwavelength scales. Currently, there is a strong interest in realizing ultrastrong-coupling
cavity QED in the terahertz (THz) part of the spectrum, since most of the elementary excitations of
quantum materials are in this frequency range. We propose and discuss a promising platform to achieve this
goal based on a two-dimensional electronic material encapsulated by a planar cavity consisting of ultrathin
polar van der Waals crystals. As a concrete setup, we show that nanometer-thick hexagonal boron nitride
layers should allow one to reach the ultrastrong coupling regime for single-electron cyclotron resonance in
a bilayer graphene. The proposed cavity platform can be realized by a wide variety of thin dielectric
materials with hyperbolic dispersions. Consequently, van der Waals heterostructures hold the promise of
becoming a versatile playground for exploring the ultrastrong-coupling physics of cavity QED materials.
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The strong coupling regime of cavity quantum
electrodynamics (QED), where the emitter-cavity coupling
strength exceeds decay rates, has played a central role
in quantum information science. For instance, cavity-
mediated interaction between qubits has allowed for imple-
menting two-qubit gates with high fidelity [1,2]. Moreover,
cavity-mediated Raman transitions have the potential
to realize all-to-all coupling with tunable range and
strength, providing an indispensable tool for quantum
simulators [3,4]. Recent studies have started to explore
the possibility of further increasing the coupling strength
so that it becomes comparable to elementary excitation
energies. Many of the common simplifications in cavity
QED fail in this regime, rendering theoretical analysis
challenging [5–8]. A remarkable feature is that ultrastrong
coupling can alter the ground-state electronic properties due
to virtual processes where both emitters and cavity photons
are excited [9–11]. Consequently, a natural question to
address is if andwhen the ultrastrong coupling regime can be
attained and used to control material properties simply by
cavity confinement in the absence of external driving.
A back-of-the-envelope estimate suggests that the

ultrastrong coupling regime is out of reach in cavities
supporting purely photonic excitations due to the smallness
of the fine structure constant [12]. However, this limit
can be overcome in structured electromagnetic environ-
ments because hybridization with matter excitations ena-
bles one to control cavity frequencies independently of

wavelengths. For instance, in superconducting circuits, a
large kinetic inductance allows for high-impedance electro-
magnetic excitations, leading to the single-electron ultra-
strong coupling in the microwave range [13–16].
Meanwhile, many of the elementary excitations in

quantum materials are in the terahertz (THz) regime.
Recent experimental and theoretical studies have shown
the potential of utilizing cavity confinement as a means to
control the phases of matter and chemical reactivity [9–11].

FIG. 1. (a) Schematic figure illustrating the proposed planar
cavity setup consisting of thin polar van der Waals crystals (green
shaded) whose optical axis is along z direction. In the narrow air
gap between the two slabs, a 2D material (red shaded) is inserted
and the electron there can ultrastrongly couple to electromagnetic
fields of tightly confined hyperbolic polaritons (blue solid curve).
The thickness (lateral extension) of surrounding materials is d
(L). (b) Out-of-plane (solid curve) and in-plane (dashed curve)
permittivities ϵz;t of hyperbolic materials. The restrahlen bands
(red shaded) appear above each of the out-of-plane and in-plane
phonon resonances Ωz;t.
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Specifically, earlier work demonstrated that cavity confine-
ment modifies elementary excitations of many-body
systems [17–38] and is expected to influence super-
conductivity [39–42], ferroelectricity [43–45], magneto-
transport [46–48], frustrated magnetism [49,50], and
topological properties [51,52]. In view of the prospects
of observing these intriguing phenomena in cavity QED
materials, it is highly desirable to examine the feasibility of
attaining the single-electron ultrastrong coupling at THz
frequencies. This contrasts to the previous discussions of
ultrastrong cavity QED that focused on multiemitter
systems, in which the coupling is enhanced by the factorffiffiffiffi
N

p
with N being the number of emitters.

The aim of this Letter is to propose and analyze a planar
cavity consisting of polar van der Waals (vdW) crystals as a
promising platform for exploring the ultrastrong-coupling
physics of cavity QED materials [Fig. 1(a)]. We point out
that one can attain a single-electron ultrastrong coupling by
embedding a 2D material with electronic transitions in the
THz regime into ultrathin hexagonal boron nitride (h-BN)
layers. A special feature here is that electrons in the 2D
material couple to the electric field component of tightly
confined hyperbolic phonon polaritons. The strong photon-
phonon hybridization together with the low frequencies of
polaritons then results in the significantly enhanced cou-
pling strength over a broad range of momenta. This is
challenging to achieve in conventional polar dielectrics
with an isotropic dispersion, where sizable hybridization
takes place in a limited range of momenta since light and
matter are almost decoupled at large momenta due to the
fast speed of light.
The proposed setup should be contrasted to existing

approaches in several crucial aspects. In metallic platforms
such as nanoplasmonic cavities [34], inevitable Ohmic
losses severely limit quality factors in deep subwavelength
scales, and achieving the (ultra)strong coupling regime
requires the collective enhancement, i.e., the single-
electron ultrastrong coupling remains out of reach. Metallic
structures also lead to static screening that could itself affect
the electronic ground state. In superconducting circuits, the
single-electron ultrastrong coupling has been attained, but
the need of a large kinetic inductance restricts it to the
microwave region which is much lower than THz frequen-
cies relevant to excitations in real materials. In contrast,
the present platform supports the confined hyperbolic
polaritons in the THz regime while behaving as simple
dielectrics at low frequencies, thus allowing for the THz
single-electron ultrastrong coupling in the absence of
Ohmic losses and strong screening.
As a proof-of-concept demonstration, we will apply the

proposed concept to a 2D electron gas with parabolic
dispersion in the presence of the static magnetic field. We
analyze the hybridization between hyperbolic polaritons
and the cyclotron motion of the parabolic electrons. We
show that the single-electron ultrastrong coupling regime is

within the reach provided that the thicknesses of h-BN
layers are chosen to be nanometer scale. This consideration
is motivated by recent advances demonstrating ultrasmall
mode volumes of hyperbolic phonon polaritons in h-BN
nanostructures [53–58]. While we present quantitative
estimates for h-BN nanocavities for the sake of concrete-
ness, the proposed cavity scheme is applicable to the
majority of polar vdW crystals [59], which exhibit hyper-
bolic polaritons originating from distinct in- and out-of-
plane infrared-active phonons.
Hyperbolic phonon polaritons.—We begin our analysis

by reviewing the properties of a planar cavity made out of
layered thin polar vdW materials. Because of the weakness
of interlayer coupling, such materials naturally possess two
types of optical phonons corresponding to in-plane and out-
of-plane ionic oscillations in the THz or midinfrared
regimes. This leads to the uniaxial anisotropy characterized
by the out-of-plane (in-plane) dielectric permittivities
ϵz (ϵt). In the frequency windows above each of the phonon
resonances, the two dielectric responses can have opposite
signs [Fig. 1(b)]. This unique feature leads to the hyper-
bolic isofrequency surfaces defined by the dispersion
relation of the transverse magnetic modes [60,61],

jqj2
ϵz

þ jκj2
ϵt

¼ ω2

ϵ0c2
; ð1Þ

where q (κ) is the in-plane (out-of-plane) wave vector, ϵ0 is
the vacuum permittivity, and c is the speed of light. The
opposite signs of ϵz;t allow for excitations to have low
frequencies even at large momenta. The resulting hybrid-
ized excitations are known as hyperbolic phonon polar-
itons. The corresponding dispersions are called the
reststrahlen bands of either type I when ϵz < 0, ϵt > 0

or type II when ϵz > 0, ϵt < 0.
As a representative hyperbolic material, h-BN has strong

crystalline anisotropy leading to two spectrally distinct
reststrahlen bands [53–58]. Below we focus on the electro-
magnetic couplings with type I h-BN hyperbolic modes
ωqn lying in the narrow frequency window above the out-
of-plane phonon frequency Ωz ¼ 41.1 THz (cf. top panel
in Fig. 2). As we discuss below, these modes exhibit several
advantages for the purpose of attaining the ultrastrong
couplings, such as their relatively low frequencies, sizable
photon components over a broad range of momenta q, and
ultraslow loss in deep subwavelength scales.
Single-electron ultrastrong coupling with hyperbolic

materials.—We consider the planar cavity setup where a
2D material (e.g., a bilayer graphene) is inserted into the
narrow air gap between two thin h-BN slabs whose
thickness and lateral extensions are denoted by d and L,
respectively [Fig. 1(a)]. Our starting point is the following
cavity QED Hamiltonian of the 2D parabolic electron
interacting with hyperbolic phonon polaritons:
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Ĥ ¼ ½p̂þ eAsðr̂Þ þ eÂðr̂Þ�2
2m

þ Ĥpol; ð2Þ

which can be derived from an effective theory of uniaxial
polar dielectrics coupled to quantized electromagnetic
fields in the Coulomb gauge [62,63]. Here, e is the
elementary charge, m is the electron mass, r̂ and p̂ are
the electron position and momentum operators in the
2D lateral directions, respectively, As represents an arbi-
trary static field, and Ĥpol is the free polariton Hamiltonian,

Ĥpol ¼
X
qn

ℏωqnγ̂
†
qnγ̂qn; ð3Þ

where γ̂qn (γ̂
†
qn) annihilates (creates) a hyperbolic polariton

with the in-plane wave vector q in the branch n ∈ N.
The 2D vector field ÂðrÞ is obtained by projecting the
vector potential onto the 2D plane where the electron is
placed, and it can be expanded in terms of the polariton
operators by

Âðr̂Þ ¼
X
qn

Aqneqðγ̂qneiq·r̂ þ γ̂†qne−iq·r̂Þ; ð4Þ

where Aqn ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ=ð2L2ϵ0ωqndqnÞ

q
is the amplitude with the

effective confinement length dqn whose value is charac-
terized by the polariton mode function. The effective
polarization vector becomes eq ≡ q=jqj because, for the
symmetric arrangement we assumed, the electric fields of
the polaritons only have in-plane components along the
propagation direction. While the vector potential is origi-
nally a 3D transverse vector field in the Coulomb gauge, it
can effectively acquire longitudinal components when
projected onto the 2D tangential plane.
Figure 2 shows the results for type I h-BN hyperbolic

modes. The dispersions (top panel) start from the longi-
tudinal phonon frequency and saturate to Ωz at high
q≡ jqj. Naturally, these hybridized modes are almost
purely longitudinal (transverse) phonon excitations in the
limit q → 0 (q → ∞), which do not allow for a strong
coupling to electrons in the air gap. Crucially, however,
except for these two limits, there still exist the nonvanishing
photon contributions leading to the sizable electric-dipole
couplings at intermediate momenta (bottom panel). This is
because the in-plane component, which couples to the 2D
electron, has almost equal photonic and phononic contents
while the out-of-plane component is predominantly pho-
nonlike [63].
To further proceed, we use the unitary transformation

Û ¼ e−ir̂·P̂b=ℏ with P̂b ¼
P

qn ℏq γ̂†qnγ̂qn [64], resulting in

the Hamiltonian ĤU ≡ Û†Ĥ Û given by

ĤU ¼ ½p̂þ eAsðr̂Þ þ eÂð0Þ − P̂b�2
2m

þ Ĥpol: ð5Þ

In this way, the electron-coordinate dependence in the
quantized vector potential can be eliminated at the expense
of generating the polariton momentum P̂b, leading to the
nonlocal interaction among polaritons mediated by
the electron. The dimensionful coupling strength between
the electron and each of the dynamical quantized electro-
magnetic modes is given by

gqn ¼ eAqn

ffiffiffiffiffiffiffi
ωqn

mℏ

r
: ð6Þ

Since gqn characterizes the single-electron coupling
strength rather than the collective one, it depends on the
lateral size L through gqn ∝ L−1. Consequently, a natural
measure for the effective coupling strength between the
2D electron and the continuum of polariton modes is given

by the integrated value geff ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

qn g
2
qn

q
, which scales as

geff ∝ OðL0Þ [65].
Previously, the deep strong coupling regime has been

experimentally realized in superconducting circuits, where
geff becomes comparable to the microwave photon fre-
quency. In the present setting, the use of ultrathin h-BN
slabs with nanometer-scale thicknesses enables one to
reach those regimes in the THz range, where geff becomes
comparable to or even exceeds ωqn. For instance, using

FIG. 2. (Top) Dispersions ωqn of the hyperbolic phonon
polaritons in the planar cavity setting. The inset shows the spatial
profiles of the in-plane electric fields along z direction for each
mode at qd ¼ 4. For the sake of visibility, only the three lowest
modes are plotted. (Bottom) Inverse of the square root of the
effective dimensionless confinement length,

ffiffiffiffiffiffiffiffiffiffiffiffi
d=dqn

p
, character-

izing the dimensionless single-electron coupling strength for each
mode. The maximum value in the principal branch n ¼ 1 is
reached at q ¼ q�.
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the h-BN parameters [53], we estimate coupling strengths

of order gqn=Ωz ¼ 1.7 ×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð10 nmÞ3=ðL2dqnÞ

q
, which,

together with the results of the effective confinement length
dqn in Fig. 2(b), can lead to geff ∼ Ωz in nanoscale
heterostructures. More specifically, one can attain geff ≃
2.0Ωz for the n ¼ 1 principal branch when the cavity
thickness (in-plane momentum cutoff) is set to be d ¼
5 nm (Λ ¼ 2 nm−1). As demonstrated below, one impor-
tant consequence of attaining geff ∼ Ωz is that the electron
mixes the otherwise independent cavity modes and creates
a localized state at a frequency below the cavity resonance.
We emphasize that this key feature is largely insensitive to a
choice of the lateral size L and thus remains even in the 2D
thermodynamic limit L=d → ∞.
Application to a 2D electron under the magnetic field.—

As a proof-of-concept demonstration, we now focus
on a prototypical setting of ultrastrong-coupling physics,
namely, a 2D parabolic electron subject to a static per-
pendicular magnetic field. From now on, we consider the
n ¼ 1 principal hyperbolic mode that most strongly cou-
ples to the cyclotron motion of the electron, and abbreviate
the subscript n for the sake of notational simplicity. We
choose the symmetric gauge, AsðrÞ ¼ ð−By=2; Bx=2ÞT,
with the magnetic field B and introduce the annihilation
operator of Landau levels by

â ¼ 1ffiffiffi
2

p
�
lB
ℏ
ðp̂x − ip̂yÞ −

i
2lB

ðx̂ − iŷÞ
�
; ð7Þ

where lB ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ=ðeBÞp

is the magnetic length. Using
the cyclotron frequency ωc ¼ eB=m and the operator
π̂ ¼ ð1= ffiffiffi

2
p Þ½âþ â†; iðâ − â†Þ�T , we obtain

ĤU ¼ ℏωc

2

�
π̂ þ

X
q
eq½cqðγ̂q þ γ̂†qÞ − qlBγ̂

†
qγ̂q�

�
2 þ Ĥpol;

ð8Þ

where cq ¼ gq=
ffiffiffiffiffiffiffiffiffiffiffi
ωqωc

p is the dimensionless coefficient
characterizing the coupling strength of the cyclotron
motion to the hyperbolic polaritons with momentum q.
In the long-wavelength limit qlB → 0, the polariton-polar-
iton interaction in Eq. (8) disappears and the problem
reduces to the quadratic one. As demonstrated below,
however, this interaction term can in general contribute
to the dynamics and affect the absorption spectrum espe-
cially in the ultrastrong coupling regimes. This is because
the electron couples most strongly with the electromagnetic
modes at a finite momentum around q ∼ q� [cf. Fig. 2(b)]
whose corresponding length scale 1=q� is comparable to
the magnetic length lB near the cyclotron resonance.
The low-energy excitations can be studied by analyzing

the magnetoabsorption spectrum

AðωÞ ¼ Re

�Z
∞

0

eiωthGSjâe−iĤtâ†jGSi
�
; ð9Þ

where jGSi is the ground state. To reveal its qualitative
features, we perform a simple variational analysis as
follows. Specifically, we first determine the variational
ground state of Eq. (8) in the form of a product of coherent
states. We then expand the Hamiltonian around this state,
obtain the fluctuations up to the quadratic terms, and
determine the excitation spectrum via the exact diagonal-
ization of the effective quadratic Hamiltonian [63].
Figure 3 shows the obtained magnetoabsorption spectra,

where the cavity thickness d is varied while the aspect ratio
L=d is kept constant. The blue solid curve in each panel
shows the bound-state energy of the Landau polariton. As
the thickness is decreased, the spectrum starts to exhibit the
anticrossings around the cyclotron resonance. In particular,
when the cavity length becomes a few nanometers, there
emerge the large separations between the branches that are
comparable to the elementary excitation energies; this is a
hallmark of the ultrastrong coupling regime.

FIG. 3. Magnetoabsorption spectra AðωÞ of the 2D electron in the cavity plotted against a cyclotron resonance ωc ¼ eB=m at different
cavity thicknesses d. The blue solid curve in each panel corresponds to the bound-state energy of the Landau polariton. We impose the
periodic boundary conditions on the lateral directions and fix the aspect ratio L=d ¼ π. We use the h-BN parameters in Ref. [53] where
the out-of-plane and in-plane phonon frequencies are Ωz ¼ 23.3 THz and Ωt ¼ 41.1 THz, the corresponding oscillator strengths are
ηz ¼ 0.37Ωz and ηt ¼ 0.61Ωt, and the infinite-frequency permittivities are ϵz∞ ¼ 2.95 and ϵt∞ ¼ 4.87 [63]. We set the in-plane
momentum cutoff Λ ¼ 2 nm−1.
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As discussed before, a key feature here is the formation
of the dressed bound state consisting of the electron and the
localized polaritons, which manifests itself as the anti-
crossed lower branch in the spectrum (cf. the blue curve in
Fig. 3). Importantly, this feature remains independently of
lateral size L, while the effect of increasing L=d is the
appearance of a continuum of cavity modes above the lower
branch [63]. It is worthwhile to note that the positions of
the anticrossings are shifted above the bare resonances
ωc=Ωz ≃ 1. This upward shift originates from the renorm-
alization of the effective polariton energies due to the
repulsive polariton-polariton interaction. Since the latter
comes from the spatial dependence of the vector potential,
this effect is absent in the long-wavelength limit. We also
remark that the appearance of the multiple anticrossed
branches in Fig. 3 is due to the discretized in-plane
momentum q, whose value is set by the periodic boundary
conditions in the lateral directions.
Discussions.—The proposed platform for ultrastrong-

coupling cavity QED materials can be realized by various
polar vdW materials exhibiting hyperbolic phonon polar-
itons, including Bi2Se3, Bi2Te3, MoS2, and MoO3 as well
as h-BN [59,66–70]. Thus, by confining materials in the
cavity consisting of these vdW structures, one can strongly
couple electronic excitations to quantized electromagnetic
modes in a wide spectral range from mid- or far-infrared to
THz regimes. Moreover, the layered nature of vdW crystals
should readily allow one to tune the cavity coupling
strengths by controlling the thickness of the surrounding
crystals.
While polaritons in these materials exhibit ultralow loss

originating from multiphonon or disorder-induced scatter-
ings [53–58,68–70], it merits further study to explore if and
when one could engineer such dissipation to realize phases
or dynamics unique to open systems [71,72]. Our analysis
focused on 2D materials and it remains an interesting open
problem how one can realize ultrastrong coupling between
light and 3D bulk materials if at all possible. Finally, in
quantum information science, a material excitation con-
sisting of localized polaritons might find applications in
photon storage, quantummemory, or nondissipative emitter
interactions [73,74].
In summary, we showed that the planar cavity consisting

of vdW heterostructures provides a promising platform to
attain the single-electron ultrastrong coupling in the THz or
midinfrared regions. As a proof-of-concept demonstration,
we presented the analysis of the magnetoabsorption spec-
trum for the 2D electron confined in the h-BN cavity, where
the coupling can be ultrastrong provided that the thick-
nesses are judiciously controlled. We expect that our results
open a way to study a variety of recent predictions in the
emerging field of cavity QED materials.
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