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Identifying and Constructing Complex Magnon Band Topology
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Magnetically ordered materials tend to support bands of coherent propagating spin wave, or magnon,
excitations. Topologically protected surface states of magnons offer a new path toward coherent spin
transport for spintronics applications. In this work we explore the variety of topological magnon band
structures and provide insight into how to efficiently identify topological magnon bands in materials. We do
this by adapting the topological quantum chemistry approach that has used constraints imposed by time
reversal and crystalline symmetries to enumerate a large class of topological electronic bands. We show
how to identify physically relevant models of gapped magnon band topology by using so-called
decomposable elementary band representations, and in turn discuss how to use symmetry data to infer
the presence of exotic symmetry enforced nodal topology.
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Introduction.—There have been considerable efforts in
the last few years to provide a taxonomy of nontrivial
topological band structures enforced or allowed by time
reversal and crystalline symmetries [1—15]. This work has
brought powerful new concepts that tie crystal and magnetic
structures to band topology. At the same time these ideas
provide efficient methods to efficiently search for topologi-
cal materials resulting in a vast database of ab initio driven
predictions of new electronic topological materials [16,17].
Such materials include gapless and gapped bulk topological
matter with protected boundary states and anomalous trans-
port properties. The culmination of these efforts to classify
band topology based on symmetry and to use symmetry data
to diagnose topological bands is called topological quantum
chemistry (TQC) [8,14].

In a similar time frame, there has been increasing
interest in exploring the role of band topology in magnetic
excitations and how it affects the properties of magnetic
materials [18-20]. The pioneering work in this area has
mainly been in devising physically well-motivated models
of magnon band topology such as Chern insulators and
Weyl magnons [21-35]. This has inspired early exper-
imental efforts to characterize magnon topology in materi-
als [36-41]. All this work has gone hand in hand with
the exploration of unusual experimental signatures origi-
nating from the geometry and topology of magnon
bands [38,39,42-51]. On the horizon, there are exciting

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Open access publication funded by the Max Planck
Society.

0031-9007,/23/130(20)/206702(7)

206702-1

potential developments to be made detecting and manipu-
lating topological magnon boundary states [52-55].

In this Letter, we show that the TQC approach can be
adapted to magnon band topology, providing a classifica-
tion of symmetry-determined topological bands in spin
wave Hamiltonians. The ideas can be used to diagnose
magnon topology on one hand, and on the other to build
models and identify candidate topological magnon materi-
als. The physical foundation for this work is that topo-
logical bands by definition cannot be built from a Wannier
basis, a set of exponentially localized orbitals, while
preserving all underlying symmetries. Topological quan-
tum chemistry rests on an enumeration of all possible
Wannierizable band structures through so-called elemen-
tary band representations (EBRs), to be described in more
detail below so that, essentially by elimination, one may
establish whether some set of bands is topologically
nontrivial.

Ab initio methods are central to TQC. The closest analog
in widespread use to study magnetic excitations is linear
spin wave theory which is based on an expansion, to
quadratic order, of the spins in fluctuations around some
magnetic structure. The goal of this Letter is to show how to
pass from elementary symmetry information—the crystal
structure and the magnetic order—to linear spin wave
models with nontrivial topology.

Our starting point is to establish how crystal and time
reversal symmetries are implemented within linear spin
wave theory. In contrast to electronic systems, the band
structures of interest emerge from an effective exchange
Hamiltonian. We describe how this Hamiltonian, in con-
junction with the minimal energy magnetic structure, fixes
the symmetries of the problem. These are encoded in some
magnetic space group [56]. We then outline how to build
band representations for magnons starting from the local
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moments on each magnetic site giving a complete table of
all site symmetry groups compatible with magnetic order.
Band representations minimally encode symmetry infor-
mation in the magnon band structure. With these ingre-
dients, we are in a position to identify constraints that
magnons place on the possible symmetry data and hence on
the possible topological bands. In particular, it turns out that
magnons in systems with significant spin-orbit coupling
form a subset of all electronic topological bands.

With these foundations, we then show, first in general
and then through a series of examples, how to use
symmetry information alone to build exchange models
whose elementary excitations have nontrivial gapped and
nodal magnon topology and to identify candidate materials.
Examples include Chern bands, antiferromagnetic topo-
logical insulators, and threefold and sixfold nodal points.
Crucially, our workflow can be straightforwardly reversed,
to diagnose nontrivial topology from spin wave fits to
experimental data.

EBRs and topology.—Before getting into the specifics
for magnons, we give a lightning introductory review of
TQC. We refer the reader to the Supplemental Material [57]
for more technical details that will not, however, be
necessary to appreciate the remainder of this Letter.

The essential symmetry ingredients of TQC are nothing
more than the symmetry group G, of the magnetic
structure and the Wyckoff positions of the magnetic ions
that appear in any structural refinement of a magnetic
material. The group G, is generally one of the magnetic
space groups that encodes combinations of crystallographic
point group symmetries, lattice translations, time reversal
symmetry, and perhaps nonsymmorphic elements. To each
Wyckoff position ¢, we may assign a site symmetry group
(SSG) G, defined as the subgroup of Gy, that leaves the
site invariant. This is generally isomorphic to a magnetic
point group.

We then need to include some information about the
underlying lattice degrees of freedom—the nature of the
atomic orbitals. These necessarily transform under some
representation of G,. Following Zak, from these represen-
tations of the magnetic SSG we may arrive at a represen-
tation of the full Gy, group by the standard process of
induction [66]. The result is a so-called band representation
(BR). The BR is a momentum space representation of all
elements of Gy, that contains information about the
connectivity of the bands and the topology. To connect
to topology we define EBRs to be BRs that are not unitarily
equivalent to a direct sum of two or more BRs. These hold a
distinguished place in relation to topology because they are
the elementary units from which all Wannierizable band
structures can be built for a given symmetry group. Any set
of bands that cannot be built from EBRs is necessarily
topological overall. All EBRs for all magnetic space groups
have been tabulated—each one characterized by eigenval-
ues of all symmetry operations at high symmetry momenta.

For all 1651 magnetic space groups, there are roughly
20000 EBRs. In order to diagnose topological bands, one
should in principle determine whether each energetically
isolated set of bands can be written as a direct sum of EBRs
with non-negative integer coefficients. If so, the bands are
trivial. If not, they are symmetry-determined topological
gapped bands. A more fine-grained determination of the
nature of the topology then requires further analysis. On the
other hand, symmetry enforced nodal topological bands
can be read off directly from the dimension greater than one
irreducible representation at high symmetry points, lines,
and planes.

Magnons and symmetry.—Building on the principles
behind TQC we now discuss the ideas in relation to
magnons. In this work we are mainly interested in
crystalline solids with localized magnetic moments and
nonvanishing local dipolar order parameter (S¢) for site i
and component a. The magnon or spin wave excitations are
the transverse fluctuations of the local ordered moments.
We restrict our attention to the typical case where these
form coherent propagating bands. This means we neglect
the role of multimagnon states and possible interesting
questions of novel topology [67] and fragility that arise
from such states. We also neglect magnetic excitations
beyond the ground state multiplet that could be handled
within a multiboson formalism (see, e.g., Ref. [38]) to
which TQC ideas may also be applied.

The symmetries of the magnon bands are descended
from those of the magnetic Hamiltonian H), considered
to be composed of exchange couplings, dipolar coup-
lings [68-71], single ion anisotropies, and perhaps an
external magnetic field. The magnetic order breaks the
symmetries of the magnetic Hamiltonian down to a sub-
group. It is important to note that the relevant symmetry
groups for magnons are single valued (i.e., acting on
normal vectors) because the bands are spinless or bosonic.
These are the groups that are relevant to weakly spin-orbit
coupled electronic systems. However, in the context of
magnons, these groups are relevant to the case where the
moments and the spatial transformations are locked, which
can only happen when spin-orbit coupling at the micro-
scopic level is significant. The spin-orbit coupling is
reflected in the appearance of anisotropies in the magnetic
Hamiltonian. We implicitly assume that all symmetry-
allowed bilinear exchange couplings are present for a given
crystallographic group. In such a context we implicitly
take into account specific important anisotropy terms like
the Dzyaloshinskii-Moriya interaction or symmetric off-
diagonal exchange. However as is well known, there are
many cases where the magnetic Hamiltonian has discrete or
continuous spin rotation symmetries. In such cases, mag-
netic order may lead to residual symmetries described by the
spin-space groups [58,72-74]. Topological quantum chem-
istry applied to such groups is beyond the scope of this
work. We consider the case where these residual symmetries
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are those of a magnetic space group G, with ng sublattices
in the magnetic primitive cell leading to ng bands consid-
ered to be computed from linear spin wave theory based
on Hamiltonian H gy = (S/2) 3>, YT (k)M (k)Y (k) where
the transformation properties of 27y component Y’(k) can be
inferred from the transformations of the S transverse spin
components in a frame where S° is the direction of the
ordered moment. For reference, explicit formulas are given
in the Supplemental Material [57].

The transverse spin components in the local quantization
frame S are the analogs to local Wannier orbitals in
building band representations. With this ingredient, to build
a magnon band representation, only fwo further pieces of
information are needed: the magnetic space group G,, and
the Wyckoff positions g of the magnetic ions. We provide
the list of all topological gapped and nodal magnon band
representations appropriate to magnons from the full TQC
tabulations in the Supplemental Material [57].

In the remainder of this Letter, we give concrete
examples of how to use the tabulated EBRs to build
models of topological magnons. We take two main routes.
The first is to focus on cases where the symmetry
information about band connectivity allows EBRs to split
up into disconnected bands. By definition at least one of the
resulting bands must be topological. Our second focus will
be on nodal topology. Several models are known with Dirac
and Weyl magnon touching points [18]. But symmetry can
enforce higher order degeneracies three-, four-, and sixfold
degeneracies, and we show how to build models with such
degeneracies.

Magnon topology from decomposable EBRs.—To build
models of decomposable EBRs we focus on cases where
the magnetic ions live on maximal Wyckoff positions, i.e.,
positions of maximal magnetic point group symmetry for a
given Gj;. These are distinguished by the fact that BRs
induced from such sites are themselves EBRs and not
composites of EBRs (apart from some well-understood
exceptional cases). We give a complete table of decom-
posable EBRs that can be obtained from maximal Wyckoff
positions and the allowed SSGs organized by magnetic
space group and Wyckoff position [57]. The utility of this
table is that one may couple moments living on such
Wyckoff positions and be sure that there will be nontrivial
topology in the resulting magnon bands provided free
parameters are tuned to avoid accidental degeneracies and
provided the number of free parameters is adequate to
reduce the symmetries to the required G,,. This approach is
a highly efficient means to build models of magnon
topology and contrasts to generic cases of nontrivial top-
ology where, in practice, one should compute so-called
symmetry indicators as a function of free couplings to
diagnose the topology.

We reverse the usual logic to show how the model might
have been inferred from the tabulated decomposable EBRs.
Let us consider magnetic space group F31m’' (162.77 in

the Belov—Neronova—Smirnova (BNS) convention) and
Wyckoft position 2¢ corresponding to honeycomb layers.
The magnetic site symmetry group is 32/, and the moments
are perpendicular to the honeycomb planes. The orbital
basis on the 2¢ positions (J,,J;) transforms under the
E + °E irreducible representations (irreps) of the SSG.
Consultation of tables in the Supplemental Material [57] or
on the Bilbao crystallographic server [59,60] reveals that
induction to the full space group yields a single EBR that is
decomposable into two bands. From symmetry alone we
have therefore inferred the presence of nontrivial magnon
band topology. A guide to using the Bilbao tables is given
in the Supplemental Material [57].

With this established, we may now build a model hosting
the decomposable EBR and further characterize the nature of
the topology. To do this, one should write down couplings
between the magnetic moments that both stabilize the
required magnetic structure and respect the resulting mag-
netic space group symmetries. To respect both conditions, we
compute all exchange couplings allowed by symmetry. To
nearest neighbor these are the Heisenberg, Kitaev, ", and T”
terms [33,75]. Kitaev and Heisenberg interactions are suffi-
cient to respect F31m’, and a magnetic field may be applied
along [111] to stabilize the structure if necessary. A linear
spin wave calculation then reveals two propagating magnon
bands with a gap between them. For decomposable EBRs the
topology is not necessarily symmetry indicated but it turns
out that the C5 symmetry indicator formula [3] for the Chern
number characterizes the topology in this case revealing two
magnon bands with Chern numbers +1, the order depending
on the sign of the Kitaev exchange [57].

We now sketch another example of gapped band top-
ology working from the table of decomposable EBRs
but this time without reference to an example already in
the literature. Consider the tetragonal space group P4
(No. 75.1, a type I MSG) with two sublattice Wyckoff
position 2¢ and irreps 2B for the transverse spin compo-
nents, which again leads to a single decomposable EBR.
We compute all symmetry-allowed exchange couplings for
first up to fourth nearest neighbors and choose some set of
couplings that stabilizes the required magnetic structure.
The linear spin wave spectrum has two dispersive gapped
bands, and the Chern number can, once again, be computed
from a symmetry indicator formula,

i€ = TJe D& 1m)c, (x). (1)

where C is the Chern number of the n band(s), while &(k)
and {(k) are the eigenvalues respectively of C4 and C,.
Figure 1 shows the lattice structure and the band structure
with the eigenvalues indicated. The computed Chern
numbers are +1.

The method is not restricted to diagnosing Chern bands
as we show now with a third example. We take space group
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FIG. 1. Figure showing the magnetic sublattices of space group

75 Wyckoff position 2¢ and the accompanying Brillouin zone.
The lower panel shows magnon dispersion relations along high
symmetry directions with the C, and C, eigenvalues given
according to the symmetry indicator formula Eq. (1).

P.6/mcc (192.252) and Wyckoff position 4¢ which has
SSG —6m'2’. This corresponds to an AA stacked honey-
comb lattice with moments perpendicular to the plane that
are ferromagnetically ordered in the plane and antiferro-
magnetically aligned between planes. Crucially this system
is symmetric under time reversal times a translation that
maps one layer to the next. The two magnon bands within
each layer each carry a net Chern number which reverses
between layers. One may show [57] that the coupled four
magnon bands correspond to a single EBR that is decom-
posable. The result is an antiferromagnetic topological
insulator that can be realized with an anisotropic exchange
model for the in-plane moments with Heisenberg exchange
between the layers. An explicit calculation of the band
structure is provided for reference in the Supplemental
Material [57] (see also Ref. [61]).

Symmetry enforced nodal topology.—In this part, we
turn our attention to nodal topology focusing on exotic
degeneracies that are enforced by symmetry: magnonic
analogs of multifold fermion degeneracies [76,77]. In the
Supplemental Material [57] we show how to use the Bilbao
tables [59,60] to establish symmetry-enforced degenera-
cies and give extensive tables of such degeneracies for
magnons [57]. Here we show how to build models based
on the symmetry information.

The first example is for magnetic space group 227.131—a
type Il group—and Wyckoff position 16d corresponding to
all-in-all-out (AIAO) order on the A site of pyrochlore

0.5F

0.0+

Wave number

FIG. 2. Magnetic structure on the garnet hyperkagome lattice
with 230.148 magnetic space group symmetry (top left) and
(right) the Brillouin zone with high symmetry points indicated.
Bottom: spin wave spectrum with multifold magnons at I" and H.

materials as realized in Nd,M,05 (M = Sn, Hf, Ir, Zr) [78—
82], Sm21r207 [83], Eu21r207 [84], and Cd205207 [85], as
well as FeF; [86]. The single-valued symmetry group
enforces a threefold degenerate point at I' [59,60]. A simple
model consists of antiferromagnetic Heisenberg coupling
with a weak (111) Ising anisotropy that lifts the degeneracy
of the Heisenberg model [87] in favor of the AIAO structure.
A linear spin wave calculation [57] reveals four dispersive
modes with a spectral gap and the threefold degenerate point
at I'. The existence of this quadratically dispersing threefold
point has previously been noted in Ref. [62] as a parent state
for Weyl fermions upon symmetry breaking with strain or an
applied magnetic field.

For our next example, inspection of the table of
degeneracies [57] reveals sixfold degeneracies for magnetic
space group 230.148 and Wyckoff position 24c. The
nearest neighbor exchange leads to two decoupled 12-site
magnetic sublattices of corner-sharing triangles—a hyper-
kagome structure that arises on the R sites of garnets with
chemical formula R3MsO,. The magnetic structures have
moments oriented along three cubic directions on each
triangular face as in Fig. 2. This structure is observed in the
material Dy;MsOq, (M = Al, Ga) [88-90]. The symmetry-
allowed nearest neighbor couplings necessary to stabilize
this structure are in the Supplemental Material [57] and
with an additional antiferromagnetic Heisenberg exchange
between the two hyperkagome sublattices we obtain a spin
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wave spectrum as in Fig. 2. This has several symmetry
enforced multifold bosonic points including four threefold
points at I" with quadratic dispersion and one sixfold point
at H on the zone boundary with linear dispersion that is a
doubled spin-1 Weyl point.

Discussion.—The classification of topological materials
based on crystalline and time reversal symmetries is at a
mature stage. In the foregoing we have connected the
symmetry-based classification scheme based on elementary
band representations to topological magnons. To do this,
we showed how symmetries are inherited by magnons from
those of the underlying exchange Hamiltonian and indi-
cated how to build band representations for magnons. We
have given conditions for the existing tables of EBRs to be
applicable to topological magnons. We have shown through
several examples that one can use the computed decom-
posable elementary band representations for single-valued
magnetic space groups to build realistic, non-fine-tuned
models of topological magnon band structures.

We have also used tabulated symmetry-enforced degen-
eracies as a guide to building exchange models of exotic
nodal topology such as sixfold degenerate touching points.
Moreover, we have used the magnon band representation
tables to search for topological features among the com-
mensurate materials on the MAGNDATA database of
magnetic materials [63]. Importantly this database lists
materials by magnetic structure alone with no further
information about magnons. The power of the TQC method
is evident in the predictions one can make about their
magnon topology based purely on symmetry [57].

Magnons provide an excellent platform to explore the
interplay of magnetic symmetries and topology in con-
junction with inelastic neutron scattering. Furthermore
topological magnonic surface states confined within a
few Angstroms are generically robust against disorder
and highly tunable, rendering possible applications includ-
ing various topological spin wave devices like wave
guides, spin wave diodes, beam splitters, and interferom-
eters [25,54,91] In addition to model building and exper-
imental discovery within the framework laid out here,
important open avenues are to explore magnon topology
beyond the decomposable EBR paradigm within the
TQC framework and to extend TQC to the spin-space
groups that are applicable to Heisenberg models among
other systems.

P.M. acknowledges useful discussions with Alexei
Andreanov on magnetism in the garnets. This work was
in part supported by the Deutsche Forschungsgemeinschaft
under Grant No. SFB 1143 (Project ID No. 247310070)
and the cluster of excellence ct.qmat (EXC 2147, Project
ID No. 390858490).
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