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Eigenpulses of Dispersive Time-Varying Media
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We develop a compact theory that can be applied to a variety of time-varying dispersive materials. The
continuous-wave reflection and transmission coefficients are replaced with equivalent operator expres-
sions. In addition to comparing this approach to existing numerical and analytical techniques, we find that
the eigenfunctions of these operators represent pulses that do not change their spectra after interaction with
the time-varying, dispersive material. In addition, the poles of these operators represent the nontime

harmonic bound states of the system.
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Typical electromagnetic parameters (e.g., refractive index,
or impedance) are constant in time, deriving from both the
dispersive response and spatial arrangement of the constitu-
ent atoms, or meta-atoms. Designing such composite mate-
rials (metamaterials) with specified behavior has been the
subject of intense research for decades, with recent develop-
ments including one-way propagation [1], parity-time sym-
metric lasing [2], and a variety of methods for invisibility
cloaking [3]. Yet many fundamental limitations can be
overcome if the material properties are additionally struc-
tured in time as well as space [4]. For example, a lossless
time-varying grating can amplify waves [5], something
impossible with a static grating. The Kramers-Kronig
relations [6] also restrict the available palette of static
materials (limiting, e.g., the thickness-to-bandwidth ratio
of an absorber [7]), but do not apply to time-varying
media (TVM) [8]. In addition, TVM exhibit fundamentally
new phenomena such as “time refraction” [9,10], “time
reflection’ [11-14], and “temporal aiming” [15], where
wave energy can be redirected in the absence of spatial
inhomogeneity.

While many of the properties of TVM are yet to be
experimentally explored, one promising platform is the
conducting compound indium tin oxide (ITO) [16]. Close
to the epsilon-near-zero frequency of ITO, it exhibits a large
nonlinear susceptibility [17], leading to an effective permit-
tivity that is switchable on a subpicosecond timescale [18].
This rapid switchability has been used to demonstrate time
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refraction [9,10] and time diffraction [19] as well as to
implement both time-varying metasurfaces [20], and spec-
trum-modifying mirrors [21].

As most materials are static, the theoretical tools for
treating TVM are not well developed. In spatially homo-
geneous media, transfer-matrix methods are often used,
based on the subsequent stacking of temporal “layers.”
While very successful for problems such as time inter-
faces [22], in the case of continuous modulations such
methods effectively act as finite differencing and hence
suffer from high computational costs in the presence of
nontrivial spatial structure. In addition, different sources of
dispersion present significant modeling challenges. Typical
TVM are highly dispersive in the frequency regimes where
their nonlinearities are strongest, making the susceptibility a
two-time function. Moreover, the poor impedance matching
to vacuum exhibited by epsilon-near-zero media implies
that resonant coupling mechanisms are needed to maximize
their effects within compact metastructures [21], contribut-
ing an additional degree of dispersion. This is difficult to
incorporate into existing analytical results or numerical
schemes, particularly in the regimes of highest phenom-
enological interest, where the material-response timescale is
similar to the timescale of its modulation. Several works
have developed methods to tackle these difficulties. For
instance, Zhou et al. [9] introduced an effective nondis-
persive time-varying response that was optimized to fit the
experimental data. Many current predictions alternatively
integrate the full Maxwell’s equations over time using, e.g.,
COMSOL Multiphysics [23] (see, e.g., [15]). However, this
becomes computationally intensive for the dispersive struc-
tured materials discussed in, e.g., [19-21].

In this Letter, we develop a compact semianalytical
theoretical approach that can be applied to a variety of time-
varying dispersive materials and is particularly well suited
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to describe the thin film ITO experiments discussed above.
We find that the continuous-wave reflection and trans-
mission coefficients can be replaced with equivalent
operator expressions that are simple to evaluate numerically
and act on the spectrum of the incident wave. Although
distinct from this work, aspects of our operator-based
approach (where, e.g., the wave vector is treated as an
operator) appear in the recent extension of Mie theory given
by Ptitcyn et al. [24]. We find that the eigenfunctions of
these operators represent spectra of incident waves that are,
e.g., unchanged on reflection from a TVM. Furthermore,
when an eigenvalue of, e.g., the reflection operator is zero
or diverges, we find respectively the time-varying analogs
of a reflectionless medium or a bound state, which we term
the “eigenpulses” of the system. In addition, we compare
this approach to existing numerical and semianalytical
techniques, evaluating the superior performance of this
method in terms of both accuracy and efficiency.

For a static material, the electric current is linked to the
electric field E through the conductivity o(¢f—¢') that
represents the movement of charge in response to the past
behavior of the electric field and depends only on the time
difference t—1t'. When the material is explicitly time-
dependent, due, e.g., to a pump pulse [17] (at optical
frequencies) or electronic modulation (at radio frequen-
cies), the conductivity can be replaced with a two-time
function such that

jt) = /_ Yl o(t.1— OE(Y). (1)

(5]

The second time argument f—7f of the conductivity
represents the usual retarded response mentioned above.
Meanwhile the first argument ¢ represents the change in the
instantaneous current due to the external modulation. As in
the static case, causality requires o(t,¢— ) =0 when
' > t. We can also develop the same formalism by taking
the first argument of ¢ as ¢’ instead of 7. As the two times are
related by ¢ = ¢— (¢t —¢'), our results can be applied to
either form of Eq. (1), with only minor modifications. We
could also equally develop the formalism in terms of the
permittivity and/or permeability instead of the conductivity.

Performing a Fourier transform of Eq. (1), j(w) =
[ dtj(t) exp(iowt), the frequency dependent current can
be written as

S /. o . )
Jw) = / ‘;ﬁE(a}') / di o(t, @ )@=
oo 2T o

_ /_ % dof E(@)6(=id,, )50 - o)) (2)

= &(_iaw?a))E(w)’ (3)

where 6 is the operator obtained by replacing the first
argument ¢ with the operator —id,. We note that an

analogous operator could also be used in inhomogeneous
spatially nonlocal media [25], where the spatial dependence
of the material parameters would be replaced by a k-space
derivative. Following the line of reasoning given here may
illuminate the general problem of additional boundary
conditions between nonlocal media [26,27].

In the final line of Eq. (3), all derivatives d,,, within 6 must
be ordered such that they appear to the left of all the
frequency dependence of & [28]. This prescription is
reminiscent of the antinormal operator ordering adopted
in quantum mechanics [29]. To use Eq. (3) we write the
operator as 6 = »_, a,(—id, )b, (®), a decomposition that
is generally possible through representing the conductivity
in terms of a complete set of functions P,(w) (e.g., the
classical orthogonal polynomials [30]) with time-dependent
expansion coefficients c¢,(7): o(t,w) =>_, ¢, (t)P, ().
The derivative d,, is numerically constructed as an N x N
matrix acting on N frequency points, via the finite difference
approximation or a Fourier transform. The operators a,, are
then evaluated as matrix-valued functions, and b, (w) is a
diagonal matrix (see the Supplemental Material [31] for an
example of this, with some further details). This idea of
using an operator-valued function is similar to the expo-
nential function of the Hamiltonian operator used as the
time evolution operator in quantum mechanics [34].

In this Letter, we assume the magnetic permeability is
unity, and use the Drude model with a time-varying plasma
frequency w, (see Supplemental Material for motivation),

i€0

N _a . — 2 _.a” 0
o(i0,0) = w3 (~id,) "0

(4)
where we have imposed the aforementioned antinormal
ordering, and 1/y is the collision time. Note that throughout
this Letter, we use the symbol wy = w,(-0), ie., the
plasma frequency before the time variation.

The simplest application of Eq. (3) is where the
medium is homogeneous, propagation is along x, and
the field is polarized such that H = He.. In this case,
Maxwell’s equations become ?H + IA(f,H =0, the solu-
tions to which are

H(x,w) = exp(iikpx)HO(O, ), (5)

where ko = w/c and K p 18 the matrix square root of
K2 = iny6ky + k3, H(0,w) is the Fourier amplitude of
the wave at x = 0, and the quantity 7y = \/ug/€p is the
impedance of free space.

The aforementioned operator square root calculation is
subtle. We perform it by first diagonalizing K3 = 7-'D T,
and then taking the square root of the eigenvalues,
K, =T7""D'*T. The question is whether the positive or
negative root should be taken in each eigenvalue, leaving us
with N possible roots for N x N operators. The problem of
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determining the correct root is identical to that encountered
in active media, where the sign of the refractive index can
be determined from the d — oo limit of a finite slab
provided it does not exhibit any instabilities [35]. In our
case we fix the imaginary parts of the eigenvalues of K sp 1O
be positive. Further details are given in the Supplemental
Material.

Although the solutions, Eq. (5), have the appearance of
plane waves, the operator exp(=ik »X) modifies the spec-
tral content of the wave as the observation point x is
changed, describing the expected temporal reshaping of the
pulse during propagation. Equation (5) shows that those
spectra H(0, w) that are eigenfunctions of K, with eigen-
value A have a plane wave spatial dependence exp(+ilx)
and retain the same spectrum during propagation, despite
the time variation of the material parameters. Note also that
Eq. (5) is similar to the aforementioned time evolution
operator in quantum mechanics, where a state |y) evolves
in time as |y(7)) = exp(—iH1t/h)|y(0)), where H is the
Hamiltonian operator. Figure 1 illustrates the basic idea of
our formalism, and gives the form of the operator K p fora
typical time variation of the material parameters, Eq. (4)
(see Supplemental Material for further details).

Fresnel coefficients for a dispersive, time-varying
interface.—Consider a pulse incident from vacuum onto
a dispersive time-varying half-space (x > 0). Using the
operator formalism described above, we calculate the
reflection 7 and transmission 7 operators for an incident
pulse. Just as for static materials, this calculation must be
done separately for transverse electric (TE) and transverse
magnetic (TM) polarizations.

Assuming incidence in the x-y plane with in-plane wave
vector kH’ TE polarized waves have an electric field E =

Ee. obeying the operator Helmholtz equation 02E +
K2E =0 where K2 = ingko6 + k% — ki. Inside the TVM
(x > 0) the solution is given by Eq. (5), E(x > 0,w) =
exp(iK x)C,(w). Meanwhile, on the entrance side the
field is a sum of plane waves for each frequency
E(x <0,w) =A,(w)exp(ik.x) + Bs(w) exp(—ik.x) where
k.= [k} —kﬁ}l/ 2. The spatial boundary conditions are
the same as for static media, with both electric E and
magnetic noH, = ik; 10, E fields continuous across x = 0.
Substituting the forms of the fields in the respective
regions leads to the following reflection and transmission
operators:

%s = (1 - Zs)(l + ZS)_l
i, =201+2,)", (6)
where Z,=k;'K,, B,=#A, and C,=1A,.

Equations (6) are the TE Fresnel coefficients [36], with
an operator replacing the usual expression for the wave
vector in the material.

(a)

®)

Rele(t, )]

wlwy
wlwg

FIG. 1. Scattering from a time-varying dispersive medium.
(a) Our theory treats this as a generalization of a time-independent
problem, with operators 7 and 7 replacing the usual reflection and
transmission coefficients. (b) Here, we assume the Drude model
permittivity, Eq. (4), with an asymmetric time variation of the
plasma frequency, shown here in white. (¢) The operator K p» here
shown as a phase plot (color phase and saturation magnitude),
determines the spatial evolution of the spectral content of the
wave via Eq. (5). For the time dependence shown in panel (b), the
operator causes a spectral broadening (the smearing around
o = ', with this largest close to the plasma frequency) and
reversal of propagation direction (the line around @ = —’). The
absence of +ve to —ve frequency coupling below the plasma
frequency stems from our choice of boundary conditions (see
Supplemental Material), although a full understanding requires
further work.

The derivation is slightly different for TM polarization,
revealing the importance of operator ordering in these
calculations. Taking the magnetic field as H = He_, it

obeys the operator Helmholtz equation 02H + IA(f,H =0.
The square of the wave vector is as above kf, =
inoGko + k3 — kﬁ, differing from the TE expression
due to the noncommuting nature of 6 and w. Applying
the continuity of the magnetic H, and electric E =

—ilko + iny6]~'0,moH fields at the x = 0 interface leads
to the reflection and transmission operators

%p = (1 _Zp)(l +2p)_1
h,=201+2,)7", (7)

>

where Z, = k;![1 + iny6ky'] 'K ,. These are again oper-
ator analogs of the TM Fresnel coefficients, although in this
case the operator ordering would not be obvious without
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applying the boundary conditions. Importantly, at normal
incidence the two wave vector operators differ by a similarity
transformation: K »=ky lf(sko. The two impedance oper-
ators are then simply related by Z = K:'ky = Z7', making
the reflection operators, Egs. (6) and (7), differ by a minus
sign 7, = —#, as expected for the two polarizations at
normal incidence [37].

As discussed above, it is again interesting to examine the
eigenvalues and eigenvectors of the reflection and trans-
mission operators. These reveal that there are pulse spectra
(“eigenpulses”) that retain an identical spectrum after
interaction with the TVM (bar an overall multiplicative
factor). Alternatively, taking a singular value decomposi-
tion of the reflection and transmission operators, we can
find pulse spectra that are scaled by a set level (the singular
value), but have a different spectral content after interaction
with the material. We can see from Eqs. (6) and (7) that, in
the case of a single interface, the eigenpulses are the
eigenfunctions of the impedance operators Zw, and thus
both transmitted and reflected spectra are unchanged.
Figure 2 shows a comparison between the reflection of a
Gaussian pulse and an eigenpulse from a TVM (plots show
the incident field just before the interface). While the
Gaussian pulse is significantly broadened and reshaped by
the interaction with the TVM, the eigenpulse reduces in
frequency in tandem with the plasma frequency, retaining
an identical spectrum upon reflection. In this case (modulus
of eigenvalue |r| = 1), the eigenpulse is also entirely
reflected by the medium, as if it were a mirror.

In addition, the scattering operators can also exhibit
poles. For example, in Egs. (6) and (7) these poles occur
where det(1 + Z, ,) = 0. The vectors in the null space of
1+ 25, ) then represent nontime harmonic modes that are,
in this case, confined to the interface of the material. In the
Supplemental Material we find the surface plasmonlike
eigenpulses that are confined to the interface of a TVM.

Time-varying layer.—We can straightforwardly extend
this approach to any multilayer and any simple geometry
(e.g., a spherical, cylindrical, or ellipsoidal object) that
admits an analytic solution to Maxwell’s equations in the
static case. Broadly speaking, the results for the scattering
operators will have an identical form but with an operator
replacing the material parameters. To illustrate this in a
nontrivial case we calculate the reflection and transmission
operators for a slab of thickness d, which is relevant to the
experiments reported in [9,10,18,19,21].

Assuming TM polarization, the magnetic field within the
layer is taken to be of the form

H(0 <x <d,0) = e C, (o) +e7 KD, (w), (8)
with the field in the external regions equal to H(x < 0) =

exp(ik,x)A,(w) + exp(—ik,x)B,(w) and H(x >d) =
explik,(x — d)|F ,(w). Imposing the same boundary

(@) (b1
(d)
= (¢) Ir=1.00 =
S| =
0 200 400 600 O0 200 400 600
wot ot
¢ ~ d R
© o |Eef(w)l ) — |Ewt(@)l
— |Einc(@)! — Eine()l
3 g
US| 0
_)k.‘
0.4 0.5 0.6 0.4 0.5 0.6
wlwo wlwg

FIG. 2. Reflection of an eigenpulse from a time-varying
dispersive half-space. (a) We compare the reflection of two
different incident pulses: a Gaussian pulse (upper curve), and an
eigenpulse (lower curve) computed from the reflection operator,
Eq. (7), with eigenvalue |r| = 1.00 (the zero level is displaced to
aid visualization). (b) Time variation of N(r) = w3 (t)/w} in
Eq. (4). (c),(d) Magnitude of incident and reflected Fourier
spectra computed via a numerical integration of Maxwell’s
equations (see Supplemental Material) for an incident (c) eigen-
pulse and (d) Gaussian pulse.

conditions described above we obtain the reflection and
transmission coefficients for the slab

and
T = 42,AT1 R A, — AT (10)

where A, =12, and I' = exp(iK ,d)A_A7' exp(iK ,d).
Equations (9) and (10) reduce to the familiar reflection and
transmission coefficients of a dielectric slab [36] when the
operators are replaced with their scalar counterparts. When
d = 0 the reflection operator, Eq. (9), is identically zero, and
the transmission operator, Eq. (10), becomes the identity, as
they should.

In Fig. 3, we give a comparison between results obtained
using COMSOL Multiphysics (see Supplemental Material), and
calculations made using the reflection and transmission
operators, Egs. (9) and (10). We plot the normalized
transmitted spectra as a function of pulse delay time At.
As shown in the lower panel of this figure, there is excellent
agreement between the finite element calculation and our
operator approach. Additional comparisons to an adi-
abatic multiple-timescale approach used to model past
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FIG. 3. Comparison between the proposed theory and coMsOL

Multiphysics [23]. The figures demonstrate normalized Fourier
transmitted spectra for a time-modulated Drude slab excited by a
45° incident probe wave. (See Supplemental Material for more
details).

experiments [18,21] are also available in the Supplemental
Material. Importantly, these tests demonstrate the advan-
tage of this method for the efficient modeling of structures
that feature extremely subwavelength layers, circum-
venting the need for expensive numerical calculations.

Summary and conclusions.—We have developed a com-
pact theoretical approach for treating the problem of
scattering from dispersive TVM. We have shown that
our analytic expressions match full wave numerical sim-
ulations well. Although the theory is formally similar to the
case of static materials, the TVM parameters are given in
terms of operators that depend on both the frequency and
frequency derivatives, which must be carefully ordered.
The advantage of our theory is that it is semianalytical,
allowing us to give explicit operator expressions for
scattering coefficients from the TVM, and thus determine
conditions for, e.g., incoming modes that are bound, not
reflected, or completely reflected by the material. We have
numerically constructed these operators and found the
“eigenpulses” of a time-modulated Drude half-space,
numerically verifying that there are input pulse spectra
that, e.g., reflect as if the TVM was a dispersionless mirror.
This approach may be readily extended to other areas of
wave physics such as pressure acoustics [38] and elasticity
and may be of interest to those working on TVM as well as
multiple scattering, where our reflectionless eigenpulses
are analogous to the concept of open scattering channels in
disordered media (see, e.g., [39]).
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