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We propose a linear optical quantum computation scheme using time-frequency degrees of freedom. In
this scheme, a qubit is encoded in single-photon frequency combs, and manipulation of the qubits is
performed using time-resolving detectors, beam splitters, and optical interleavers. This scheme does not
require active devices such as high-speed switches and electro-optic modulators and is robust against
temporal and spectral errors, which are mainly caused by the detectors’ finite resolution. We show that
current technologies almost meet the requirements for fault-tolerant quantum computation.
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Introduction.—Photons and their manipulation using
linear optics play an indispensable role in quantum infor-
mation processing [1,2]. There has been considerable
interest in the choice of the degrees of freedom (d.o.f.)
of photons as quantum information carriers [3–7]. The use
of time-frequency d.o.f. has several advantages. First,
qubits formed by time-frequency d.o.f. are usually less
susceptible to errors because most optical components do
not depend on small temporal and spectral differences.
Second, time-frequency d.o.f. is suitable for realizing high-
dimensional quantum information processing with qudits
because it is a continuous variable.
There are variations pertaining to encoding using the

time-frequency d.o.f. In time-bin encoding, the temporal
peaks of a photon form the computational basis, and its
manipulation has been demonstrated by a series of fast
switches via spatial or polarization d.o.f. [4,8–10]. In
frequency-bin encoding, the spectral peaks of a photon
form the computational basis, and its manipulation has
been demonstrated by a series of electro-optic modulators
and pulse shapers [11–15]. However, the use of many active
devices in these approaches is prone to errors and losses
and poses challenges in scaling up. Instead, the manipu-
lation of frequency-bin qudits using time-resolving detec-
tors was recently proposed [16], but the finite resolution of
these detectors causes serious errors because frequency-bin
qudits are susceptible to temporal shift errors.
In this Letter, we propose a new scheme for linear optical

quantum computation (LOQC) using time-frequency d.o.f.
We use encoding in which single-photon frequency combs

form the computational basis. The state in this encoding is
called the time-frequency Gottesman-Kitaev-Preskill
(TFGKP) state [17,18] derived from the analog of GKP
code [19] for quadrature amplitudes of light [20]. The
TFGKP state is robust against time- and frequency-shift
errors because it is discretized in both the time and
frequency domains. We show that universal quantum
computation can be achieved using TFGKP-state gener-
ators, time-resolving detectors, beam splitters (BSs), and
optical interleavers (OIs). Thus, active devices such as
high-speed switches and electro-optic modulators are not
required. TFGKP-state generators are efficiently realized
using a cavity-enhanced nonlinear optical process [21–28].
Furthermore, in contrast to the passive scheme that uses
frequency-bin encoding [16], quantum computation can be
performed robustly despite the detectors’ finite resolutions
and other temporal and spectral errors. We estimate the
errors occurring in this scheme and show that the exper-
imental requirements for fault-tolerant quantum computa-
tion are almost achievable with current state-of-the-art
technologies.
Time-frequency d.o.f. of a photon.—We first summarize

the expressions and properties of the time-frequency d.o.f.
of a photon. We consider that all probability density
functions (PDFs) are localized at the origin. A complex
function fðωÞ is referred to as a probability amplitude
function (PAF) when jfðωÞj2 is a PDF. We represent the
Fourier transformation of a function f by f̂ and the
pointwise product and convolution of functions f and g
by f ⊙ g and f � g, respectively. We introduce the func-
tions Tω0 and Mτ0 as

Tω0 ðfÞðωÞ¼fðωþω0Þ; Mτ0 ðfÞðωÞ¼e−iωτ
0
fðωÞ: ð1Þ

The annihilation and creation operators of a photon
with frequency ω are represented as aðωÞ and a†ðωÞ,
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respectively. The Fourier transformation of aðωÞ and its
adjoint âðτÞ and â†ðτÞ represent the annihilation and
creation operators of the photon that arrives at time τ at
a certain point. Propagation with distance L corresponds to
the change in creation operators as a†ðωÞ → a†ðωÞe−ikðωÞL,
where k represents the wave number.
In practice, photons have finite temporal and spectral

widths as wave packets. A photon wave packet with
central frequency ω0 can be described using PAF ξ as
ðξ � a†Þðω0Þj0i. Assuming that PAF ξ is sufficiently
localized, we can approximate k around ω0 to the first
order as kðωÞ ≃ kðω0Þ þ k0ðω − ω0Þ. Omitting the constant
phase, the propagation of the photon wave packet with
distance L corresponds to the transformation ξ → Mτ0ðξÞ,
where τ0 ¼ k0L is the propagation time. The state after
propagation time τ0 is

ðMτ0ðξÞ � a†Þðω0Þj0i ¼ eiω0τ0ðM−ω0
ðξ̂Þ � â†Þðτ0Þj0i: ð2Þ

The right side of this equation denotes the temporal photon
wave packet centered at τ0 [29].
A qudit of time-frequency d.o.f. is affected by unitary

and nonunitary errors. One of the major unitary errors is
caused by group velocity dispersion (GVD). Accounting
for the effect of GVD, propagation with distance L
corresponds to the transformation of ξ → D ⊙ Mτ0ðξÞ,
where DðωÞ ¼ e−ik

00Lω2=2. Typically, this corresponds to
coherent temporal broadening by ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8 ln 2k00L
p

. Coherent
spectral broadenings rarely occur except during manipu-
lation. Probabilistic temporal and spectral shifts can be
represented as incoherent temporal and spectral broad-
ening, respectively, by using probability distribution func-
tions (PDFs).
Consider the frequency-bin qudit as an example. It is

robust against incoherent spectral broadening because each
bin is spectrally isolated unless the bins overlap owing to
the broadening. However, incoherent temporal broadening
causes fluctuations in the relative phase between bins. The
error due to this fluctuation is not small even if the
broadening is relatively small compared with the inverse
of the frequency difference between bins. Therefore,
frequency-bin qudits are susceptible to temporal errors.
Time-frequency GKP qudit.—The GKP and TFGKP

qudits were introduced by assuming that the PAFs were
Gaussian [17,19,30]. By contrast, we introduce TFGKP
qudits without the Gaussian PAF assumption. The fre-
quency basis states of the ideal d-dimensional TFGKP
qudit are defined by the frequency combs formed by a
photon with shifted central frequencies. Using a Dirac
comb, that is, the sum of shifted Dirac delta functions
Cωr

ðωÞ ¼ P

n∈Z δðωþ nωrÞ, they are represented as

jj̄fi ¼ ðCωr
� a†Þ

�

j
d
ωr

�

j0i ¼ ðTjωr=dðCωr
Þ � a†Þð0Þj0i

ð3Þ

for j ¼ 0;…; d − 1. Each frequency basis state jj̄fi differs
from j0̄fi by the frequency offset ðj=dÞωr. The time-basis
states of the TFGKP qudit are defined by the discrete
Fourier transformation of the frequency-basis states as

jj̄ti≡ 1
ffiffiffi

d
p

X

k

e−i2πjk=djk̄fi ¼ ðCτr � â†Þ
�

j
d
τr

�

j0i ð4Þ

for τr ¼ ð2πd=ωrÞ and j ¼ 0;…; d − 1. jj̄ti forms the
temporal comb with time period τr and time offset
ðj=dÞτr. Since the Fourier transformation of the Dirac
comb is another Dirac comb, this encoding discretizes the
states in both the frequency and time domains.
The states in Eq. (3) are not normalizable in two respects.

First, each peak consists of a monochromatic mode
a†ððnþ ðj=dÞÞωrÞj0i, and second, the summation of the
peaks is performed over an infinite range. To deal with
realistic situations, we introduce PAFsϕf andϕt to represent
the spectral broadening of each peak and the envelope of the
peaks, respectively. This corresponds to the replacement
Tjωr=dðCωr

Þ in Eq. (3) using ϕt ⊙ ðTjωr=dðCωr
Þ � ϕfÞ. For

central frequency ω0, the frequency basis states after propa-
gation for time τ0 are

jj̃fi ∝ (fMτ0ðϕtÞ ⊙ ½Tjωr=dðCωr
Þ � ϕf�g � a†)ðω0Þj0i: ð5Þ

Then, the time-basis states are [29]

jj̃ti ∝
X

k

e−i2πjkjk̃fi

¼ eiω0τ0(M−ω0
f½Tjτr=dðCτrÞ ⊙ cϕf� � bϕtg � â†)ðτ0Þj0i:

ð6Þ

We call these normalizable states physical TFGKP states in
contrast with the ideal ones. Figure 1 shows an example of
physical TFGKP states. Coherent broadenings of the
envelope on the frequency basis are equivalent to coherent
compressions of each peak on the time basis and vice versa.

FIG. 1. Probability distributions of a time-frequency Gottes-
mann-Kitaev-Preskill (TFGKP) qudit in the frequency and time
bases for d ¼ 2. The blue and orange lines in the frequency and
time basis represent j0̃f=ti and j1̃f=ti, respectively.
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A comb-shaped structure in the frequency domain of
light often appears as a series of the transmission peaks of a
cavity. For example, the heralded generation of a TFGKP
state is possible using a broadband time-frequency
entangled photon pair and a cavity. When one of the
two photons passes through the cavity and is detected by a
time-resolving detector, the state of the other photon
corresponds to a TFGKP state. A cavity-enhanced non-
linear optical process [21–28] is applied to the efficient
generation of a TFGKP state in this manner [31]. By letting
the free spectral range (FSR) of the cavity be ΔFSR, the
generated state corresponds to j0̃fi for ωr ¼ ΔFSR. In
addition, by setting the frequency period to ωr ¼ dΔFSR,
the generated state corresponds to j0̃ti for any dimension d.
A major incoherent temporal broadening is caused by the
finite temporal resolution of the detector in this state-
preparation method.
Optical components and detectors.—We introduce our

toolbox for the manipulation of TFGKP qudits, which
consists of BSs, OIs, and time- and frequency-resolving
detectors. Herein, BSs generally refer to spatial linear
optical circuits that are independent of the other d.o.f. of
photons, including time-frequency d.o.f. As we will see
below, 50∶50 BSs are sufficient for universal quantum
computation.
OI is a spectrally periodic optical filter that spatially

combines or separates frequency combs [33,34]. Herein,
we use d∶d OIs that have d input and output ports [35]
as shown in Fig. 2. The transformation of the creation
operator a†j in each mode by d∶d OI is represented as

a†j →
P

d−1
k¼0 Ik ⊙ a†jþk ðmoddÞ, where

IjðωÞ ¼ fgI ⊙ ½Tjωr=dðCωr
Þ � fI�gðω0 − ωÞ ð7Þ

for central frequencies ω0 and j ¼ 0;…; d − 1. Functions
gI and fI represent the transmission coefficients for the
envelope and each peak, respectively. Ideally, an OI routes

the frequency basis states of a TFGKP qudit into spatially
different d paths [36].
Time- and frequency-resolving detectors are used for

photon detection. When we detect a photon in state jĩti
using an ideal time-resolving detector with the infinite
resolution, the temporal probability distribution of the
photon detection has periodical peaks at τ0 þ nði=dÞτr
for integers n. Even if each peak is blurred by the finite
resolution of the detector, we can identify the time-basis
states of a TFGKP qudit from which the detection timing is
closest unless the finite resolution is as large as the time
period. Similarly, we can identify the frequency-basis states
of a TFGKP qudit using a frequency-resolving detector
with a finite resolution.
A frequency-resolving detector can be substituted by

combining a 1∶d OI with d detectors. In that case, a discrete
result indicating which frequency basis state was detected
will be obtained. By contrast, the use of frequency-resolving
detectors, which have been actively studied recently [37–39],
would be advantageous in error analysis [40].
Universal quantum computation.—Let us consider the

frequency basis of TFGKP states as the computational
basis of a qubit (d ¼ 2) as j0i ≃ j0̃fi and j1i ≃ j1̃fi.
The approximation here is due to the use of physical
TFGKP states rather than ideal ones. Then, jþi ¼ ðj0i þ
j1iÞ= ffiffiffi

2
p

≃ j0̃ti and j−i ¼ ðj0i − j1iÞ= ffiffiffi

2
p

≃ j1̃ti hold. The
frequency- and time-resolving measurements correspond to
the measurements in the Z and X bases, respectively. We
can realize an arbitrary phase gate by spatially separating
each computational basis state by a 1∶2 OI, adding a small
relative time delayΔτ satisfying jΔτj ≤ π=ð2ω0Þ ≪ τr, and
then combining them with a 2∶1 OI. As shown in Fig. 3(a),
the phase gate followed by the measurement in the X basis
corresponds to that in the cosðθ=2ÞX þ sinðθ=2ÞY basis.
The measurements in the Z and X bases and the phase gates
are readily extendable to qudits with arbitrary dimensions.
By considering measurement-based quantum computa-

tion, it is relatively straightforward to demonstrate the
quantum computational universality of our toolbox, includ-
ing TFGKP state generators. In particular, fault-tolerant
measurement-based quantum computation can be per-
formed by one-qubit measurements in the X, Z, and
ðX þ YÞ= ffiffiffi

2
p

bases on a three-dimensional cluster state
[41,42]. Therefore, the remaining part of achieving univer-
sal quantum computation is constructing the cluster state.
For cluster-state generations, we refer to the protocol in

polarization encoding using type-I and type-II fusion
gates [43]; this enables the generation of an arbitrary
cluster state from two-qubit cluster states, such as
ðj0þi þ j1−iÞ= ffiffiffi

2
p

. However, we need to modify it
because our toolbox does not include operations corre-
sponding to polarization rotations [44]. While we can
realize type-I fusion gate as shown in Fig. 3(c), we need
to introduce type-II’ fusion gate shown in Fig. 3(d) instead
of type-II fusion gate. Type-II’ fusion gate works as well as

FIG. 2. Graphical representation of 2∶2 optical interleaver
(OI). Orange and blue spectral peaks represent j0̃fi and j1̃fi,
respectively.
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type-II fusion gate, except for X gate on one of the
qubits [47]. As shown in Fig. 3(b), we also can realize a
Bell-state generation setup, similar to the setup in polari-
zation encoding [48]. The generated Bell states differ from
the two-qubit cluster state by one Hadamard gate. Thus, we
additionally introduce type-I’ gate shown in Fig. 3(e), to
generate a three-qubit cluster state from the two Bell states
with a success probability of 1=4. By combining these
operations, arbitrary cluster state can be generated, allow-
ing for universal quantum computation.
Error analysis.—As the error analysis specific to this

scheme, we calculate the errors on the qubits caused by
temporal and spectral broadenings. We call the insufficient
separation between states corresponding to the different
basis states “factor I.” This causes flips in the measurement
results and decreases in the success probabilities of the
entangling gates. This is characterized by the total amount
of coherent and incoherent broadenings. By contrast, we
call the insufficient overlap between states corresponding to
the same basis state “factor II.” This degrades the entan-
gling gates and phase gates. This is characterized by the
amount of incoherent broadening relative to that of

coherent broadening. In our scheme, we use frequency-
resolving measurements only for one-qubit measurements;
therefore, we do not have to consider factor II on the
frequency basis. On the time basis, there is an optimal
amount of coherent temporal broadening owing to a
tradeoff between factors I and II.
Herein, we consider only the computational errors. We

make several assumptions to obtain specific error thresh-
olds. We assume that the coherent spectral broadening is
characterized by a Lorentzian because it is mainly deter-
mined by the transmission spectrum of the cavity used in the
state preparation. This assumption considerably increases
the amount of errors compared with the Gaussian
assumption. For simplicity, we ignore the influences of
using OIs instead of frequency-resolving detectors and the
incoherent spectral broadening [49]. Conversely, we assume
that coherent and incoherent temporal broadenings are
characterized by Gaussian functions [50]. The condition
subject to which the major error probabilities are less than
0.01 corresponds to the following conditions [29],

Δt;i

Δt;c
≲0.202;

Δt;c

τr=d
≲0.476;

Δf;c

ωr=d
≲0.016: ð8Þ

Δt;i, Δt;c, and Δf;c are the FWHM values of the incoherent
temporal, coherent temporal, and coherent spectral broad-
enings, respectively.
Let us assume the use of telecom photons around

1.55 μm, which corresponds to ω0=2π ∼ 1.9 × 102 THz.
The group indices ng ¼ ck0 and GVDs k00 are typically 1.5
and −2.3 × 104 fs2=m for an optical fiber [51] and 4.2
and −5.6 × 106 fs2=m for a silicon-on-insulator wave-
guide [52], respectively. Using these parameters, the
lengths corresponding to 1 ps of time delay and temporal
broadening due to GVD are 2.0 × 10−4 and 7.8 m for the
optical fiber and 7.1 × 10−2 and 3.2 × 10−2 m for the
silicon-on-insulator waveguide, respectively. By contrast,
the best value of the time resolution of a detector is 4.3 ps
for telecom wavelengths [53]. Thus, we consider only
the resolution of the detectors as the major temporal
error source for quantum computational applications [54].
For Δt;i ¼ 4.3 ps, we obtained the required experimental
parameters from Eq. (8) as Δt;c≳21.5 ps, ωr=2π≲21GHz,
and Δf;c=2π ≲ 0.33=d≲ 0.17 GHz. The first inequality
corresponds to that the FWHM of the spectral envelope
of a qudit is ≲42 GHz. Therefore, the number of frequency
bins and the finesse of a state j0̃ti are approximately equal
to 2d and 66, respectively. OIs with 12.5 GHz comb
spacings are commercially available [55]. The generation
of a biphoton frequency comb with finesse ∼60 [26,28] and
FSR ¼ 12.5 GHz [56] has been demonstrated using non-
linear optical waveguide resonators. Thus, the current state-
of-the-art technologies largely meet the experimental
requirements for fault-tolerant quantum computation based
on our scheme.

FIG. 3. Concrete setups for quantum operations. All detectors,
beam splitters (BSs), and OIs are time-resolving detectors, 50∶50
BSs, and 2∶2 OIs, respectively. (a) Measurement in the
cosðθ=2ÞX þ sinðθ=2ÞY basis. θ is adjustable by changing the
relative lengths between the two arms. (b) Bell-state generation,
which succeeds when detectors detect two photons in different
states. The OI enclosed by the dotted lines denotes a feed-forward
operation required in 1=3 of the success cases. Its total success
probability is 3=16. (c) Type-I fusion gate, which succeeds when
a detector detects a photon with a probability 1=2. (d) Type-II’
fusion gate, which succeeds when a detector or detectors detect
j0i and j1i with a probability of 1=2. (e) Type-I’ fusion gate,
which succeeds when a detector detects a photon with a
probability of 1=4.
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Conclusion.—We proposed a LOQC scheme with
TFGKP state generators, time-resolving detectors, BSs,
and OIs and demonstrated the possibility of fault-tolerant
quantum computation with currently achievable technolo-
gies. The discretization in both the time and frequency
domains owing to TFGKP qubits leads to error robustness
against both temporal and spectral errors. Furthermore, by
treating the time and frequency basis asymmetrically, we
realized universal quantum computation without active
devices. In addition, this asymmetric structure enabled this
scheme to yield good performance, despite the assumption
of a Lorentzian coherent spectral broadening. Additional
optimization of TFGKP state generators and OIs for this
scheme would relax the requirements of other devices or
increase the dimension of the qudit. Although we show the
universality of this scheme for qubits, that is, d ¼ 2, its
components can be extended to qudits. Thus, they are a
good platform for realizing the recently developed field of
LOQC with qudits [57–59]. This scheme has high error
robustness and ease of operation due to its use of time-
frequency d.o.f. and passive devices. Therefore, this is a
practical approach, especially for quantum computation
with integrated photonic circuits [60] and quantum com-
munication requiring multiphoton entangled states [61–63].
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