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We discuss a sufficient condition for gapless excitations in the Lindbladian master equation for collective
spin-boson systems and permutationally invariant systems. The condition relates a nonzero macroscopic
cumulant correlation in the steady state to the presence of gapless modes in the Lindbladian. In phases
arising from competing coherent and dissipative Lindbladian terms, we argue that such gapless modes,
concomitant with angular momentum conservation, can lead to persistent dynamics in the spin observables
with the possible formation of dissipative time crystals. We study different models within this perspective,
from Lindbladians with Hermitian jump operators, to non-Hermitian ones composed by collective spins
and Floquet spin-boson systems. We also provide a simple analytical proof for the exactness of the mean-

field semiclassical approach in such systems based on a cumulant expansion.
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Nonequilibrium quantum many-body dynamics consti-
tutes a fundamental and open research field [1-3]. The
dissipative dynamics of a quantum system embedded in an
environment can, in general, be quite cumbersome due to
its high complexity. A common useful approach relies on
Born-Markovian approximation, for which the effective
dynamics for the quantum system is described by a
Lindbladian master equation [4]. Among its emergent
phases, a new form of spontaneous symmetry breaking
(SSB) so-called dissipative time crystal (TC) [5], has
gained much attention recently. These nonequilibrium
phases break spontaneously the time-translation symmetry
of the system, leading to persistent oscillations of macro-
scopic observables in the thermodynamic limit. Despite
intense theoretical and experimental activity (see
Refs. [6,7] for interesting reviews) many aspects of these
new phases are still being unraveled, with particular
attention to the precise role of its many-body correlations
[8,9], symmetries [10-13] and basic mechanisms for the
stabilization of such peculiar nonequilibrium phases.

The spectral properties of a Lindbladian master equation
host valuable information on the system dynamics and
phases [14-19]. The Lindbladian gap in particular can
characterize the critical behavior in dissipative phase tran-
sitions, the emergence of symmetry breaking phases as well
as the asymptotic relaxation dynamics towards the steady
states of the system. In dissipative TCs the Lindbladian
spectrum features gapless excitations generating long-lived
asymptotic dynamics towards the steady state, with a
divergent lifetime in the thermodynamic limit [18,19].
These gapless excitations appear along with coherent
dynamics within their subspace inducing the persistent
oscillations of the system observables. The determination
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of the Lindbladian gap, however, is not, in general, a
trivial task. Apart from models sharing specific structures
[20-23] (as quadratic fermion or boson Lindbladians,
symmetries, integrability) for which one can determine
it spectral properties and steady states analytically (or
quasi-analytically), for general interacting systems its
computation relies either in the diagonalization of the
Lindbladian superoperator in an extended Hilbert space or
inferring from the dynamics of the observables of the
system in the asymptotic limit; in both cases an often
nontrivial and challenging task.

In this Letter we discuss a simple sufficient condition to
ensure the gapless nature of a Lindbladian, based only on
its steady state correlations. Although (long-range) corre-
lations are expected to be connected to gapless excitations
and ground state SSB phases in closed Hamiltonian
settings, in this Letter we obtain an analytical proof of
this correspondence for a class of open-systems driven by
Lindbladian master equation. The condition is based on the
exactness of mean-field semiclassical approach for such
systems, which we proof using a cumulant expansion, and
the fact that the macroscopic spin magnetizations of the
nonequilibrium steady state (NESS) cannot be dynamically
reached in the thermodynamic limit due to spin total
angular momentum conservation [as illustrated in
Fig. 1]. Studying different collective spin-boson models
we see that such gapless excitations, or the inability of the
dynamics to reproduce the spin NESS magnetizations, are
usually associated to the appearance of persistent dynamics
and possible dissipative TC phase, indicating an intimate
connection among them.

The model.—We consider M spin ensembles, each
composed of N spin-1/2 subsystems, interacting with a

© 2023 American Physical Society
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FIG. 1. Dynamics of macroscopic spin magnetizations (/#*) for

a collective spin-1/2 model with competing coherent Hamilto-
nian (w,) and dissipation x [Eq. (12)], for @, /x = 2. We show the
dynamics for different initial conditions and system sizes—
N = 2? (blue), 2° (yellow), 2° (red), and semiclassical limit
N — oo (black). The crosses are the corresponding NESS, and
the spherical shell represents the semiclassical set of states with
null macroscopic cumulants, (/%)% + (@?)? + (m?)? = 1. The
NESS lie inside the spherical shell (i.e., with nonzero macro-
scopic cumulant correlations). In the thermodynamic limit the
dynamics is constrained to the shell and therefore cannot reach
such NESS leading to the appearance of gapless Lindbladian
excitations, featuring in this case a persistent dynamics.

bosonic mode and coupled to a Markovian environment.
The time evolution for the system is described by the
Lindbladian master equation [4],

d

Lh=Llp) = i[ﬁl,ﬁ]+ZjD,~[p]+Da[pL (1)

with £ the Lindbladian superoperator. The coherent driving
term is given by H = H spin T Hyoon + H spin—bosons Where
ﬁlspm (boson) CorTesponds to the spin (boson) term and
ﬁlspin boson L0 the spin-boson interaction. Specifically,

S

= t/la/)’

I:Ispinzzz Sa+ ZZ al/g Sa

a g(l ~ A\ Qa
Hspin boson — Z Z ((1 +a )S; ’ (2)

where §¢ ="V, 6%,/2 [24], with a =x, y, z are the
collective spin operators for the ith ensemble, 67, are the
Pauli spin operators for the kth spin in the ith ensemble,
S = N/2 is the total angular momentum of the system and
a the annihilation operator of the bosonic mode satisfying

[a,a’] = 1. The parameter w((ll ) describe local fields on the

collective spins, Wg/;) the collective spin-spin interactions,
w,, the bosonic mode excitation energy and g, the spin-
boson couplings. The collective spin operators inherit the
SU(2) algebra of their subsystems satisfying the commu-
= ie"’§5; ;. Because of the collec-
tive nature of the interactions, the model conserves the total
spin 87 = (87) + ($1) + (§7)”.

The dissipative boson and spin terms of the Lindbladians
are defined by

tation relations [S¢, S'f |

with k,, representing the boson loss rate and F(j% € C the

elements of the dissipative spin matrix I') € C** with
a,p = x,y, z. Although in the examples discussed in the
Letter we consider cases with I') positive semidefinite,
representing in fact a Lindbladian master equation, our
proofs are independent of such constraint, thus valid for
more general dynamics not fully in Lindblad form.
Exactness of the mean-field (MF) approach.—Because
of the collective character of the spin operators, the spins
within each ensemble are permutationally invariant. This
symmetry simplifies considerably the description of the
macroscopic observables
. a'+a .. at-a na
x NOT p z\/m, m¥=S87/S (5)
in the thermodynamic limit. Specifically, in this limit MF is
proven exact as we show using a cumulant expansion
approach [25-28] (different proofs are also known [29,30]
using different methods). Such an approach shall be useful
both to (i) define variables of interest for our gapless
condition, (ii) set clear limits of validation for the MF; and
(iii) extend the proof for more general systems (discussed
later in the manuscript). The reasoning behind our proof is
as follows. The first, second, and third order cumulants of
general observables are defined, respectively, by

Deriving the Heisenberg equations of motion for the
second cumulant of the macroscopic observables, which
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we denote with a lower case notation 0; =7, X or p, we ob-

serve that K(0;,0,)=f[hK(0,)K(6,.0,).hK(5,.0,.0,).
hi' /N,h/(W'N)] with f a linear function of its arguments,
P, q ranging from the possible observables of the system

and h, i’ the possible coupling parameters (w%iﬁ, GJu» kKOr )

(see Supplemental Material [25] for detailed calculations).
The function has no independent first-order cumulant terms.
Therefore, assuming 4 as finite coupling constants, given an
initial uncorrelated state (e.g., a product state) with

lim K(d,,6,) =0,

N—oo

lim K(6,,0,,0,) =0, (7)

N—-oo

one has K(o j»0¢) =0 implying that the state remains
uncorrelated, and therefore the dynamics shall be con-
strained to the MF first order cumulants, proving its
exactness. We remark that despite MF is usually assumed
exact for collective spin-boson systems, this may not always
be the case. Recall that the derivative function f also
depends on the system couplings and its scaling with
system size. Recently it was proposed collective spin
systems acting as quantum heat engines for which the
coupling strength scales nontrivially with system size [31];
despite still having a well-defined thermodynamic limit, it
leads to the failure of MF due to the unusual scaling and,
consequently, to a nontrivial (enhanced) performance of the
heat engine. Our proof thus provides a simple understanding
for these limitations, and can shed light for engineering
more general systems failing MF with possibly unusual
emergent features. In summary, the MF approach is exact as
long as the weight product between couplings and the initial
state is negligible according to the derivative function f and
Eq. (7). Moreover, since the resulting first order cumulants
describe macroscopic observables, the corresponding
dynamical rates in the Heisenberg equations of motion
must be extensive with the system size (a subtler condition
often not discussed [25]).

Sufficient condition.—For simplicity, we discuss here the
case of a continuous time-independent Lindbladian. The
case of Floquet Lindbladian follows similar reasoning, as
we discuss later. The evolution of a quantum state () with
the Lindblad master equation is given by

p(t) = Pngss + Zei’tpi[ﬁ(())]v (8)

where pnpss 1S the nonequilibrium steady state of the
dynamics (i.e., L[pngss] =0), 4; are the generalized
eigenvalues of the Lindbladian and P; their corresponding
superoperators. The gap of the Lindbladian is defined as,

Ay = maxRe(4;), 9)

which are always nonpositive. Dissipative TCs breaking
a continuous time-symmetry feature gapless excitations

(i.e., limy_ Ay = 0) along with a nonzero imaginary part
for such eigenvalues [Im(4;) # 0] inducing nontrivial
coherent oscillation in the system dynamics.

In the case of anondegenerate Lindbladian (Ay # 0, V N)
we see directly that both limits commute limy ,_p(7) =
lim, y_ P (t) = PnEss. Where we use the notation limy p_, .=
limy_,  limg_, . On the other hand, if the Lindbladian has
gapless excitations in the thermodynamic limit—and only in
this limit, thus excluding possible decoherence-free sub-
spaces with Ay = 0 for finite N—one may have a non-
commutativity between these two limits,

lim p(r) # lim p(1). (10)

N,t—00 t,N—>oco

The noncommutativity of the NESS properties works as a
sufficient condition for gapless modes in general nonde-
generate Lindbladian, a main property we will explore in the
Letter.

In the thermodynamic limit the dynamics becomes exact
within a mean-field approach, therefore a natural “order
parameter” to seek for the existence of gapless excitations
follows from the study of cumulant correlations. Specifically,
given an initial uncorrelated state lim, y_,.,K(0;, 0,)(t) = 0
[Eq. (7)], a sufficient condition for noncommutativity follows
from the inverse limit,

lim K(0;,0,)(t) = lim [K(0;,0)Ness # 0. (11)

N,t—00 N—oo

where [K (0, 07)|ngss = ((0,0¢) = (0:)(07) )ngss» showing
that nonzero macroscopic cumulant correlations in the NESS
come along with gapless excitations.

We focus here in the discussion of cumulants, but it is
worth remarking that any other noncommuting feature
could also be employed as a sufficient criterium for gapless
modes. In particular, a class of states with null macroscopic
cumulant correlations are those of coherent pure states—
the mean-field pure state ansatz. Assuming that this relation
is bijective, i.e., any state with null macroscopic cumulants
corresponds to a coherent pure state, our gapless condition
could be rephased in terms of any property not shared by
coherent pure states, which may be simpler to determine
depending on the system. An equivalent condition could
rely in this way on the purity of the state, as studied for spin
systems with p-order interactions [10] or with a modified
parity-time symmetry [12], for which the mixedness of the
steady state was indeed observed in association to gapless
modes and furthermore to the presence of boundary time
crystals.

Considering Eq. (11) is satisfied the mean-field dynam-
ics can behave in different forms due to the existence of
conserved quantities in the system: (i) if the correlations
concern to boson degrees of freedom, the mean-field may
still reproduce the NESS one-body macroscopic observ-

N

ables correctly, i.e., [K(0;)|xgss = [K(0;)]yr since there
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are no constraints to their expectation values; (ii) however,
dealing with collective spins this can never be reached due
to the angular momentum conservation >, ((/%)?) = 1,
and this is a crucial observation. Specifically, this con-
servation can be rewritten as Y, [K (M%) |3gss + [K (W7,
M) Ingss = 1 = O [K(m%)]3 . Given Eq. (11) and from
the fact that K (%, m%) > 0 V j, there must be at least an

such that [K(m®)]xgss # [K(m&)]yr in the equality.
Therefore, in this case the MF fails completely in the
attempt to reproduce the one-body NESS macroscopic
observables, and the dynamics can become “lost” due to its
inability to match these expectation values, as illustrated
in Fig. 1. We study below different models for which the
cumulant gapless condition is satisfied, and find an
interesting connection to persistent dynamics with the
possible formation of dissipative time-crystal behavior
[32]. The inability of MF to reach the NESS values seems
to lie at the core of these behaviors, showing the importance
of conservation laws (as also considered in different models
Refs. [33-36]) and correlations for such phases.
Hermitian Lindblad operators.—Perhaps the simplest
case correspond to Lindbadians with Hermitian jump
operators, for which the dissipation leads to a collective
dephasing on the spins or boson degrees of freedom
suppressing the off-diagonal terms in the density matrix
with respect to their eigenstate basis. If the Lindbladian has
no degeneracy for finite system sizes, given any initial state
the dynamics is driven towards the maximally mixed state
o1 =1/d, with d the normalization constant, which by
definition has nonzero macroscopic cumulant correlations.
The steady state in this case is trivial for any strength of
dissipation, with no specific ordering among the spins. This
class of Lindbladians satisfy Eq. (11) and therefore always
support gapless modes. A simple example follows a single
spin ensemble (M =1) driven by a coherent field
Hamiltonian along the x direction (w,) and a dissipation
along the orthogonal z direction (I',.), with all other
parameters null in the Lindbladian [Eq. (1)]. The gap
eigenvalue 1, (the one with largest nonzero real part) of the
Lindbladian shows in the limit of large system sizes a
gapless scaling —Re(4,) ~ 1/N with an imaginary term
[Im(4;)| ~ @,. While the decay rate (real part) arises from
the dephasing, the coherent oscillations (imaginary term)
follow directly from the field applied to the spins, with both
features acting roughly independently of each other (see
Ref. [25]). Although one may still observe persistent
dynamics on its observables, it arises simply from the
applied field on the spins (notice that the frequency is
independent of the dissipation), and not due to a correlated
dynamics. A different situation arises, however, for systems
with non-Hermitian Lindblad operators. In this case the
competing coherent and dissipative dynamics can generate
nontrivial steady states and possibly ordered dissipative
time-crystal phases. We discuss examples below.
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FIG. 2. (a) Dynamics of cumulants C =), K(/M¢%, m¢) for

different system sizes, with @,/x = 2. The inset shows the finite
size scaling analysis, converging to a non-null value in the
thermodynamic limit. (b) NESS cumulants for varying ratio o, /x
and system sizes.

Collective spin-1/2 model—A model with non-
Hermitian Lindblad operators supporting nontrivial steady
states corresponds to a single spin ensemble (M = 1)
driven by competing coherent transverse field @, and a
dissipative decay with

Fx,x = ry,y = \/’?v 1—‘y,)c = l\/’? = F;,y’ (12)

[equivalently, the dissipation corresponds to a decay
Lindblad jump operator \/kS_, with §, = (S‘xi-iS‘y)],
while all other parameters are null. As discussed in
Ref. [18] in the thermodynamic limit (and only in this
limit) the model features persistent oscillations of its
macroscopic magnetization (dissipative TC) for the weak
dissipative regime w,/k > 1 (see Fig. 1), while in the
strong dissipative case w,/kx < 1 it shows a relaxation to its
steady state. We show in Fig. 2(a) the dynamics for the
cumulants in the dissipative TC phase with its oscillations
and nonvanishing thermodynamic limit (inset). The gapless
excitations tend to spread correlations among the spin
constituents of the ensemble. In Fig. 2(b) we compute the
cumulant phase diagram for the steady state of the model.
While for stronger dissipation the spins dominantly decay,
roughly pointing all down along the z direction and
therefore with null correlations among them, for weaker
dissipation there are indeed nonzero macroscopic correla-
tions in the NESS. The region with dissipative TC phase is
therefore precisely the one with non-null macroscopic
cumulants, corroborating our arguments. We also analyzed
extended models composed by a pair of interacting spin-
1/2 systems (M = 2). Our results show again a connection
between cumulant correlations to dissipative TCs (see
Ref. [25] for details).

Floquet spin-boson system.—We also consider time-
dependent Floquet Lindbladian dynamics. Specifically, a
modulated open Dicke model with a single spin ensemble
(M = 1) interacting with a single-mode cavity. This model
of interacting systems supports dissipative time-crystals
phase robust to perturbations, as examined in detail by
Gong et al. in Ref. [19]. The Lindbladian is defined as
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Eq. (1) where the spin-boson coupling g,(#) is modulated
periodically,

Gt +T) = gu(t) = { (13)

with T the Floquet period, the cavity (spin) field is given

by @, (a)gl)) and cavity loss by the rate x,. All other
parameters are null. The model can break its discrete time-
translation symmetry showing subharmonic oscilations
with period nT, for n > 1.

In the case of Floquet dynamics we must revisit the gap
definition. It is now appropriate dealing with the Floquet-

Lindblad superoperator Uy = Tef @0 The Floquet
steady state is described by the elgenvalue of the operator
Ur with 4; = 1. The gap describing the slowest relaxation
mode of the system is the closest to the unit ratio, i.e.,

A [Floquet] -1

N — max|4;|. (14)

{4}

With this definition all our gapless condition arguments
remain unchanged, based on the cumulant correlations of
the Floquet steady state.

The analysis of the dynamics for the system is very
demanding in the limit of large number of spins due to the
high dimensionality of the Hilbert space. Nevertheless, one
can work with an effective description of the model, within
an adiabatic elimination of the spin degrees of freedom and
under specific conditions [19]. The boson-only description
is given by the coherent Hamiltonian,

H=w,a"a-
and losses as Eq. (3). The couplings are given by

1560[,, 0<t< z

—wp’
0, £ <

ez, Y

Q(1+T)=Q(1) = {

with Q4(¢) = Q,(#). The dynamics of the system can be
studied numerically, truncating the maximum boson occu-
pancy sufficiently large. Given an initial coherent state, we
show in Fig. 3(a) the Floquet dynamics for the system in the
thermodynamic limit, with couplings «, = 0.1w, and
€ = 0.1 supporting a dissipative TC. The macroscopic
position operator, after an initial transient time, is charac-
terized by a stable period doubling dynamics. Performing a
finite-size scaling for the macroscopic cumulant correla-
tions we obtain their scaling with system size shown in
Fig. 3(b). Once more, concomitant with macroscopic
correlations, the system supports gapless Floquet excita-
tions, as shown in the inset of Fig. 3(b).

@ (b) 08 =
05 06 /' oo
= Sx
o~ < <
& 0 S 108
i —~Re (K(2,p)) N
05 ool f@n |
-1 0 |
0 10 20 30 40 50 0 20 40 60
n N
FIG. 3. (a) Stroboscopic dynamics (¢, = nT) for the macro-

scopic position operator with N = 60, considering a coherent
state as initial condition. (b) Cumulant correlations K (9;, & j) in
the NESS for different macroscopic observables. The inset shows
the floquet spectral gap A" [Eq. (14)] with the number of
spins NV, highlighting its exponential decay. In all plots we used a
maximum boson occupation of d;, = 65.

Permutationally invariant systems.—QOur MF proof and
gapless condition can be extended to more general systems,
as we illustrate below. Specifically, we generalize to
Lindbladians satisfying a weaker restriction, that the
expectation values of the spins be permutationally invariant
in the dynamics:

<HA‘?,€> <Ha“k> YV ki Kin, (17)
=1 =

where (0) = Tr(p(t)0), k, # k,, and k,, # Kk, for p # g,
i.e., for each ith spin ensemble the n-body correlated

magnetization is independent on the spin microscopic
labels (k; and k}). We consider as an example a dissipative

spin channel with possible spatial dependence,

=30 S (-

Jjk=1 ap
with  well- defined thermodynamic

limpy_, o ZJ 17’aﬂ /N and limy_ Zﬁék a/} /N finite.
The previously discussed collective spin dissipation
[Eq. (4)], as well sufficiently long-range [13] and strictly

St ). (s)

couplings ie.,

local ones (y;’jﬂ = 0; j¥ap) lie as specific cases of the above

channel [37]. The proof follows similarly to the previous
discussions (see Ref. [25] for details).

Conclusion.—In this Letter we discussed a condition for
gapless excitations in a class of Lindbladians described by
collective spin-boson models and general permutationally
invariant systems. The condition based only on the macro-
scopic cumulant correlations is important not only for
analytically establishing the fundamental relationship
between NESS properties and system dynamics, but also
from a practical point of view in the spectral determination
without the need for a time evolution integration of the
master equation or its exact diagonalization. These results
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can be insightful towards a proper understanding of the basic
mechanisms for persistent dynamics in the thermodynamic
limit. Interesting perspectives rely on the generalization for
different models, i.e., nonpermutationally invariant systems
[38]. Moreover, since our condition is a sufficient one, it
would be important to extend to the necessary conditions for
gapless excitations as well. Finally, we expect that our
results will have an impact on the experimental implemen-
tation. Such phases have recently been observed in atom-
cavity systems [39-42]. Envisioned with state-of-the-art
quantum simulation platforms [43—47], one could engineer
different forms of correlated dissipative steady states in spin-
boson systems, and therefore different dissipative time-
crystal implementations.

The codes for the numerical simulations have been
constructed using the open source QuTiP library and free
software Octave [48].
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