PHYSICAL REVIEW LETTERS 130, 177002 (2023)

Diode Effects in Current-Biased Josephson Junctions

Jacob F. Steiner ,1 Larissa Melischek,1 Martina Trahms,2 Katharina J. Franke,2 and Felix von Oppen
'Dahlem Center for Complex Quantum Systems and Fachbereich Physik, Freie Universitiit Berlin, 14195 Berlin, Germany
Fachbereich Physik, Freie Universitdit Berlin, 14195 Berlin, Germany

® (Received 29 October 2022; accepted 7 April 2023; published 27 April 2023)

Current-biased Josephson junctions exhibit hysteretic transitions between dissipative and super-
conducting states as characterized by switching and retrapping currents. Here, we develop a theory for
diodelike effects in the switching and retrapping currents of weakly damped Josephson junctions. We find
that while the diodelike behavior of switching currents is rooted in asymmetric current-phase relations,
nonreciprocal retrapping currents originate in asymmetric quasiparticle currents. These different origins
also imply distinctly different symmetry requirements. We illustrate our results by a microscopic model for
junctions involving a single magnetic atom. Our theory provides significant guidance in identifying the
microscopic origin of nonreciprocities in Josephson junctions.
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Introduction.—The nonreciprocal behavior of diodes
constitutes a central element of electronics [1,2]. Non-
reciprocity is also central to microwave and radio-
frequency technology [3]. It is clearly a question of both
applied and fundamental concern, whether nonreciprocal
behavior can be realized in superconductors. Recent experi-
ments on superconductors [4—11] as well as related theory
[12—16] indicate that the critical current can indeed depend
on the current direction.

These experiments have been extended to Josephson
junctions, which are particularly promising for device
applications, for instance in the context of superconducting
qubits. A variety of current-biased junctions have been
found to exhibit nonreciprocal behavior [17-25]. Many
junctions are in the weak-damping regime, where the
voltage response is hysteretic [Fig. 1(a)] and the nonre-
ciprocal behavior can occur in multiple characteristic
currents. When increasing the bias current, the junction
switches into the resistive state at the switching current /.
Conversely, when reducing the current bias, the junction
will retrap into the supercurrent state at a smaller retrapping
current /.. The switching and retrapping currents are in
general different from one another and from the critical
current /.. of the junction, the maximal supercurrent that the
junction can in principle support [26]. While the dominant
nonreciprocity is typically in the switching current
[17,21,23,25], it is in the retrapping current in a recent
experiment [27].

Theoretical work [29-37] has largely focused on explor-
ing scenarios in which the current-phase relation and hence
the critical current are asymmetric. Here, we present a
general discussion of nonreciprocities in the various char-
acteristic currents of current-driven Josephson junctions.
Focusing on the low-damping limit with well-developed
hysteresis, we show that nonreciprocities in the switching
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and retrapping currents have different microscopic origins
and require different sets of broken symmetries. While
dominant nonreciprocity in the switching current results
from an asymmetric current-phase relation, dominant non-
reciprocity in the retrapping current originates in asym-
metric quasiparticle dissipation. We illustrate our results by
a microscopic calculation for junctions including a single
magnetic atom. Our results give important guidance for the
design and interpretation of experiments on nonreciprocal
Josephson junctions.

Model—The dynamics of Josephson junctions is con-
ventionally described within the model of a resistively and
capacitively shunted Josephson junction (RCSJ) [26]. This
model assumes that the junction carries capacitive (I.),
dissipative (/,), and noise (6I) currents in parallel to the
supercurrent (/). Current conservation implies that these
currents sum to the bias current [, [Fig. 1(b)],

IC+IO+Id+5I:Ib (1)

The conventional RCSJ model assumes a sinusoidal
current-phase relation [, = I,.sin¢@, Ohmic dissipation
I, = V/R by a shunt resistance R, and a capacitive current
Ic=C V.J ohnson-Nyquist noise associated with the shunt
resistor introduces a fluctuating current with correlator
(6I(1,)81(t,)) = (2T/R)6(t; — t,) at temperature 7. The
Josephson relation V = h¢/2e turns Eq. (1) into a
Langevin equation for the stochastic dynamics of the
superconducting phase difference ¢ across the junction.
In its conventional form, the RCSJ model predicts
reciprocal characteristic currents. Nonreciprocal behavior
can in general be introduced by modified capacitive,
dissipative, or supercurrent terms. Misaki and Nagaosa
[32] showed that nonreciprocal behavior can originate in
nonlinear contributions to the quantum capacitance. This

© 2023 American Physical Society


https://orcid.org/0000-0002-2649-9554
https://orcid.org/0000-0002-2537-7256
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.130.177002&domain=pdf&date_stamp=2023-04-27
https://doi.org/10.1103/PhysRevLett.130.177002
https://doi.org/10.1103/PhysRevLett.130.177002
https://doi.org/10.1103/PhysRevLett.130.177002
https://doi.org/10.1103/PhysRevLett.130.177002

PHYSICAL REVIEW LETTERS 130, 177002 (2023)

Ly(V) + 01 0 T o ”

FIG. 1. RCSJ model for weakly damped Josephson junctions.
(a) Hysteretic dependence of time-averaged voltage on bias
current (7 = 0: red, dashed; 7 # 0: green) and characteristic
currents. Trace generated for asymmetric current-phase relation
Io(¢p) (left inset) and dissipative current I,(V) (right inset).
Dotted traces in insets show corresponding curves used in the
conventional RCSJ model. (b) Equivalent circuit of the RCSJ
model. (c) Phase-space diagram of the deterministic junction
dynamics with coexisting trapped (orange) and running (green)
solutions. Parameters: [28].

mechanism requires different carrier densities on the two
sides of the junction and applies to junctions joining two
different superconducting materials.

The recent experiments [17,21,23,25,27] were per-
formed on junctions made of a single superconductor.
For this reason, we concentrate on nonreciprocities origi-
nating in the supercurrent /, and the dissipative current / ;.
To this end, we allow for general current-phase relations
Iy(¢) and dissipative currents 1, = I,(V). Using Eq. (1)
and the Josephson relation, the phase dynamics is then
described by [38,39]

(hC/2e)p + 1(hp/2e) + Io(@) + 6 =1,.  (2)

The correlator (61(11)81(t,)) = K(V = h¢p/2e)5(t; — 1)
of the current fluctuations is related to the dissipative
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FIG. 2. Histograms of retrapping (iye ) and switching (igy +)
currents for bias currents i, of both signs (£). (a) Conventional
RCSJ model. (b) Asymmetric current-phase relation I,(¢) and
symmetric dissipative current I,(¢). (¢) Symmetric y(¢) and
asymmetric 1,(¢p). Parameters: [28].

current by the fluctuation-dissipation theorem. In the limit
of low temperatures, this implies K (V) = 2T[14,(V)/V] (for
a detailed discussion, see Supplemental Material [28]).
Equation (2) describes the dissipative motion of a phase
particle in a tilted washboard potential U(p) = Uy(p) —
(h/2e)l,p with Iy(¢) = (2¢/h)(dUy/dg). For definite-
ness, we restrict our attention to (periodic) potentials Uy (¢)
with a single minimum ((pg‘i“) and maximum (@§'®*) per
period.

Nonreciprocity and symmetries.—The nonreciprocity in
the switching and retrapping currents have distinctly differ-
ent origins. This can be seen by directly simulating the
Langevin dynamics for a weakly damped junction.
Resulting histograms for the switching and retrapping
currents are shown in Fig. 2. The histograms are indepen-
dent of the direction of the bias current /, for the conven-
tional RCSJ model [Fig. 2(a)]. Only the switching current is
nonreciprocal, when the junction has an asymmetric
current-phase relation, Iy(¢) # —Io(—¢), but symmetric
dissipative current, I,(V) = —1,;(—=V). In contrast, only the
retrapping current is nonreciprocal for asymmetric 7,(V),
but symmetric 7y(¢).

This difference between switching and retrapping cur-
rents reflects that switching and retrapping are due to
different underlying physics. Switching is caused by escape
from a minimum of the tilted washboard potential U(¢),
thus requiring asymmetry in the Uy(¢@) and hence I,(¢).
In contrast, retrapping back into a minimum of U(g) is
induced by frictional energy loss, which depends directly
on the dissipative current ,(V) for the particular bias
direction. This also implies that nonreciprocities in the
switching and retrapping currents have different symmetry
requirements. Asymmetries in the current-phase relation
require breaking of both time-reversal and inversion
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symmetry [4,35]. In contrast, asymmetries of the dissipa-
tive current, 1,(V)#—1I,(—V), require breaking of particle-
hole symmetry (in the normal-metal sense) and inversion
symmetry, while time reversal need not be broken (as for
conventional diodes). The dissipative current has contri-
butions from the quasiparticle current of the junction as
well as the electromagnetic environment. While the latter is
typically symmetric, the quasiparticle current is generically
nonlinear and asymmetric in the absence of inversion and
particle-hole symmetry.

Fokker-Planck description.—To develop an analytical
theory, we follow standard considerations to convert Eq. (2)
into the Fokker-Planck equation [40,41]

L (vt i+ w3 2k0)] )o@

for the time evolution of the probability density p(¢, v;7)
as a function of the phase ¢ and its velocity v = ¢'. Here,
we have defined a dimensionless time variable 7 = Q7 in
terms of the plasma frequency Q, = [4¢’E;/h*C]'/>,
where E; = d’Uy(p™)/dgp? is the Josephson energy.
[This implies Uy(¢) = —E; cos ¢ for a sinusoidal current-
phase relation.] Also defining dimensionless currents
i = (h/2e)I/E; and potentials u = U/E,, the Langevin
equation (2) becomes ¢ +iy(¢')+io(¢)+8i=1i,, where
primes denote derivatives with respect to dimensionless
time 7. The noise correlator (5i(z,)5i(7,)) =k(¢')5(r; —15)
involves k(v) =20i,(v)/v in terms of the reduced
temperature 6 = T/E;.

At zero temperature, the Johnson-Nyquist noise
vanishes, 6i = 0. Then, the dynamics of the phase variable
becomes deterministic, with two types of solutions. For
small bias currents, the phase is locked to a minimum ¢™"
of the washboard potential u(¢) and the junction supports
supercurrent flow, i, = io(¢™"). For large bias currents,
there is a running solution corresponding to a resistive state
of the junction. In this state, the phase variable moves in a
fixed direction at all times and the energy gain due to the
current bias is compensated by the friction induced by the
dissipative current.

For weak damping, the two types of solutions coexist
at intermediate bias currents, see the phase-space diagram
in Fig. 1(c). Then, the junction transitions between the
two types of solutions due to Johnson-Nyquist noise
and exhibits hysteresis. The nonreciprocal behavior of
Josephson junctions is controlled by the transition rates
between the trapped and running states, which we now
derive for general current-phase relations and dissipative
currents.

Switching rate.—We first consider the switching rate out
of the trapped into the running state. For weak damping, the
energy—and consequently the action—of the undamped
motion are slowly varying variables. Then, the Fokker-
Planck equation can be reduced to a drift-diffusion equation

for the distribution function p(J) of the action J = ¢ dov
(here, § denotes an integral over one period of the trapped
motion) [42,43]. Using the general drift-diffusion equation
0.p = d;|—vp p —|— Do, p| and deducing the drift velocity
vp = — f depiy(v) as well as the diffusion coefficient

= [270/w(J) fd(pzd ) from the Langevin equation,
we obtain (see Ref. [28] for details)

op 0 2760 0
o aJ{ a/) [1 N aj} } @)
Here, we introduced the (dimensionless) energy &; =
§ deiy(v), which is dissipated per period. The current-
phase relation and the bias current also enter via the angular
frequency a)(.l ) =2rdh(J)/dJ of the trapped motion,
where i = 1 v* + u(g) is the Hamiltonian of the undamped
junction.
Deriving the transition rate from the trapped into the
running state is now an escape problem out of a metastable

well [41]. In the low-temperature limit, we find the
(dimensionless) activation rate (see Ref. [28])

_eq(Jg)my &g
oo =AMy {1, )

The transition rate depends exponentially on the activation
barrier ez = h(J) — h(J = 0) out of the metastable well.
[Here, Jp is the action of the undamped separatrix motion
beginning and ending at the unstable maximum ¢™¥*, see
red dashed contour in Fig. 1(c), and J = O corresponds to
the phase particle at rest in the stable minimum @™ ]
Dissipation only affects the preexponential attempt fre-
quency through e,(J3), the limit of the dissipated energy
per period as the separatrix between running and trapped
motion is approached. oy is the oscillation frequency in the
minimum of the tilted washboard potential u(¢).
Retrapping rate.—We now consider the retrapping rate
from the running into the trapped state. For weak damping,
the retrapping current is parametrically smaller than the
critical current and proportional to the strength of dissipa-
tion. We can thus restrict attention to small bias currents
implying a weakly tilted washboard potentlal Under these
conditions, we focus on the actlon J=; 72(1) g evalu-
ated for the Hamiltonian hy = 1 v? + uy(p) of the unbiased
junction. Note that the action J is now defined as an integral
over all ¢, as appropriate for the running state. The action is
again slowly varying with time and satisfies a drift-diffusion
equation [44]. The drift involves a contribution from the
bias current i, in addition to the dissipative term, v, =

fozmgn ) dgiy(v) + 2xli,|. The diffusion constant be-
220/ (J)] 77" dg i (v). This gives [28]

P — s {a -2+ 252 ©

comes D =
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for p = p(J). Here, ¢,4(J) = g”sgn(ﬂ) dpiy(v) is the dis-
sipated energy per period in the running state.

Following analogous steps as for the switching rate, we
obtain the (dimensionless) retrapping rate [28]

ngnibl - irO,i]z}- (7)
i(v

Here, we define the retrapping currents

irO,sgnv =
(1/27) foz’rsgn(“) dpis(v(Jp)) in the absence of fluctua-
tions, where Jp is the action of the separatrix beginning
and ending at neighboring unstable maxima ¢{**. The
average phase velocity 7 is the solution of i, = i,;(?) and
the upper (lower) sign applies for i, > 0 (i, < 0). The
expression for the retrapping rate is valid at low temper-
atures and for bias currents sufficiently far from i, ..
For Ohmic friction and sinusoidal current-phase relation,
our result reduces to the classic expression of Ben-Jacob
et al. [45].

Nonreciprocity of switching and retrapping currents.—
With these preparations, we are in a position to discuss
nonreciprocity in weakly damped Josephson junctions in
rather general terms. First, consider the nonreciprocity
properties of the switching rate. If uy(¢p) is symmetric
about ¢ =0 [and thus iy(¢) = —ig(—¢)], Eq. (4) gov-
erning the switching rate is explicitly symmetric under sign
changes of the bias current i,. This follows since the
dissipation parameter ¢; and the frequency w(J) are
expressed as integrals over a full period of the trapped
motion, in which the phase velocity v changes sign [28].
This conclusion remains true even if the dissipative current
iy(v) is asymmetric in v. We thus find that as for the critical
current, nonreciprocal switching rates require breaking
of time reversal symmetry, such that uy(¢) is no longer
symmetric under ¢ — —¢ and the barrier €z becomes
dependent on the sign of the bias current i,.

Equation (6) governing the retrapping rate is explicitly
symmetric under sign changes of i, as long as the
dissipative current i,(v) is symmetric. This is true for
any potential uy(¢). A nonreciprocal retrapping rate origi-
nates in asymmetry of i,;(v), which leads to i, # i,0_.
Thus, a nonreciprocal retrapping rate requires breaking of
particle-hole symmetry (in the normal-metal sense), so that
the contribution of the quasiparticle current to i,(v) can be
asymmetric. In contrast, breaking of time-reversal sym-
metry [asymmetric uy(¢@)] is not required.

The switching and retrapping rates allow one to derive
expressions for the average switching and retrapping
currents. We assume a bias-current ramp i,(7) = ar with
rate a. Then the switching current i, can be defined
through P, (is,) = %, where P, is the probability to be in the
trapped state. Using the switching rate (5), one finds that
the shift in the switching current Aig, 4 = igy+ —ic+
relative to the critical current is equal to [28]

Aisw.i ~ {01n|: 8d<JBO) :| }l/ﬂi
Qs epo | 2maln 2| — @min| '
where Jp, is the action of the separatrix in the ab-
sence of damping and bias current and p. = |pi**—
@) i1 /epo. Similarly, we find that fluctuations shift
the retrapping rate away from i, by [28]

Aireiz{ei;(a) id;_)ln[e[i/d(T_})P id(_)]}l/27 ()

2z(aln2)® o

where the right hand side is evaluated for i), = %i, ..
These expressions make the nonreciprocities of the average
switching and retrapping currents explicit. While Eqgs. (8)
and (9) assume sufficiently high barriers as well as smooth
drift and diffusion of the action [28], our qualitative results
are valid more widely as indicated by the numerical results
in Fig. 3. We also note that while our analytical
results focus on the regime of thermally activated switching
and retrapping, quantum tunneling may become relevant at
sufficiently low temperatures. This will affect explicit

0.2
(a) o, ® [© () Wiy, Wi,
/5 0 O Py g 2 ] Zre7_ /LSW7_
B =7 =
Eenknill i
—0.2 ; — 0 0 || ] 118 __nlIIII Il.
' -2 0 2 0.0 0.25 0.5 0.0 0.25 0.5 0.0 0.25 0.5
|2 |23 2]
FIG. 3. Microscopic model of Josephson junction with magnetic impurity. (a) /-V characteristics of quasiparticle current due to

YSR state associated with magnetic impurity for different potential scatterings K. (b)—(d) Histograms of switching and retrapping
currents corresponding to /-V characteristics in (a) (note color-coded box), emphasizing the importance of particle-hole symmetry.

Parameters: [28].
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temperature dependences, but leaves our qualitative results
unaffected.

Yu-Shiba-Rusinov junctions.—We illustrate the impor-
tance of particle-hole symmetry for the retrapping current
by microscopic results for a Josephson junction hosting a
magnetic adatom coupled to one of the electrodes (for a
recent experiment, see Ref. [27]). The spin of the adatom
couples to the electrode electrons via both exchange
scattering 7 and potential scattering /C, with the latter
being nonzero only when particle-hole symmetry is broken
[46]. These couplings induce Yu-Shiba-Rusinov (YSR)
resonances within the superconducting gap, which are
symmetric in energy, but in general asymmetric in intensity
for nonzero potential scattering. This provides a micro-
scopic model for an asymmetric quasiparticle current
[Fig. 3(a)] accompanied by a symmetric current-phase
relation. Consistent with our general theoretical analysis,
a simulation of the junction dynamics based on a standard
model for YSR states [47-50] (see Ref. [28] for details)
exhibits asymmetric retrapping currents for nonzero po-
tential scattering K, with the direction of the asym-
metry dependent on the sign of C [Figs. 3(b) and 3(c)].
Symmetric retrapping currents are observed for K =0,
when particle-hole symmetry is preserved [Fig. 3(d)].

Conclusions.—We have developed a general theory of
nonreciprocity in current-biased Josephson junctions,
focusing on the hysteretic behavior for weak dissipation
(high quality factor). We have shown that a nonreciprocal
switching current originates from nonreciprocity of the
supercurrent. In contrast, a nonreciprocal retrapping current
originates from quasiparticle dissipation which is asym-
metric under a sign change of i,. Moreover, these different
sources of nonreciprocity have different symmetry require-
ments. While nonreciprocal switching currents require
breaking of time reversal symmetry, nonreciprocity of
the retrapping current requires breaking of particle-hole
symmetry, but not of time reversal symmetry. Recent
experiments on weakly damped Josephson junctions
revealed dominant nonreciprocities in both, the switching
and the retrapping current. Our theory implies that these
nonreciprocities have fundamentally different microscopic
origins.
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as well as CRC 910 (project Al11).
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