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Recent experiments have shown an indication of a hydrodynamic magnon behavior in ultrapure
ferromagnetic insulators; however, its direct observation is still lacking. Here, we derive a set of coupled
hydrodynamic equations and study the thermal and spin conductivities for such a magnon fluid. We reveal
the drastic breakdown of the magnonic Wiedemann-Franz law as a hallmark of the hydrodynamics regime,
which will become key evidence for the experimental realization of an emergent hydrodynamic magnon
behavior. Therefore, our results pave the way toward the direct observation of magnon fluids.
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Introduction.—Quantum transport has attracted a
profound growth of interest owing to its fundamental
importance and many applications. Recent significant
developments in experimental techniques have further
boosted the study of quantum transport. Notably in ultra-
clean systems, strong interactions between particles dras-
tically affect the transport properties, resulting in an
emergent hydrodynamic behavior: examples include elec-
trons [1–3], phonons [4,5], cold atoms [6–8], and quark-
gluon plasmas [9,10]. In these systems, the conventional
noninteracting description for particles breaks down
where momentum-conserving scatterings become domi-
nant, which in turn introduces a novel nonequilibrium
state inherent in the so-called hydrodynamic regime. The
most-studied example is the hydrodynamic charge transport
in metals or semiconductors, which gives rise to an active
research field called electron hydrodynamics [11–34].
This concept has revealed various unconventional transport
phenomena such as the negative nonlocal resistance [12,13],
the Poiseuille flow [19–21], the Hall viscosity [22–24], the
geometric control of the flow [25,26], and the violation of
the Wiedemann-Franz law [27–34].
Recent experiments on ultrapure ferromagnetic insula-

tors (FMI) have opened up new pathways for magnon
hydrodynamics [35–37]. Magnons in FMI attract special
attention as a promising candidate for a spin information
carrier [38–43] with good coherence and without dissipa-
tion of the Joule heating compared to conduction electrons
in metals [44–50]. Therefore, hydrodynamic magnon trans-
port implies exhibiting extraordinary features [51–57] as
well as electron hydrodynamics and has a potential for
innovative functionalities beyond the conventional non-
interacting magnon picture. However, the direct observa-
tion of magnon fluids remains an open issue due to the lack

of probes to access the time and length scales characteristic
of this regime.
In this Letter, we derive a set of coupled hydrodynamic

equations for a magnon fluid in topologically trivial bulk
FMI by focusing on the most dominant timescales. Based
on the obtained equations, we investigate the thermal and
spin conductivities for magnon systems in the hydro-
dynamic regime. In the conventional transport regime,
the ratio between the two conductivities has a material-
independent universal value, which is known as the
magnonic Wiedemann-Franz (WF) law [58–62]: a magnon
analog of the celebrated WF law [63]. Here, as a hallmark
of the hydrodynamic regime, we reveal that the ratio shows
a large deviation from the law, implying that magnon-
magnon interactions affect the two conductivities in radi-
cally different ways. Therefore, our results are expected to
become key evidence for the emergence of a hydrodynamic
magnon behavior and lead to the direct observation of
magnon fluids.
Formulation.—We outline how to derive a set of coupled

hydrodynamic equations for a magnon fluid (for details,
see the Supplemental Material [64]). We start from the
magnon Boltzmann equation [66–76] that governs the
evolution of the magnon distribution function nkðr; tÞ in
the phase space:

∂nk
∂t

þ ∂ωk

∂k
·
∂nk
∂r

¼ Cmm
N ½nk� −

nk − Nk

τU
; ð1Þ

where ωk is the dispersion of magnons with momentum k.
For ultrapure FMI, we only consider magnon-number-
conserving exchange interactions as magnon-magnon
scattering processes, which can be divided into the con-
tribution of normal (N) process and Umklapp (U) one in
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the usual manner, and neglect the dipolar interactions. We
have also assumed the absence of external driving forces
and relaxation time approximation for U process with τU.
Cmm
N is the collision integral for N process. Here, N process

conserves the momentum, while U process does not. As N
scattering rates are very large, an out-of-equilibrium
distribution nk will decay first into the drifting distribution

nð0Þk given by Eq. (3), and from this state it will relax
toward static thermal equilibrium. Instead,U process tends
to relax the magnon populations toward local thermal
equilibrium Nk, which is given by the Bose-Einstein
distribution with a finite chemical potential μ due to the
magnon number conservation.
From the collision integral Cmm

N in Eq. (1), we can
identify the collision invariants N λ, which are defined asR ½dk�Cmm

N N λ ¼ 0 with
R ½dk�≡ R

d3k=ð2πÞ3. Cmm
N guaran-

tees that the quantitiesN λ ¼ ð1;ℏk;ℏωkÞ do not change in
the evolution of the distribution function. Following the
standard approach [77–83], the conservation laws for
number, momentum, and energy densities are obtained
as follows:

∂

∂t
hN 0i þ ∇ · JN 0 ¼ 0; ð2aÞ

∂

∂t
hN ii þ ∇ · JN i ¼ −

hN ii
τU

; ð2bÞ

∂

∂t
hN 4i þ ∇ · JN 4 ¼ 0; ð2cÞ

where we have defined the fluxes JN λ corresponding to
each invariant density hN λi≡ R ½dk�N λnk. −hN ii=τU is
the momentum relaxation force stems from U process.
In the hydrodynamic regime, the system reaches local

equilibrium via N magnon-magnon scatterings, which
conserve the total number, momentum, and energy of
the magnon system. For this reason, we assume that the
distribution functions in the zeroth order are described as

nð0Þk ¼
�
exp

�
ℏωk − ℏk · v − μ̃

kBT

�
− 1

�
−1
; ð3Þ

which is referred to as the local equilibrium distribution
function. Notably, ð−μ̃=T;−v=T; 1=TÞ are the position- and
time-dependent intensive thermodynamic parameters, which
are conjugate to each collision invariant N λ ¼ ð1;ℏk;ℏωkÞ
of the magnon system. Here, the drift velocity v is a
Lagrange multiplier enforcing the momentum conservation.
μ̃ is the chemical potential in the frame that moves with the
fluid: μ̃ ¼ μ −m�v2=2. We use the quadratic dispersion for
magnons ℏωk ¼ ℏ2k2=2m� with the effective mass m� for
simplicity and computability [56]. Under these conditions,

nð0Þk is transformed into Nk under the Galilean transforma-
tion from the frame in which the fluid moves with the

velocity v to the frame in which it is at rest: ℏk → ℏkþm�v.
Note that the nonequilibrium magnon chemical potential
μ [36,48–50,73] is present here due to the magnon number
conservation under both N and U processes. The magnon
chemical potential is an essential ingredient for heat and
spin transport.
Deviation from the local equilibrium distribution n0k ¼

nk − nð0Þk creates the dissipative number, momentum, and

energy fluxes: J ¼ Jð0Þ þ J0, Πji ¼ Πð0Þ
ji þ Π0

ji, and Q ¼
Qð0Þ þ Q0 with Jð0Þ ¼ 0, Πð0Þ

ji ¼ Pδji, and Qð0Þ ¼ 0. By
using these quantities, the hydrodynamic equations are
obtained as follows:

∂n
∂t

þ ∇ · ðnvþ J0Þ ¼ 0; ð4aÞ

ρ

�
∂

∂t
þ v ·∇

�
viþ

∂

∂xi
Pþ ∂

∂xj
Π0

ji¼−
ρvi
τU

; ð4bÞ

∂u
∂t

þ ∇ · ðuvþ Q0Þ þ P∇ · vþ Π0
ji
∂vi
∂xj

¼ ρv2

τU
; ð4cÞ

where n, ρv ¼ m�nv, and u are the magnon number,
momentum, and internal energy densities. The force that
drives the magnon flow is the gradient of the magnon
pressure P. Heat currents Q ¼ Q0 can be obtained only
when considering the deviation from the local equilibrium.
Here, U process produces not only the momentum relax-
ation but also the internal energy relaxation to the lattice
environment. Although similar hydrodynamic equations
are derived in Ref. [56] from the same starting point,
Eq. (3), the inequivalence of the momentum density and the
number flux stems from fluctuations around the local
equilibrium here, which is different from the correction
to the particle current operator due to the magnon-magnon
interactions [56]. Furthermore, our theory includes the
momentum relaxation processes that have a significant
importance for the main results.
Entropy production.—The entropy production is one of

intriguing aspects of the hydrodynamic approach [84].
After straightforward calculations, the entropy production
rate is obtained as the balance equation for the entropy
density s ¼ uþ P − μn:

∂s
∂t

þ∇ ·

�
svþQ0 −μJ0

T

�

¼Q0 ·∇
�
1

T

�
þΠ0

ji

T
∂jð−viÞþ J0 ·∇

�
−
μ

T

�
þ 1

T
ρv2

τU
: ð5Þ

The entropy production rate is given by the product of
thermodynamic driving forces and their conjugate dissipa-
tive currents. We should note that the adiabatic evolution
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condition, Q0 ¼ J0 ¼ Π0
ji ¼ 0, reproduces the dissipation-

less equations in Eq. (4). Furthermore, these pairs obey the
Onsager reciprocity relations [85,86]. These relations
describe the effects on an irreversible flux of an extensive
conserved quantity by intensive thermodynamic variables.
For example, gradients in the magnon chemical potential
can be treated as conjugate forces for spin transport in the
Onsager relations. By analogy with the thermoelectric
Onsager relations, thermo-spin Onsager relations connect
magnonic spin and heat currents.
Thermal and spin conductivities.—Based on the obtained

hydrodynamic equations, Eq. (4), and the entropy produc-
tion rate, Eq. (5), we investigate the spin and heat currents in
the hydrodynamic regime. In the following analysis, we
consider the linear response under constant gradients of the
temperature and chemical potential. In order to calculate
the dissipative heat and magnon currents, we also perform
the relaxation time approximation for N process,

Cmm
N ½nk� ¼ −

nk − nð0Þk

τN
: ð6Þ

For the purpose of obtaining the linear thermal conductivity,
we assume the deviation from the local equilibrium dis-

tribution δnk ¼ nk − nð0Þk is small to justify the use of the
linearized Boltzmann equation. Then, δnk is obtained as

δnk ≃ −
�
1

τN
þ 1

τU

�
−1

×

��
∂

∂t
þ ∂ωk

∂k
· ∇

�
nð0Þk þ nð0Þk − Nk

τU

�
: ð7Þ

We further assume that δnk satisfies the conditions:R ½dk�N λδnk ¼ 0. Under these conditions, the densities of
conserved quantities hN λðr; tÞi ¼ hN λðr; tÞið0Þ are deter-

mined by the local equilibrium distribution nð0Þk . This
assumption is necessary for not violating the conservation
laws under the relaxation time approximation [87].
In the following analysis, we ignore ∂=∂t because we are

interested in steady state transport properties. Substituting
δnk into hydrodynamic variables, we obtain the magnon and
heat currents in the linear response regime, respectively:

J ¼ −
τN

τN þ τU
nð0Þm vþ

�
1

τN
þ 1

τU

�
−1 T

m�

×

�
nð0Þm ∇

�
−
μ

T

�
þ ðuð0Þ þ PÞ∇

�
1

T

��
; ð8aÞ

Q ¼ −
τN

τN þ τU
ðuð0Þ þ PÞvþ

�
1

τN
þ 1

τU

�
−1 T

m�

×

�
ðuð0Þ þ PÞ∇

�
−
μ

T

�
þ 7

3
hN 2

4ieq∇
�
1

T

��
; ð8bÞ

where hN 2
4ieq ≡

R ½dk�ðℏωkÞ2Nk. The transport coefficients
Lij in the linear response regime are defined as

�
J

Q

�
¼

�
L11 L12

L21 L22

��∇ð−μ=TÞ
∇ð1=TÞ

�
:

In the hydrodynamic regime, the transport coefficients are
described by the drift velocity v. In our hydrodynamic

equations, ∇P¼−nð0Þm T½∇ð−μ=TÞþα∇ð1=TÞ� drives mag-

non flows with α ¼ ðuð0Þ þ PÞ=nð0Þm . By solving Eq. (4b) as

ρð0Þm v ¼ τUVn
ð0Þ
m T½∇ð−μ=TÞ þ α∇ð1=TÞ�, the components

of Lij are obtained as,

L11 ¼
�
1

τN
þ 1

τU

�
−1
nð0Þm

T
m� ð1 − VÞ; ð9aÞ

L12 ¼
�
1

τN
þ 1

τU

�
−1
ðuð0Þ þ PÞ T

m� ð1 − VÞ ð9bÞ

¼ L21 ¼ αL11; ð9cÞ

L22 ¼
�
1

τN
þ 1

τU

�
−1
ðuð0Þ þ PÞ T

m�

×

�
7

2
kBT

Li7=2ðzÞ
Li5=2ðzÞ

− Vα
�
; ð9dÞ

where we have introduced the polylogarithm function
LisðzÞ≡P∞

n¼1 z
n=ns, the fugacity z≡ eμ=kBT, and the

renormalized velocity V. V deviates from unity when
viscous effects are switched on. As can be seen from
Eq. (9), the transport coefficients Lij obey the Onsager
reciprocity relations.
In the following, we consider magnon fluids in bulk FMI

in order to justify neglecting nonlocal effects. Substituting
V ≈ 1 in Eq. (9), we obtain the spin and thermal con-
ductivities as

σm ¼ τU
1

m�
ℏ
Λ3
T
Li3=2ðzÞ; ð10aÞ

κm ¼
�
1

τN
þ 1

τU

�
−1 1

m�
k2BT
Λ3
T

�
35

4
Li7=2ðzÞ −

25

4

Li25=2ðzÞ
Li3=2ðzÞ

�
;

ð10bÞ

where ΛT ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πℏ=m�kBT

p
is the thermal de Broglie

wavelength. Here, we have defined the spin and thermal

conductivities as ℏðnð0Þm vþ JÞ ¼ σm∇ð−μÞ and Q ¼
κm∇ð−TÞ. While the spin conductivity is not affected by
momentum-conserving N process because the spin current
here is the momentum flow of magnons, the thermal
conductivity is drastically changed by both processes as
a hallmark of the hydrodynamic regime.
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Breakdown of the magnonic WF law.—Weare now ready
to discuss the breakdown of the magnonic WF law in the
hydrodynamic regime.ThemagnonicWF lawclaims that the
thermal and spin conductivities satisfy the relation [58–62]

κm
σmT

				
non-int

¼ k2B
ℏ

�
35

4

ζð7=2Þ
ζð3=2Þ −

25

4

ζ2ð5=2Þ
ζ2ð3=2Þ

�
; ð11Þ

where this ratio shows the material-independent universal
value so-called the magnonic Lorenz number: a magnon
analog of the well-known WF law [63]. Here, we have used
the fact that the polylogarithm function LisðzÞ can be
approximated by the Riemann zeta function ζðsÞ ¼P∞

n¼1 1=n
s for z ≈ 1. In the hydrodynamic regime, the ratio

becomes

κm
σmT

				
hydro

¼
�

τN
τN þ τU

�
κm
σmT

				
non-int

; ð12Þ

which indicates that the standard form of the magnonic WF
law is reduced by a factor τN=ðτN þ τUÞ owing to the
difference in the relaxation processes between spin and heat
currents in Eq. (10). Equation (12) is the main result of this
Letter. Especially in the hydrodynamic regime, τN ≪ τU,
large deviations from the law are implied by this factor.
Discussion.—Finally, we will discuss the experi-

mental feasibility of the breakdown of the magnonic
WF law. According to Refs. [88–91], relaxation times
are estimated as τ−1N ∼ ðT=TeÞ3kBT=ℏ and τ−1U ∼ffiffiffiffiffiffiffiffiffiffiffi
T=Te

p
expð−12Te=TÞkBT=ℏ with Te ¼ 2SJ=kB ∼ 37 K

for yttrium iron garnet. The difference in temperature
dependences of these two relaxation times originates from
possible regions in reciprocal space under the scattering
processes limited by overall conservation of energy and
momentummodulo reciprocal lattice vectors [53,54,92,93].
Figure 1 illustrates the temperature dependences of scatter-
ing rates 1=τ. The red box dictates the area satisfying
τN ≪ τU, namely, the hydrodynamic regime. The ratio
κm=σmTjhydro in units of the magnonic Lorenz number
κm=σmTjnon-int is depicted in the inset of Fig. 1. When the
magnon system enters the hydrodynamic regime, the ratio
shows a large deviation from unity, which in turn results in
the drastic breakdown of the magnonic WF law. We should
discuss the effect of the dipolar interactions in realistic
magnets that violates the magnon number conservation.
The magnon dumping rate due to the dipolar interactions is
in the order of 106 s−1 [56] and is much slower than τ−1N and
τ−1U (see Fig. 1). Therefore, we neglect the dipolar inter-
actions here and the hydrodynamic description including
the number conservation law is valid under the dynamics
we are interested in.
As the system enters the collisionless regime where the

hydrodynamic description is invalid, an emergent sound
mode referred to as the zero-magnon mode appears in low
dimensional Heisenberg ferromagnets [94]. Although it

needs microscopic calculations and is beyond the scope
of our study, the impact of the zero-magnon mode on
the magnonic Lorenz number may be an interesting
future work.
Conclusion.—In summary, we have developed a basic

framework of magnon hydrodynamics for topologically
trivial bulk FMI, which is composed of the hydrodynamic
equations, Eq. (4), and the entropy production rate, Eq. (5).
Based on these equations, we have first investigated the
dissipative magnon and heat currents, which obey the
Onsager reciprocity relations, and then the thermal and
spin conductivities. As a hallmark of the hydrodynamic
regime, we have revealed that the ratio between the two
conductivities shows a large deviation from the standard
form, the so-called magnonic WF law. Here, we have
identified an origin of the drastic breakdown as the differ-
ence in relaxation processes between spin and heat cur-
rents, which is unique to the hydrodynamic regime. The
violation of the magnonic WF law does not depend on the
details of the magnon dispersion: a universal feature of
the hydrodynamic regime. Therefore, our results may yield
key evidence for the experimental realization and detection
of magnon fluids in a wide range of materials.
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