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While dissipative Rydberg gases exhibit unique possibilities to tune dissipation and interaction
properties, very little is known about the quantum many-body physics of such long-range interacting
open quantum systems. We theoretically analyze the steady state of a van der Waals interacting Rydberg
gas in an optical lattice based on a variational treatment that also includes long-range correlations necessary
to describe the physics of the Rydberg blockade, i.e., the inhibition of neighboring Rydberg excitations by
strong interactions. In contrast to the ground state phase diagram, we find that the steady state undergoes a
single first order phase transition from a blockaded Rydberg gas to a facilitation phase where the blockade
is lifted. The first order line terminates in a critical point when including sufficiently strong dephasing,
enabling a highly promising route to study dissipative criticality in these systems. In some regimes, we also
find good quantitative agreement of the phase boundaries with previously employed short-range models,
however, with the actual steady states exhibiting strikingly different behavior.
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Strongly interacting Rydberg atoms undergoing driving
and dissipation allow the study of a wide range of many-
body effects not seen in their equilibrium counterparts,
ranging from dissipative quantum sensors [1] to self-
organizing dynamics [2]. These effects are enabled by the
presence of a strong van der Waals interaction between the
atoms, which is fundamentally long ranged. Yet, very little
is known about the many-body properties of such systems,
as long-ranged open quantum systems are inherently hard
to simulate on classical computers [3]. Here, we present a
variational calculation of the steady state phase diagram of
a long-range interacting Rydberg in an optical lattice.

A key feature of strongly interacting Rydberg gases is
the appearance of the Rydberg blockade, where the strong
van der Waals interactions prevent the excitation of
neighboring Rydberg atoms [4-9]. However, given the
intrinsic challenges associated with the treatment of open
quantum many-body systems, most works studying dis-
sipative Rydberg gases have employed short-range inter-
actions [10-16], which are inadequate for strongly
blockaded Rydberg gases. As a consequence, the steady
state phase diagram of blockaded Rydberg gases is essen-
tially unknown.

In this Letter, we present the application of a variational
approach for the nonequilibrium steady state of Rydberg
atoms with strong repulsive van der Waals interactions.
Notably, we explicitly account for correlations between
multiple Rydberg excitations. Based upon the variational
results, we find a dissipative variant of the Rydberg
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blockade in the pair correlation function, where any
simultaneous excitation within a certain blockade radius
is strongly suppressed. In addition, we investigate the
interplay between coherent driving and dissipation, finding
a first-order dissipative phase transition, which terminates
in a critical point under sufficiently strong additional
dephasing. Finally, we analyze the validity of effective
short-range models to describe the dynamics even in the
blockaded regime, where we find that such effective models
actually perform better in the presence of a strong Rydberg
blockade when it comes to the computation of phase
boundaries; however, the properties of the steady states
significantly differ between the long-range and short-range
models.

Model.—Dissipative processes involving electronic exci-
tations can often be described in terms of a Markovian
master equation in Lindblad form as the frequency of the
emitted photons provides for a natural separation of time-
scales required for the Markov approximation [17]. Then,
the time evolution of the density matrix p is given by

M
.1 .
_ k) (k) k)t (k
L(p) = —ilH,p| + g E [c§ )pc§> —E{cﬁ-) cj»),p} .

(1)
where L denotes the Liouvillian superoperator L(p) = 9,p,

which consists of a coherent part represented by the
Hamiltonian H and a dissipative part characterized a set
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FIG. 1. Setup of the system. (a) Strong van der Waals repulsion
leads to a blockade of simultaneous Rydberg excitations over a
number of sites of the square lattice. (b) Internal level structure
showing a two-photon excitation of a single Rydberg state with a
Rabi frequency Q and a detuning A, as well as laser-assisted
dissipation via an intermediate excited state.

of jump operators cﬁk) with j(k) running over N constitu-

ents (M dissipation channels). The coherent dynamics of a
ground state atom being laser driven to a single Rydberg
state can be expressed in a spin 1/2 Hamiltonian as

hA G , hQ
H=- 2
> 10 +2Z (2)

i<j

where Q is the driving strength, A is the detuning from
the atomic resonance, and Cg denotes the strength of the
repulsive van der Waals interaction [18,19] involving the
projector P onto the Rydberg state. In our work, we
consider the atoms being loaded in a two-dimensional
optical lattice, see Fig. 1. The derivation of the jump
operators ¢; is more subtle [20], but laser-assisted dis-
sipation via an intermediate electronic excitation allows the

use of effective jump operators of the form c =7 ol

with y being the effective decay rate from the Rydberg state
into the ground state [21]. Furthermore, this setup has the
advantage that it allows tuning of the dissipation rate
independently from the other properties of the Rydberg
state such as the C¢ coefficient. Here, we also assume that
the laser-mediated decay is much faster than the natural
decay of the Rydberg excitation or changes in the Rydberg
state by blackbody radiation, therefore we neglect these
processes. In addition to the dissipation we also allow for a

second set of jump operators c =./7 oz , where 7,

denotes a dephasing rate ansmg, e.g., from noise of the
driving laser.

Concerning the experimental setup, we consider a square
optical lattice trapping Rubidium-87 atoms with a lattice
spacing of a = 532 nm. Here, we consider laser driving
from the electronic ground state by a two-photon transition
to the state [29S) /,), which has a van der Waals coefficient

of Cs = h x 17 MHz um® [32].

Variational treatment of long-range correlations.—In
the following, we will be interested in the properties of the
nonequilibrium steady state given by the condition d,p = 0.
Following the variational principle for steady states of open
quantum systems [11], we turn to a variational paramet-
rization that also allows for long-range correlations, which
are crucial to capturing the physics of the Rydberg block-
ade. For the trial state, we consider a variational ansatz
containing local density matrices as well as long-range two-
body correlations in the following form:

Prar = le + Y RCy;. (3)

i<j

where N is the number of sites, /R is a superoperator
transforming the identity matrix I; into p;, and C;; = p;; —
pi ® pj denotes the two-particle correlations. Crucially, we
ignore higher-order correlations as in dissipative dynamics
with power-law interactions they decay faster than two-
body correlations [22]. The key properties of the variational
ansatz are a parametrized algebraic correlation function for
the Rydberg density, as well as exponentially decaying
terms for the other correlation functions [21]. Considering
the residual dynamics of the ansatz, we define a variational
cost function that can be cast into the form

F,=N"! ||/0va1'||HS (4)
||pvar||HS

where ||O||ys = +/Tr[OOT] is the Hilbert-Schmidt norm
defined according to the inner product (O, O') = Tr[0O0'"].
Using the definition of F, for a translationally invariant
system, and expanding the Liouvillian in terms of local and
interacting terms, i.e., £ =), L;+ > ,; L;;, we end up
with an efficiently computable upper bound, i.e., F, < f,,
that reads as

= gﬂzz«pvar |£1r£1 + ﬁiﬁ]m%{)»

1£j
k) k)
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1 1 (1jki)
5 L1 L £ Ll (5)

where we used the notation ||y s = (£ (yar) £ (prar))-
and g, = {p|p,)) denotes the local purity [21].

Within this approach, we can also make statements about
systems in the thermodynamic limit, even for finite N. This
is possible, as within our variational approach, a system of
N sites is indistinguishable from an infinitely large system

163601-2



PHYSICAL REVIEW LETTERS 130, 163601 (2023)

(@) (®) ©
8150 . . . . 200
=) 0.20 : <
g E15 3 E
= =y g . =L 1501 Blockade
5 015 2 £ 1.00 . &
o™ z =4 o
Py < = ~
< 010 2 3075 <1 100}
= © 0.50F — A/27 =20 [MHz] B -
£ 0.05 & g —— A/2r =80 [MH] 2 501 Facilitation
2 ’ ~0.25 —— A/2r =140 [MHz] ] s
= 5 A/27 = 200 [MH7] &
D_4 " " n n n 0 1 1 I
0 20 30 40 0 000755 0.8 1.0 1.2 1.4 0 10 20 30 10

0
Rabi frequency, ©/27 [MHz]

Distance [pm)]

Rabi frequency, /27 [MHz]

FIG. 2. Variational results for the steady state of two-dimensional driven Rydberg gases in the presence of decay with the rate

y = 2n x 1 MHz. (a) Rydberg density, i.e., (Zi(6§’)> /N +1)/2, obtained from a cluster size of 9 x 9 exhibits a discontinuity for
different values of detuning A signaling a first-order transition, with the steplike discreteness being due to the numerical resolution.
(b) The pair correlation function g, demonstrates a blockaded region for low-density phase (solid lines) and a facilitated region for high-
density phase (dotted lines). In all cases, the driving strength Q was chosen right below the transition (solid) or right above it (dotted).
(c) The steady-state phase diagram is obtained by finite-size scaling of the variational results which resembles a lattice liquid-gas

transition.

in which correlations over a cluster of N sites are
accounted for. Hence, we can easily detect the presence
of dissipative phase transitions by observing nonanalytic
behavior of steady state observables. Note that while our
approach shares some similarities to previous approaches
based on cluster mean-field theory [33,34], a variational
treatment of product states and mean-field theory are not
equivalent, in contrast to the equilibrium case. Therefore,
the variational character of our approach allows us to avoid
some pitfalls associated with mean-field theory in open
systems [11,35,36].

A crucial aspect of our variational approach is to
accurately describe the pair correlation function g,(r;;) =
(P@ng )) / <P£Z>>(P£j )> with relatively few variational para-
meters that need to be optimized. From perturbation theory
in the strongly blockaded regime [37], one can expect that
the pair correlation function behaves for small distances as

G2 (rij) ~ r?j, while for weak interactions at large distances,

one would expect lim,, ., g,(r;;) = 1. An expansion satis-
fying these two limits is given by

(167'6

g (r) = ) (6)
a6r® + > 06 "

where the o, are variational parameters. Here, we truncate
the sum after the second order, for which we find that
Eq. (6) is in good quantitative agreement with exact
numerical simulations of small systems. For correlation
functions involving ¢, or ¢,, we assume an exponential
decay, with the only exception being the correlator
<0§’)0(1 )> — §l)><0(1 )>, which is inherently linked to
¢>(r) through the Lindblad master equation [21].

Steady state phase diagram.—First, we focus on the case
without any dephasing, i.e., y, = 0. Without any dissipa-
tion, the ground state phase diagram of Eq. (2) on a lattice
for A > 0O consists of a series of crystalline phases that can

be either commensurate or incommensurate with the
underlying lattice, and a paramagnetic phase for suffi-
ciently strong driving strength Q [38—40]. Including dis-
sipation, we find a vastly different phase diagram for the
nonequilibrium steady state. Overall, we find the presence
of two competing phases, see Fig. 2, one at low densities
exhibiting the characteristic pair correlation function g, (r)
of the Rydberg blockade, and one at higher densities in
which the Rydberg atoms are either uncorrelated or even
exhibiting bunching of neighboring Rydberg excitations,
i.e., leading to a complete lifting of the Rydberg blockade.
We note that the second phase also covers the so-called
antiblockade or facilitated regime [41-43], where the
detuning cancels the longitudinal field term arising from
the interaction, resulting in an effectively purely transversal
Ising model. Hence, we refer to the to phases as “blockade
phase” and “facilitation phase,” respectively. We find that
the two phases are separated by a first order transition that
stretches throughout the entire parameter space. To deter-
mine the position of the first-order line in the limit of
infinitely large clusters, we perform an analysis in close
analogy to finite-size scaling, using cluster sizes of 5 x 5,
7 x 7, and 9 x 9. The choice of odd numbers is twofold;
first, it considerably simplifies the expressions for the
variational norm as it can be constructed around a site at
the center of the lattice. Second, even and odd sites have
slightly different scaling behavior, so focusing on only one
of them achieves faster convergence. The result of the
cluster scaling analysis is shown in Fig. 2(c). Furthermore,
even in the facilitation phase, we find that the density of
Rydberg excitations is comparatively low close to the
transition, which we attribute to the first excitation still
being suppressed by the van der Waals interaction, which is
much stronger than the driving strength Q. Remarkably, in
stark contrast to the ground state phase diagram, we find no
evidence for additional crystalline phases that are com-
mensurate with the underlying lattice, as the first order line
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FIG. 3. Extensions to the basic model. (a) Inclusion of dephasing results in the termination of the first order line with a critical point.

For A = 27 x 40 MHz, criticality appears at y, = 2z X 16 MHz with the cluster size of 9 x 9. (b) Variational results for an effective
short-range interacting model using a Gutzwiller ansatz (dashed lines) in comparison with the long-range interacting model using the
correlated ansatz (solid lines). (c) For relatively weak driving, the phase transition in dissipative Rydberg gases can be effectively

described by a short-range interacting model.

appears to be a smooth function, with other quantities such
as the blockade radius behaving in a similar way.

Dephasing-induced criticality.—Without dephasing, the
numerical results are consistent with the first order line
extending all the way to A =0, without triggering any
critical behavior, in contrast to both the ground state phase
diagram and the steady-state phase diagram for purely
coherent evolution [23,44]. However, as already known
from other dissipative models exhibiting first-order tran-
sitions [12,45,46], such first order lines between two
competing phases can be turned critical by injecting addi-
tional dephasing noise into the dynamics. Within our
variational approach, we also observe this behavior for
the long-range interacting case, see Fig. 3(a). In particular,
we find the critical point emerging for a detuning of A =
27 x 40 MHz at y,, = 2z x 16 MHz. Such a level dephas-
ing can be realized experimentally by noise on the
excitation laser, opening a very promising route to study
dissipative criticality in such a setting.

Effective short range models.—As already mentioned,
the inherent challenges with studying open quantum many-
body systems has led to most theoretical works replacing
the long-range interaction in dissipative Rydberg gases by a
short-range interaction. While it is clear that this is
inadequate to correctly describe the Rydberg blockade,
one may ask whether such a simplification can still be used
to describe dissipative Rydberg gases, especially since
properly renormalized short-range models have had some
success in describing experiments even in the blockaded
regime [12]. To this end, we develop a systematic way to
derive effective short-range models [21]. Here, we consider
the situation where the detuning is chosen in such a way
that it realizes an antiblockade configuration at a particular
distance . Then, we assume that all lattice sites in between
are effectively frozen and consider an effective model
involving only the remaining sites. As we operate in an
antiblockade configuration, we obtain a purely transversal
Ising model, i.e.,

hQ
Hep = —-

D) O-x +Jeff rq ZGZ GZ ’ (7)

i

where J.¢;(r,) denotes the strength of the nearest-neighbor
Ising interaction which accounts for van der Waals inter-
action excluding terms from the nearest-neighbor up to a
truncation distance r; < v/ [21].

We can benchmark the validity of the effective short-
range model by performing variational calculations. For the
short-range model, we utilize a Gutzwiller ansatz, which
has been shown to give reliable quantitative estimates of the
position of the first order transition [16]. Figures 3(b) and
3(c) confirm that the short-range Ising model is in good
quantitative agreement with the long-range interacting
model after accounting for the number of excluded sites
by rescaling the Rydberg density by a factor of (r,; + 1)?,
provided that the driving strength Q is relatively small. For
larger values of the driving strength, resulting in a decreas-
ing truncation radius r;, the correspondence becomes
worse, although the position of the first order transition
remains quite accurate over a substantially larger region.
This is somewhat counterintuitive, as in the limit where the
truncation distance vanishes, one would expect a short-
range model to be valid, although there are cases when
considering classical rate equations instead of a Lindblad
master equation, where a van der Waals interaction is not
decaying sufficiently fast to allow for a replacement by a
nearest-neighbor interaction [47]. However, while the
short-range model is able to determine the position of
the first order transition, the properties of the competing
phases are vastly different. In the short-range case, the low-
density phase is a weakly correlated gas of Rydberg
excitations, while the high-density phase behaves similar
to an incompressible liquid. In contrast, the low-density
phase in the blockaded regime is strongly correlated, while
positive correlations and compressibility persist in the high-
density phase. Additionally, we find the steady state being
unique except on the first order transition line. This is
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consistent with the picture that there are no additional
symmetries of the master equation away from the transition
line [48].

In summary, we have analyzed the stationary properties
of strongly interacting Rydberg gases under driving and
dissipation using a variational treatment properly capturing
long-range correlations. In stark contrast to the ground state
phase diagram, the steady state of dissipative Rydberg
gases features a single first-order phase transition between a
blockaded phase and a facilitation phase, without any
commensurability effects from the underlying optical
lattice. The first-order line can be tuned critical by
incorporating additional dephasing noise, leading to a very
promising route to investigate dissipative criticality in an
open quantum system. Finally, we find that despite strong
blockade effects, effective short-range descriptions of
dissipative Rydberg gases can be successfully used to
compute the phase boundaries of the steady state phase
diagram and hence can serve as a minimal model, however,
the interpretation of the individual phases requires taking
the long-range correlations into account.
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