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Non-Hermitian systems generically have complex energies, which may host topological structures, such
as links or knots. While there has been great progress in experimentally engineering non-Hermitian models
in quantum simulators, it remains a significant challenge to experimentally probe complex energies in these
systems, thereby making it difficult to directly diagnose complex-energy topology. Here, we exper-
imentally realize a two-band non-Hermitian model with a single trapped ion whose complex eigenenergies
exhibit the unlink, unknot, or Hopf link topological structures. Based on non-Hermitian absorption
spectroscopy, we couple one system level to an auxiliary level through a laser beam and then
experimentally measure the population of the ion on the auxiliary level after a long period of time.
Complex eigenenergies are then extracted, illustrating the unlink, unknot, or Hopf link topological
structure. Our work demonstrates that complex energies can be experimentally measured in quantum
simulators via non-Hermitian absorption spectroscopy, thereby opening the door for exploring various
complex-energy properties in non-Hermitian quantum systems, such as trapped ions, cold atoms,

superconducting circuits, or solid-state spin systems.
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Non-Hermitian physics has witnessed a rapid develop-
ment in recent years due to the finding of peculiar topological
properties without Hermitian counterparts [1-5]. For in-
stance, non-Hermitian systems can have complex energy
spectra with exceptional points or rings [6-31]. This is very
different from Hermitian systems whose energies are always
real. Such complex energies may also exhibit loop structures
in the complex-energy plane with a nonzero winding number,
which is closely related to non-Hermitian skin effects
[32-39]. In addition, more complex knotted topological
structures can arise in complex energies, leading to topo-
logical complex-energy braiding [40—43]. Remarkably, such
complex-energy topology has recently been experimentally
observed in two coupled ring resonators [44] and acoustic
metamaterials [45].

Quantum simulators, such as trapped ions, cold atoms,
superconducting circuits, or solid-state spin systems, pro-
vide flexible and powerful platforms to perform quantum
simulations [46-50]. Recently, creating non-Hermitian
Hamiltonians in these simulators has become an important
research goal due to potential quantum information
processing applications [51]. With experimental realiza-
tions of non-Hermiticity in these quantum systems, the
parity-time (P7) symmetry breaking has been observed
[51-59]. More recently, the diffusion map method is
employed to learn distinct knotted topological phases based
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on experimental raw data in a solid-state spin non-
Hermitian system [60]. However, the deciding feature of
knotted structures in complex energies has not been probed.
In fact, it remains a difficult task in these quantum systems
to experimentally measure complex eigenenergies of a non-
Hermitian system. Very recently, a protocol (dubbed non-
Hermitian absorption spectroscopy) has been proposed to
measure complex energy spectra in these quantum simu-
lators [61], providing an opportunity to probe complex-
energy topology in a trapped ion simulator.

Here, we experimentally realize a non-Hermitian model,
which hosts knotted complex energies, using a single '7'Yb™
ion in a Paul trap. The Hermitian part of the model is realized
through microwave pulses driving the transition between two
system levels, and the non-Hermitian part is implemented
through a resonant laser beam driving an ion from one system
level |1) toa P, level, leading to a population loss of an ion
via the spontaneous emission (as sketched in Fig. 1). To
experimentally measure their complex energies based on
non-Hermitian absorption spectroscopy, we prepare an ion
ona’Ds /2 level (serving as an auxiliary level) and then shine
a weak laser beam to couple it to the system level |0). Aftera
long period of time, we measure the probability of the ion on
the auxiliary level. Complex energies are finally extracted by
fitting the measured probability with respect to a detuning.
The measured complex energies exhibit the unlink, unknot,
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FIG. 1. (a) Schematic of our experimental setup where a '”'Yb™*

ion is confined in a linear Paul trap. We use two 369 nm laser
beams to perform cooling, pumping, and detection of an ion and
to produce a population loss, respectively. A 935 nm laser beam is
applied to repump the leakage back to the Doppler cooling cycle.
We also shine a focused 435 nm narrow-band laser beam to drive
the transition between the |0) level and the auxiliary level |a).
Microwaves are used to implement the Hermitian part of the
models in Egs. (1) and (6). (b) Schematic of laser and microwave
configurations. Colored and black arrows specify the transitions
induced by laser beams shown in (a) and microwave fields,
respectively. Note that energy levels are plotted for visual clarity
rather than based on a real energy scale. (c) Experimental
sequences consisting of Doppler cooling, sideband cooling,
initialization, time evolution, and detection.

or Hopf link topological structures (schematics shown in
Fig. 2), which agree well with theoretical results.

We start by considering a modified non-Hermitian Rice-
Mele model described by

Hyrm (k) = (Jo|0) (1] + H.c.) = 2(J, +ip)[1)(1], (1)
where Jo=/J24J2 with J,=J,+J,cosk, J, = J, sink,

and J, = Jysink + m,. Here, J|, J,, J3, and m, are real
system parameters, and k is the momentum taken in the
interval [0,2x]. |0) and |1) denote two system levels
encoded in two hyperfine states of an ion, and y represents
the decay strength of an ion on the |1) level. Note that this
model has the same eigenenergy as the non-Hermitian
Rice-Mele model Hyy (k) = (J|0)(1] + H.c.) —=2(J, +
iy)[1)(1| where J = J, —iJ, [62]. Owing to the existence
of the loss term, the system’s eigenenergies E. (k) =

J3+ (J. +iy)? — (J. +1iy) are complex, giving rise
to complex-energy topology. For instance, when J5 # 0,
the complex eigenenergies may exhibit the unlink topo-
logical structure consisting of two loops in the complex-
energy plane with the winding number of 1 [see Fig. 3(b1)].
For other parameter values, the model can host the unknot
topological structure with one loop formed by two con-
nected bands characterized by a half winding number [see
Figs. 4(a) and 4(b)].

g ;m(E)
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FIG. 2. Schematics of the (a) unlink, (b) unknot, and (c) Hopf
link topological structures formed by complex energies in the
[Re(E),Im(E), k] space by connecting the energies at k = 0 and
k =2n.

We experimentally implement the Hamiltonian in Eq. (1)
with a single !”'Yb™" ion in a Paul trap as sketched in Fig. 1.
The two states |0) and |1) are encoded in two hyperfine
states |F = 0,mp =0) and |F = 1,mp =0) in the S,
ground-state manifold, respectively. The hyperfine energy
splitting between the two states is wyr = 27 X 12.6 GHz
(here and henceforth we set # = 1). Two microwaves are
applied to generate the coupling between |0) and |1) so that
Jo and J, can be tuned by controlling the intensity and
detuning of microwaves, respectively. To create a popula-
tion loss of an ion on the |1) level, we shine a resonant
369 nm laser beam on the ion to excite it from the |1) level
to the upper 2P, /2 state [see the blue arrow in Fig. 1(b)]. The
laser beam is z polarized so that excitations from other
Zeeman levels (|°S . F = 1, my = £1)) are forbidden by
selection rules. Since the 2P, /2 state has a short lifetime
(r = 8.12 ns) [63], it will spontaneously decay to all the
three Zeeman levels [denoted by wave arrows in Fig. 1(b)],
rendering a large decay rate on the 2P, /2 state.

At this stage, the dynamics of a state is described by the
following master equation:

3
_i(Heffp - pHfo) + Z ZLﬂpLTv (2)

dp/dt =
p=1
where p is the density matrix, L, = /T, |u)(e| (u = 1,2,3)
are Lindblad operators Heff =H,—i),_, LiL,=H, -

il,|e)(e| with T, =3 | T
Hamiltonian realized in our system [see Fig. 1(b) for state
information]. For the master equation, one can adiabatically
eliminate the 2P, /2 state to obtain an effective Hamiltonian
described by Eq. (1) where the | 1) level experiences a decay;
the decay rate y can be varied by tuning the laser power [64].

In experiments, we initially prepare an ion on the |0)
level via Doppler cooling, sideband cooling, and optical
pumping. A resonant 435 nm laser beam is then applied to
excite the ion to the |a) = [*D3)y, F =2, mp = 0) level
through quadrupole transitions so as to prepare the ion on the
auxiliary level. Note that the auxiliary level |a) has a long

u» and H), being the Hermitian

163001-2



PHYSICAL REVIEW LETTERS 130, 163001 (2023)

- olexp. 1 ) 0%l 005} 5% .
S theory ; §0'4 reeee. eeee < 3 D§§ §§§§
r=lE | A WNEL T O EFOWE
= 08F 3 fited |1 —~ -0.1F # o H o or -:-O.IX- % éﬁ
; S ¢ | 2 S ? ezt
ol theory | | \Sf % 3 eeeeeeeeeee \E/ §§§ § @
| I oo e et |
0.6 — L L -0.15— L “Coes” L -0.15 L L L
| -0.5 0 0.5 1 0.07 -0.4 0 0.4 0 7#2 @« 3n/2 2« 0070 w2 7w 372 2w
P AT RNy A,
eeeeeeéeee £—0.08 m@% %%%%%
091 g = - Feom} :
= % SR
s} = o~ o M%
i (1 oy s @ g0
-0.5 0 0.5 -0.4 0 0.4 0 7#2 =« 3n/2 2« 0 72 w 3n/2 2«
0 (MHz) Re(FE) (MHz) k k
FIG. 3. Experimentally measured complex eigenenergies of the modified non-Hermitian Rice-Mele model in Eq. (1). (al),

(a2) Spectral lines of N, with respect to the detuning é obtained by experimental measurements (diamonds with error bars), fitting the
experimental data (red lines) and numerical simulations (green lines) at k = 2z/5 [the corresponding extracted energies are highlighted
by red circles in (b)—(d)]. In the numerical simulation, we set Ny = 1. (bl),(b2) Complex energies in the complex-energy plane. Real
(c1),(c2) and imaginary parts (d1),(d2) of complex energies as a function of the momentum parameter k. The energies are extracted by
fitting spectral lines (circles with error bars) or obtained by diagonalizing the system Hamiltonian (solid lines) based on the realized
system parameters. Here, we realize a topologically nontrivial Hamiltonian with J; = 0.315 MHz, J, = 0.098 MHz, J; = 0.122 MHz,
m, = 0.035 MHz, y = 0.092 MHz, and Q = 0.019 MHz in (al)—(d1) and a trivial Hamiltonian with J3 = 0 and m, = 0.038 MHz in
(a2)—(d2) [the other parameters are the same as those in (al)—(d1)]. In both Figs. 3 and 4, experimental data are averaged over 20
experimental repetitions (each contains 1000 shots) with error bars estimated by the standard deviation of the 20 rounds of experiments.

lifetime (up to 52.7 ms), allowing for long time evolution
without decay [69]. After that, we immediately turn on
microwave pulses and the 369 nm laser beam which imple-
ment the Hermitian and non-Hermitian part of the Hamilto-
nian, respectively. At the same time, the power of the 435 nm
laser beam is turned down to ensure that the auxiliary level is
weakly coupled to the system level |0) (the Rabi frequency is
Q), and the detuning ¢ is adjusted to a fixed value. The system
then evolves for ¢ = 200 ps under the full Hamiltonian
H (k) = Hyru (k) +Q/2(10) (@] +|a)(0]) - d]a) (a]. At the
end of the evolution, the population on the auxiliary level is
given by

Ny(t) = No(ale™r'|a),

3)

where N is the initial population on the auxiliary level.
Experimentally, we perform the detection of the population
N, of anionin the S}/, manifold to determine the population
on the auxiliary level through N, = 1 — N [see Fig. 1(c) for
experimental sequence and Supplemental Material [64] for
more experimental details].

The experimentally measured spectral lines (N, versus
0) enable us to extract both real and imaginary parts of
eigenenergies of our realized non-Hermitian model.
Specifically, since the Hamiltonian in Eq. (1) is in a generic
form involving all possible terms in our experimental setup,

its system parameters including Jy, J,, and y can be
extracted by fitting the measured spectral lines based on
Eq. (3). This is done by finding a set of parameters under
which the results from Eq. (3) fit the experimental data best.
Once we obtain them, the complex eigenenergies are
immediately calculated. In a real experiment, we also need
to consider the initial population N, on the auxiliary level
as a fitting parameter because it is usually smaller than 1
due to the initial preparation error caused by residual
phonon and laser dephasing.

Figures 3(al) and 3(a2) display two typical experimen-
tally measured spectral lines. We find that the experimental
results are very well characterized by a fitted line, giving
rise to complex energies, which are in good agreement with
the theoretical results [as shown by red circles in Figs. 3(b)—
3(d)]. In Figs. 3(al) and 3(a2), one may also notice some
slight discrepancies of the fitted line from the theoretical
results. This is attributed to the fact that N is slightly
smaller than 1 in a real experiment (as reflected by the
experimental results at a large detuning), while it is set to 1
(an ideal value) in the theoretical simulation.

By tuning the system parameters J, and J, which depend
on k, we experimentally measured all complex energies
for all momentum parameters k and plotted them in
Figs. 3(b)-3(d). We see that the measured energy spectra
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agree well with the theoretical results, demonstrating the
feasibility of our method in detecting the complex energies
of non-Hermitian quantum systems. More interestingly, the
measured complex energies clearly capture the unlink and
trivial structures for the topologically nontrivial and trivial
phases, respectively. For the nontrivial phase, the loop
structure in the complex-energy plane can be characterized
by the winding number [70]

2 dk
w, = Z_ak arg[En(k) - EB]’ (4)
0 T

which counts the number of times that the nth energy band
winds around a base energy Ep in the complex-energy
plane. For a topologically nontrivial system [Figs. 3(bl)—
3(d1)], both energy bands form closed loops, and the
winding number is given by w, = 1 for n = 1 and 2 for
properly chosen base energies Ep. However, for a trivial
system [Figs. 3(b2)-3(d2)], the energy bands do not exhibit
topological properties, and the winding number is zero for
any Ejp.

Figures 3(cl) and 3(c2) also illustrate that one can
accurately probe the real parts of complex energies with
very small errors. However, for the imaginary parts dis-
played in Figs. 3(d1) and 3(d2), we observe much larger
errors; these errors are also related to the magnitude of
imaginary eigenenergies, that is, the errors become larger as
[Im(E)| increases. Such phenomena about errors might be
attributed to the structure of spectral lines. As proved in
Ref. [61], the spectral line is a combination of multiple
absorption dips, with the center position and half width of
each dip closely related to the real and imaginary part of an
eigenenergy, respectively. Owing to experimental imper-
fections, the probed spectral lines have noises as shown in
Figs. 3(al) and 3(a2), which leads to finite errors in the
detection of complex energies. A detailed analysis about
errors [64] shows that the center positions of absorption
dips are robust against experimental noises, while the half
widths are not, so that the errors in the real parts of
eigenenergies are smaller, in contrast to those in the
imaginary parts. Furthermore, as |Im(E)| increases, the
absorption dip becomes wider and shallower, making its
half width more sensitive to experimental noises, which
may explain the observed phenomena about errors. One can
also find the results for a shorter evolution time ¢ = 80 ps
in the Supplemental Material [64].

For the modified non-Hermitian Rice-Mele model, the
two energy bands become closer and finally merge with
each other as we vary system parameters, e.g., decrease J1,
leading to one connected loop in the complex-energy plane
as shown in Fig. 4(a). Such a structure is also referred to as
the unknot. Our experimentally measured complex ener-
gies, which are in good agreement with the theoretical
results, also illustrate the existence of the unknot topologi-
cal structure [see Fig. 4(a)]. The structure of the two bands
can be further demonstrated by plotting the energy bands in
the [Re(E), Im(E), k] space, where the first band (in green)
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FIG. 4. Experimentally measured complex energies with the
unknot (a),(b) and Hopf link (c),(d) topological structures.
Complex energies are plotted in the complex-energy plane in
(a) and (c), and in the [Re(E),Im(E), k]-space in (b) and (d).
We realize the model in Eq. (1) with J; =0.195 MHz,
J, =0.098 MHz, J; =0.100 MHz, m, =0.038 MHz, and
y = 0.127 MHz, in (a) and (b) and the model in Eq. (6) with
m,=0.13MHz, g; =0.05 MHz, g, =0.08 MHz, y,=0.15 MHz,
and g3 = 0.07 MHz in (c) and (d). In (b), we shift the second
band (in red) along the z axis by 2z in order to display the full
periodicity of the energy band.

and the shifted second band (in red) form a smooth curve
from k = 0 to k = 4x. Such a feature can be described by a
modified winding number defined as [71]

W, = f’"”ﬂakarg[ (O—El.  (5)

2mm

where m is the smallest positive integer satisfying
E,(k+2mn) = E,(k). For the complex energies in
Figs. 4(a) and 4(b), the winding number measured relative
to a base energy Ej inside the loop is given by W, = 1/2,
characterizing the 4z periodicity of each energy band.
The experimental results in Fig. 4(b) well characterize this
feature.

We now extend our scheme to detect more complex
topological structures in complex energies by considering
another two-band Hamiltonian [44],

Hyg (k) = mo, + g[1)(1

(6)

where g=2[g, cosk+ g,cos2k+i(gs3sin2k—y,/2)] with m,,
J1> 92, g3, and y being real parameters. The eigenenergies
of this Hamiltonian can exhibit the Hopf link structure
for some parameters’ values [see Fig. 4(d)]. Similarly, we
experimentally implement this Hamiltonian in our trapped
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ion platform and probe its complex energies based on non-
Hermitian absorption spectroscopy.

In Figs. 4(c) and 4(d), we show our experimentally
measured complex energies as well as the theoretical
results, illustrating that each energy band forms a closed
loop in the complex-energy plane. In contrast to the unknot
structure shown in Fig. 4(a), the two bands do not merge
even if they are close to each other. In fact, except circling
around a base energy, the energy bands also wind around
each other from k =0 to k = 2z, forming a Hopf link
structure characterized by the winding number [44,72]

im = [ oarslEu (0 - B0 ()

with v = vy, € Z being twice the number of times that the
two bands wind around each other. The calculated winding
number based on experimental data is given by v =2,
which agrees with the fact that each band winds around the
other band once as shown in Fig. 4(d). In addition, we
compute v using the experimental data in Fig. 4(a), giving
v =1 in agreement with the half winding of each energy
band with respect to the other one. The topology of
separable bands can also be described by conjugacy classes
of braid groups which have a one-to-one correspondence
with knots or links [41]. Thus, the topological invariant v
can be interpreted as the degree of the braid, i.e., the
number of times that the two bands braid with each other
when projected onto the [Re(E), k] plane.

In summary, we have experimentally diagnosed the
knotted topology in complex energies by probing both
real and imaginary parts of complex energies of a non-
Hermitian model with a single trapped ion. The exper-
imental results illustrate the unlink, unknot, or Hopf link
topological structures in complex energies, which agree
well with theoretical results. Such a method can be
straightforwardly extended to other quantum simulators,
such as cold atoms, superconducting circuits, or solid-state
spin systems. Our experiment thus provides a basis and
opens an avenue for exploring various complex-energy
properties in non-Hermitian quantum systems.
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