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Parton saturation is one of the most intriguing phenomena in the high energy nuclear physics research
frontier, especially in the upcoming era of the Electron-Ion Collider (EIC). The lepton-jet correlation in
deep inelastic scattering provides us with a new gateway to the parton saturation at the EIC. In particular,
we demonstrate that azimuthal angle anisotropies of the lepton-jet correlation are sensitive to the strength of
the saturation momentum in the EIC kinematic region. In contrast to the predictions based on the collinear
framework calculation, significant nuclear modification of the anisotropies is observed when we compare
the saturation physics results in eþ p and eþ Au scatterings. By measuring these harmonic coefficients at
the EIC, one can conduct quantitative analyses in different collisional systems and unveil compelling
evidence for saturation effects.
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Introduction.—The parton saturation phenomenon [1–6],
predicted by the color glass condensate (CGC) theory [7,8],
is one of the cutting-edge topics thatmany physicists strive to
explore, and it is also one of the profound questions that the
electron-ion collider (EIC) [9–12] intends to address.Various
observables have been proposed to search for the signals of
the parton saturation at the future EIC (see, e.g., a recent
review [13]). Especially, two-particle correlations [14–46],
including the azimuthal correlations of dijet [14–39] or
dihadron [41–45] in the inclusive or diffractive processes,
are one of the promising observables under intensive study in
the last decade; see also the tremendous applications in the
large hadron collider and relativistic heavy ion collider [14–
16,47–90]. The azimuthal angle anisotropies of two-particle
correlations can be obtained through harmonic analysis, and
they offer unique perspectives and channels to identify and
probe the parton saturation at the EIC [17–25,37–40].
Recently, the lepton-jet correlation (LJC), a novel type of

two-particle correlation, was introduced in Refs. [91,92] to
study the quark transverse-momentum-dependent (TMD)
distributions in deep inelastic scatterings. It is interesting to
note that this observable is directly defined in the lab frame
(or the center-of-mass frame of the incoming lepton and
hadron) and thus can be conveniently measured by the
detector. This process allows one to use the scattered lepton
as the tagging reference, which can be identified and

measured rather precisely, and the recoiled jet as the
probe [93,94] to study the soft dynamics of the process
in the back-to-back correlation region, where the system’s
imbalance transverse momentum jq⃗⊥j is much softer
than its relative transverse momentum jP⃗⊥j. Since the
Bremsstrahlung emission of gluon (and photon) favors
the collinear region, it was shown that large radiation-
induced anisotropy in LJC [95] can be generated within the
TMD and collinear factorization framework [95–99].
The objective of this Letter is to use the LJC anisotropy

as a novel probe to study parton saturation in detail. As
an early exploration, we present quantitative evaluations
of several LJC anisotropies with various inputs in the CGC
and collinear formalisms. In particular, we demonstrate
that the hcos nϕi coefficients, namely, the harmonics of
LJC, can shed light on distinct behaviors of the saturation
phenomenon in the small-q⊥ region. Here ϕ is the
azimuthal angle difference between q⃗⊥ and P⃗⊥, and n is
the harmonic number.
First, due to the collinear enhancement of final-state jet

gluon emission, the near-cone gluon emission has the
largest probability in general, and thus produces significant
initial anisotropies. Second, through numerical and analytic
analysis, we find that the saturation effects can significantly
suppress the anisotropy in the small-q⊥ region especially in
eþ Au collisions. In the CGC framework, the typical
transverse momentum of incoming quarks is related to
and determined by the saturation momentum Qs, and it is
due to random multiple scatterings and small-x gluon
emissions, which have no angular preference. Thus, one
expects that saturation effects tend to reduce the final
measured LJC anisotropies. For the cases with appreciable
saturation momentum Qs, the anisotropy can be largely
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washed out in the region jq⃗⊥j≲Qs. In addition, due to the
nuclear enhancement of the saturation momentum Q2

s ∝
A1=3 with A the nucleon number, a strong nuclear modi-
fication of the final anisotropies is then predicted by
changing the target hadron from the proton to heavy nuclei,
such as Au. Thus, this new observable at the upcoming
EIC may yield additional compelling evidence for the
parton saturation.
Lepton-jet correlation at small x.—We investigate the

production of the lepton and jet in deep inelastic
scatterings as

lðkÞ þ AðpÞ → l0ðklÞ þ JetðkJÞ þ X; ð1Þ

and measure their azimuthal angular correlations in
the back-to-back region [jq⃗⊥j ¼ jk⃗l⊥ þ k⃗J⊥j ≪ jP⃗⊥j ¼
jðk⃗l⊥ − k⃗J⊥Þ=2j]. Based on the TMD factorization and
the small-x formalism [14,15,100–102], we derive the
azimuthal angle dependent cross section for LJC in the
correlation limit. To include the parton showers effects,
the Sudakov logarithms are resumed to all orders using the
technique developed in Refs. [16,103] and [95–98]. In
terms of the harmonic expansion, the cross section can be
cast into

d5σðlP→l0JÞ
dyld2P⊥d2q⊥

¼σ0

Z
b⊥db⊥
2π

Wðx;b⊥Þ
�
J0ðq⊥b⊥Þ

þ
X∞
n¼1

2cosðnϕÞαsðμbÞ
CFcnðRÞ

nπ
Jnðq⊥b⊥Þ

�
:

ð2Þ

Here [104] we can follow the procedures prescribed in
Refs. [16,103] and assume that the relevant small-x
logarithms can be resumed into the small-x quark distri-
butions [105–107]. The rigorous demonstration of the
factorization is expected to be similar to that for dijet
correlations, e.g., Refs. [27–29].
At leading order (LO), the correlation is produced by a

quark (or antiquark) jet and the away side lepton. In Eq. (2),
x is the longitudinal momentum fraction of the incoming
quark with respect to the target proton or nucleus.
From kinematics, one finds x ¼ kl⊥=

ffiffiffiffiffiffiffi
seN

p ðe−yl þ e−yJÞ
and 1 ¼ kl⊥=

ffiffiffiffiffiffiffi
seN

p ðeyl þ eyJÞ, where yl; yJ are the rap-
idities of the produced lepton and jet, respectively,
and seN ¼ ðkþ pÞ2 is the center-of-mass energy. σ0 ¼
ðα2e=ŝQ2Þ½2ðŝ2 þ û2Þ=Q4� is the LO hard cross section with
ŝ, û as Mandelstam variables of the partonic subprocess,
and Q2 ¼ −ðk − klÞ2 as the lepton momentum transfer.
The W function is defined as

Wðx; b⊥Þ ¼
X
q

e2qxfqðx; b⊥Þe−Sudðb⊥Þ; ð3Þ

where fqðx; b⊥Þ denotes the unintegrated quark distribu-
tion in the coordinate space. In the small-x limit, it is related
to the dipole scattering matrix as follows [100,107–110]:

xfqðx; b⊥Þ ¼
NcS⊥
8π4

Z
dϵ2fd

2r⊥
ðb⃗⊥ þ r⃗⊥Þ · r⃗⊥
jb⃗⊥ þ r⃗⊥jjr⃗⊥j

× ϵ2fK1ðϵfjb⃗⊥ þ r⃗⊥jÞK1ðϵfjr⃗⊥jÞ
× ½1þ Sxðb⊥Þ − Sxðb⊥ þ r⊥Þ − Sxðr⊥Þ�;

ð4Þ

where S⊥ is the averaged transverse area of the target
hadron and Sxðr⊥Þ represents the dipole scattering matrix
with r⊥ the dipole transverse size.
The Sudakov form factor Sudðb⊥Þ in Eq. (3) can be

separated into the perturbative and nonperturbative parts,
Sud ¼ SudP þ SudNP. The perturbative Sudakov factor
reads as

SudP ¼
Z

Q

μb

dμ
μ

αsðμÞCF

π

�
ln
Q2

μ2
þ ln

Q2

P2⊥
þ c0ðRÞ

�
; ð5Þ

whereμb¼b0=b�⊥withb0≡2e−γE and γE the Euler constant;
b�⊥ ¼ b⊥=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2⊥=b2max

p
with bmax ¼ 1.5 GeV−1 [111].

Since the small-x quark distributions have already contained
the nonperturbative information on the target, SudNP is
usually not included in the CGC formalism for simplicity.
For comparison purposes, we also compute the LJC in the
TMD framework [95] with the collinear quark distribution
and the standard nonperturbative SudNP [111,112].
The Fourier coefficient cnðRÞ is extracted by analyzing

the soft gluon emission from the initial quark and final jet,
following the procedure in Ref. [95]. After subtracting soft
gluon emissions inside jets, one obtains the residual
dependence on the jet cone size R in cnðRÞ. The exact
expression of cnðRÞ can be found in Ref. [95]. In our
calculation, we choose R ¼ 0.4, where c0 ¼ 1.79,
c1 ¼ 2.60, c2 ¼ 0.95, and c3 ¼ 0.25.
With the harmonic expansion of the differential cross

section in Eq. (2), the azimuthal anisotropy of the LJC
reads as

hcos nϕi ¼ σ0
R
b⊥db⊥Jnðq⊥b⊥ÞWðx; b⊥ÞαsðμbÞ CFcnðRÞ

nπ

σ0
R
b⊥db⊥J0ðq⊥b⊥ÞWðx; b⊥Þ

:

ð6Þ

Using various models for the dipole S-matrix, we can
predict the LJC azimuthal anisotropy hcos nϕi at small x,
and show the dependence on the momentum imbalance q⊥
and the sensitivity to the saturation momentum Qs.
At last, let us discuss the QED modification to the

anisotropy hcos nϕi. As noted by Ref. [95], this modifica-
tion can occur when we turn on the final-state photon
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emissions from the electron side. In this case, we find that
the formula of hcos nϕi in Eq. (6) can be modified by the
following two corrections. First, the QED Sudakov form
factor should be added, which reads as

Sudγ ¼
Z

Q

b0=b⊥

dμ
μ

αe
π

�
ln
Q2

μ2
þ ln

Q2

P2⊥
−
3

2
þ ln

P2⊥
m2

e

�
ð7Þ

with me the electron mass and αe the QED coupling.
Second, the Fourier coefficient αsCFcn is replaced by
αsCFcn þ αec

γ
n, where

cγn ¼ ð−1Þn
�
ln
P2⊥
m2

e
þ 2

π

Z
π

0

dϕðπ − ϕÞ cosϕ
sinϕ

ðcos nϕ − 1Þ
�
:

ð8Þ

We note that cγn is in line with cnðRÞ in the small-R limit
when R is substituted with m2

e=P2⊥, except for the overall
factor ð−1Þn. Moreover, despite the fact that the QED
coupling αe ≈ 1=137 is much smaller than that in QCD, the
soft photon contribution to the anisotropy is enhanced by
the large logarithm lnðP2⊥=m2

eÞ in the correlation region.
Numeric analysis.—To numerically study the harmonic

coefficients hcos nϕi in LJC, we employ the Golec-Biernat-
Wüsthoff (GBW) model [113] and the solution of the
running-coupling Balitsky-Kovchegov (RCBK) equation
[114–124] for the dipole S-matrix Sxðr⊥Þ. For the gold
nucleus target, the corresponding saturation momentum is
chosen as Q2

s;A ≈ 5Q2
s;p, where Qs;p is the proton saturation

momentum. In the GBW model, Sxðr⊥Þ ¼ e−r
2⊥Q2

sðxÞ=4, and
Q2

s;pðxÞ ¼ ðx0=xÞ0.28 GeV2 with x0 ¼ 3 × 10−4. The modi-
fied McLerran-Venugopalan model [118,125], which gives
Sx0ðr⊥Þ ¼ exp f−ðr2⊥Q2

s0Þ1.118 ln½1=ð0.24r⊥Þ þ e�=4g with
Q2

s0;p ¼ 0.16 GeV2 at x0 ¼ 0.01, sets the initial conditions
for the RCBK evolution. As a comparison, we also

compute hcos nϕi in the TMD framework following
Ref. [95] with collinear parton distribution functions
(PDFs) as inputs. Here we adopt the next-to-leading order
PDF sets of CT18A [126] and EPPS21 [127] parametriza-
tions for proton and the gold nucleus, respectively.
With the above inputs, we predict the q⊥ distribution

of the hcos nϕi anisotropies for the following kinematics
bin:

ffiffiffiffiffiffiffi
seN

p ¼ 89 GeV, yl ¼ 2.41, 0.008 ≤ x ≤ 0.01,
4 GeV ≤ P⊥ ≤ 4.4 GeV, 5.6 GeV ≤ Q ≤ 5.9 GeV. This
choice of kinematics coincides with the event simulation
study of the LJC in Ref. [93] for the EIC. Because of
limited collisional energies, it is difficult to access lower x
regions (x ≤ 1 × 10−3). Nevertheless, we later show that
the saturation effects can be amplified with the gold nuclear
target. Here the lower cut for x is chosen as the minimum
value allowed by the kinematic constraints at given seN, P⊥,
namely xmin ≈ 4P2⊥=seN.
Figure 1 shows hcos nϕi for n ¼ 1, 2, 3 as a function of

q⊥ in different models with the proton and gold nucleus
targets. The results based on the RCBK solution and the
GBW model are presented in the solid and dotted lines,
respectively. Here the predictions are made at the jet cone
size R ¼ 0.4.
Let us comment on hcos nϕi shown in Figs. 1(a)

and 1(b). The figures show that the anisotropies start from
zero with sharp rises in the small-q⊥ region, and then their
increase becomes gradual in the larger-q⊥ region. More
specifically, we find that the anisotropies follow a power
law at small q⊥, namely, hcos nϕi ∼ qn⊥, as in Fig. 1(c). The
small-q⊥ behavior of the harmonics is an interesting tool
for us to study the saturation effects in LJC. Moreover, the
anisotropy decreases quickly with the harmonic number n.
Since the dominant asymmetry arises due to the gluon
emission from the quark jet side, the first harmonic (n ¼ 1)
is the largest coefficient. Because of this hierarchy, we only
plot the first three n. Nevertheless, our results show that

FIG. 1. (a) Harmonics in eþ p collisions with the inputs from the RCBK solution, GBW model, and CT18A PDFs. (b) Harmonics
predicted for eþ Au collisions with the inputs, the RCBK solution; GBWmodel; and EPPS21 PDFs. (c) Comparison of the exact results
and the small-q⊥ asymptotic behaviors. Solid lines: the exact results. Dash dotted lines: the small-q⊥ asymptotic expansions in Eq. (10).

PHYSICAL REVIEW LETTERS 130, 151902 (2023)

151902-3



sizable anisotropies can be measured at the EIC at least for
harmonics with n ¼ 1, 2. The above features are consistent
with the collinear framework results; see, e.g., the dashed
lines in Figs. 1(a) and 1(b) and a previous calculation for
the proton in Ref. [95].
Furthermore, in Fig. 2, we show the effect of the QED

correction to hcos nϕi in dashed lines. Using the RCBK
solution as the input, one can find that the QED corrections
are fairly apparent. Especially, we find that the QED
correction reduces the odd harmonics while it increases
the even harmonics. This is expected since the QED
Bremsstrahlung radiation favors the collinear region along
the lepton direction, which is the away side of the gluon
radiation. Analytically, this feature is reflected by the sign
difference between the Fourier coefficient cγn and cnðRÞ for
the odd harmonics, as discussed in Eq. (8).
In fact, by comparing the q⊥ distributions of the

harmonics between eþ p and eþ Au collisions in
Figs. 1(a) and 1(b), we observe a sizable decrease of the
anisotropy hcos nϕi in the small-x formalism when switch-
ing from the proton target to the gold nucleus target. Since
the saturation effects are isotropic in this process, the
anisotropies are suppressed when the saturation momentum
increases. To make this suppression more transparent, we
define the nuclear modification factor as follows:

RðnÞ
eA ¼ hcos nϕieA

hcos nϕiep
: ð9Þ

As shown in Fig. 3, significant nuclear suppression is
predicted for all three harmonics in the low-q⊥ region. On
top of that, the saturation formalism indicates a numerical
hierarchy of suppression as the harmonic number n
increases. This implies that the higher harmonics are more
sensitive to the parton saturation effects.

Also, we find that the QED modifications to the ratio

RðnÞ
eA in Eq. (9) are negligible. This observation can be

understood as follows. For one thing, although the QED
correction to the Fourier coefficient αec

γ
n can have apparent

contributions to the harmonics as shown in Fig. 2, it cancels

between hcos nϕieA and hcos nϕiep in the ratio RðnÞ
eA ; for

another, the Sudakov form factor is dominated by the QCD
contributions, which can be checked in Eqs. (5) and (7).
In addition, one can conduct a comparative study by

computing the above nuclear modification factor RðnÞ
eA based

on the inputs of the nuclear PDFs. Within the collinear
framework, one can encode various nuclear effects in the
nuclear PDFs by fitting them with existing experimental

data. The ratios RðnÞ
eA calculated with the EPPS21 gold

nuclear PDFs [127] and the CT18A proton PDFs [126] are
presented in Fig. 3 with the error band at 90% confidence
level. Here we neglect the uncertainty from the baseline
proton PDFs, since they are small. Interestingly, we find

that the predictions of RðnÞ
eA made with the RCBK solution

and EPPS21 PDFs are substantially different at small q⊥,
although the predictions at large q⊥ all start to converge
toward unity.
The nuclear modification factor plotted in Fig. 3 is the

main result of this work, since it illustrates the striking
difference between the saturation and nonsaturation frame-
works. Therefore, by measuring the LJC anisotropy in eþ
p to eþ Au collisions, one can quantitatively study the
parton saturation and pinpoint its signature features at the
upcoming EIC.
Analytic explanations of the numerical results.—Given

the anisotropies derived in the correlation limit in Eq. (6),
we further expand the expression in the small-q⊥ limit.
Since saturation effects are expected to be dominant in the

FIG. 2. QED modifications to the LJC harmonics with the input
from the RCBK solution for eþ Au collisions. Solid and dashed
lines represent the harmonics without and with QED modifica-
tions, respectively.

FIG. 3. Nuclear modification factors of the harmonics. The
upper bands represent RðnÞ

eA based on the inputs of the EPPS21
gold nuclear PDFs with uncertainties. The lower bands represent

RðnÞ
eA calculated with the RCBK solution, where the gold satu-

ration scale Q2
s;A varies from 3Q2

s;p (upper bound in each band) to
5Q2

s;p (lower bound).
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small-q⊥ region, this asymptotic expansion can provide an
analytic understanding of the nuclear suppression of the
harmonics due to parton saturation.
By approximating the Bessel functions Jnðq⊥b⊥Þ ∼

ðq⊥b⊥=2Þn=Γðnþ 1Þ in Eq. (6), we can obtain the simple
power law behavior for the harmonics, which reads as
hcos nϕi ≈ Cnqn⊥ with Cn defined as the ratio of two
integrals over b⊥. In the correlation limit Q≳ P⊥ ≫ q⊥,
one can justify the saddle-point approximation (see, e.g.,
Refs. [128–131]) in the evaluation of these two integrals,
and thus obtain the harmonics at small q⊥:

hcos nϕi ≈ Cnqn⊥

≈
�

q⊥b0
2ΛQCD

�
n αsðμspn ÞCFcnðRÞ

πnΓðnþ 1Þ
fqðx; bsp⊥nÞ
fqðx; bsp⊥0Þ

×

�
2β1 þ CF

ðnþ 2Þβ1 þ CF

�
1þCF

2β1
lne

c0ðRÞQ4

Λ2
QCD

P2⊥ ; ð10Þ

where β1 ¼ ð33 − 2nfÞ=12, μspn ¼ b0=b
sp
⊥n, b0 ≡ 2e−γE .

bsp⊥n denotes the position of the saddle point:

bsp⊥n ¼
b0

ΛQCD

�
ec0ðRÞQ4

Λ2
QCDP

2⊥

�
− CF
2ð2þnÞβ1þ2CF ; ð11Þ

which is mainly determined by the Sudakov factor in
Eq. (5). In particular, Eq. (11) in the n ¼ 0 case is akin to
the saddle point originally found in Ref. [130].
Figure 1(c) presents the numerical comparison between

the small-q⊥ expansion of hcos nϕi in Eq. (10) and the
exact expression in Eq. (6) with the RCBK solution as the
input for the gold target. One can see that the two results
coincide in the small-q⊥ region.
Let us discuss the dependence of the saturation momen-

tumQs in the harmonics, which has been entirely contained
in the ratio of unintegrated quark distribution fqðx; bsp⊥ Þ in
Eq. (10). One finds that bsp⊥n → 0 in the limit Q≳ P⊥ → ∞
from Eq. (11). Thus we can apply small-b⊥ approximation
on fqðx; bsp⊥ Þ, which yields fqðx; bsp⊥ Þ ∝ Q2

s ln½1=ðQsb
sp
⊥ Þ�

[107,110]. As a result, the anisotropic harmonics have the
following asymptotic form:

hcos nϕi ∝ fqðx; bsp⊥nÞ
fqðx; bsp⊥0Þ

≈
lnðQsb

sp
⊥nÞ

lnðQsb
sp
⊥0Þ

: ð12Þ

Since Eq. (11) implies bsp⊥n > bsp⊥0 for positive n, one can
check that the derivative of hcos nϕi with respective to Qs
is negative. That means as the saturation momentum Qs
increases, the anisotropic harmonics hcos nϕi decrease.
Therefore, we can qualitatively explain the suppression of
the anisotropy observed in the numerical study. As illus-
trated in Fig. 3, there is a numerical hierarchy of the nuclear
modifications, whereby the nuclear suppression becomes
stronger as the harmonic number n increases. This can be

qualitatively explained by Eq. (12) and the fact that bsp⊥n
increases with n according to Eq. (11).
Conclusion.—In summary, by investigating the azimuthal

angle anisotropy of the LJC in deep inelastic scatterings in
the correlation limit, we find that the LJC anisotropy is
sensitive to saturation effects and thus provides us a novel
channel to study the onset of the saturation phenomenon at
the EIC. Through a comprehensive numerical study, we
demonstrate that there is a considerable suppression in the
anisotropy when the target changes from proton to the gold
nucleus. This nuclear suppression is significant in the small-
q⊥ region, where the saturation effects are dominant. In
contrast, we find much smaller nuclear suppression in the
collinear factorization framework. Therefore, the nuclear

modification factor RðnÞ
eA can be used as a benchmark to

distinguish the saturation and nonsaturation frameworks.
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