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Recently, a proper genuine multipartite entanglement measure has been found for three-qubit pure states
[see Xie and Eberly, Phys. Rev. Lett. 127, 040403 (2021)], but capturing useful entanglement measures for
mixed states has remained an open challenge. So far, it requires not only a full tomography in experiments,
but also huge calculational labor. A leading proposal was made by Giihne, Reimpell, and Werner [Phys.
Rev. Lett. 98, 110502 (2007)], who used expectation values of entanglement witnesses to describe a lower
bound estimation of entanglement. We provide here an extension that also gives genuine upper bounds of
entanglement. This advance requires only the expectation value of any Hermitian operator. Moreover, we
identify a class of operators .A; that not only give good estimates, but also require a remarkably small
number of experimental measurements. In this Letter, we define our approach and illustrate it by estimating
entanglement measures for a number of pure and mixed states prepared in our recent experiments.
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Introduction.—The concept of entanglement can be
regarded as a surprising “side effect” of the long-lasting
Bohr-Einstein debates on quantum mechanics. Initially,
entanglement was only identified as the nonfactorizability
of quantum states for two or more parties. Progress in
quantum information and quantum communication (exam-
ples are [1-4]) exposed the practical usefulness of entan-
glement as well as the need for quantification of
entanglement as a resource in various tasks. The solution
to the quantification problem was first developed as an
entropy for pure states [5]. The focus for further work has
moved to what is now called a “genuine entanglement
measure” (GME; see Ref. [6]).

The significant participation of mixed states in practical
experiments puts attention on the absence of any conven-
ient GME measures for mixed states. Among the possibil-
ities to address the well-known difficulty of defining and
evaluating mixed-state measures, an attractive one is based
on convex-roof construction [7]. This one begins with a
pure-state entanglement measure E(y). The extension to all
mixed states is given by

E(p) = min}ZpiE(v/i)- (1)

{piwi i

The optimization is taken over all possible decompositions
of p =>,; pilwi)(yi|- A mixed state p contains no genuine
entanglement if and only if E(p) = 0.
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An analytic expression of Eq. (1) for two-qubit systems
was successfully derived for the concurrence measure [8],
but a systematic evaluation for more complicated systems
has been challenging and is difficult even numerically [9],
not to mention the separate difficulty of making a faith-
ful measurement of mixed-state entanglement in a real
experiment.

In [10], Audenaert and Plenio took a key step forward by
exploring the conditions when correlations or other meas-
urement data are able to reveal entanglement of the system.
Later developments (see Refs. [11,12]) advocated the use
of “entanglement witness operators” with the help of
Legendre transformations to give lower-bound (LB) esti-
mations to the expression, Eq. (1), for an arbitrary entan-
glement measure. These works provide, in principle, a
viable method to estimate entanglement by a lower bound
in real experiments.

However, we note that upper-bound (UB) estimates are
still missing. While a nonzero LB estimate detects the
existence of entanglement, a vanishing result of LB
estimation does not guarantee separability. In order to have
a quantifiable idea of entanglement for a state prepared in a
real experiment, both LB and UB are needed. In fact, only
when the UB estimate is O can one be confident that the
quantum state is separable. In some situations, an exact
confirmation of no entanglement is important, a prominent
example being in studies of the sudden death of entangle-
ment [13].

© 2023 American Physical Society
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A few previous attempts for entanglement upper bounds
were limited to specific entanglement measures (for exam-
ple, the ‘“entanglement of formation” in [14] and the
“Rényi-a entropy” in [15]). These usually cannot be
extended to more complicated systems, multipartite entan-
glement being a key example. On the other hand, by itself
the definition in Eq. (1) implies upper bounds of E(p), but
the search for a decomposition {p;,w;} requires a full
tomography of p. The advance we advocate here requires
an entirely new motivation: we are describing a simple way
to estimate an UB of entanglement requiring remarkably
few measurements in the experiment.

With this change in focus, we have developed a
mathematical structure to reinterpret the results in [11].
Our new structure has the advantage of being easily
extended to an upper-bound estimation of entanglement.
We show below that without doing a full tomography of
quantum states in a real experiment, the measurement of a
remarkably small number of Hermitian bases is quite
enough to provide information for both lower bounds
and upper bounds universally, that is, for any entanglement
measure. We report an examination of this claim in a
specific experiment.

Lower-bound and upper-bound estimators.—In quantum
physics, the space of Hermitian operators for n-qubit
system has 4" dimensions. A convenient basis set for
experimental measurement is the ‘Pauli products”
{6;®0;®---}, with {i,j,---} ={0,x,y,z}, where
oo =1, and o,, oy, 0, are the usual Pauli matrices.

Among all the Hermitian matrices, there is a special
subset of operators called “tight lower-bound estimators.”
The expectation values of these operators, when given an
arbitrary entanglement measure E, do not overestimate the
entanglement values for any mixed states.

Definition [.—A Hermitian operator X is called
a “tight lower-bound estimator” if and only if it satisfies
these two conditions: (a) Tr(Xp) < E(p), V mixed state p;
(b) 3 mixed state ¢ such that Tr(Xo) = E(o).

The first condition ensures that the expectation value of
X does not overestimate the measure E for any mixed state
p. This is far from enough, since any operator of the form
A — A1, where 4 is an extremely large number, satisfies
condition (a). However, these extremely “low” operators
(the expectation value being extremely negative) cannot
provide a useful lower bound for entanglement. The second
condition fixes the problem by ensuring “tightness,” that is,
the value (—A) shall be chosen as large as possible.

From the results in [11,12], we notice that it is equivalent
to define tight LB estimators in a simpler way:
(@) (y|X|y) < E(w), V pure statey; (b) 3 pure state ¢
such that (¢|X|¢p) = E(¢). Only pure states are engaged.

In the space of Hermitian operators, we consider the one-
dimensional parallel fibers A — A1, with 1 a real number
and 1 the identity matrix. That is, two operators are on the
same fiber if and only if they differ by A1. The resultin [16]
provides a proof that all the tight LB estimators form a

section of the fiber bundle. That is, there exists one and
only one tight LB estimator on each fiber A — A1, as is
given by X, =A—Apl, with Ap = max,[(y|Aly)-
E(y)]. The optimization is taken over all pure states .

Up to now, only lower bounds are engaged. We show
that our fiber bundle structure is able to extend these results
to upper-bound estimations of entanglement.

Definition 2.—A Hermitian operator Y is called a “tight
upper-bound estimator” if and only if it satisfies these two
conditions: (a) Tr(Yp) > E(p), V mixed state p; (b) 3
mixed state ¢ such that Tr(Yo) = E(c). An equivalent but
simpler form of definition is again available with pure states
engaged only: (a) (w|Y|w)> E(y), VY pure state y;
(b) 3 pure state ¢ such that (¢|Y|p) = E(¢).

It is a simple exercise to observe that all the tight UB
estimators form another section of the fiber bundle. Speci-
fically, there exists one and only one tight UB estimator on
the fiber A — A1, as is given by Y, = A — Aygl, with
Aup = miny, [(w|Aly) — E(yw)]. The optimization is again
taken over all pure states .

We now show the main result: we can estimate the
entanglement of an arbitrary mixed state E(p) by measuring
the expectation value of any Hermitian operator: (A), —

P
Mg < E(p) £ (A), — Aug. The expectation value (A), is
measured in experiments, while the two real numbers 4; 5
and Ayp are evaluated independently as described above
once A is determined. A geometric structure is illustrated

heuristically in Fig. 1.

UB estimators

LB estimators

A=l A-rl

FIG. 1. A simple illustration of the fiber bundle structure in the
64-dimensional Hermitian operator A space. The black vertical
lines represent the two fibers A; —4;1 and A, —1,1. The
horizontal axis is a heuristic illustration of the 63-dimensional
subspace perpendicular to the fibers. The purple region represents
all the LB estimators, that is, these operators do not overestimate
the entanglement for all mixed states. However, only the
operators on the top boundary (in dark purple color, and they
form a section of the fiber bundle) satisfy the “tight” property, as
is explained in the text. Similarly, the orange region contains all
the UB estimators, while only the operators on the bottom
boundary (in dark orange color, and they form another section)
are “tight.” In the figure, one can tell the fiber A; — 1,1 provides
better entanglement estimates, since its UB and LB are closer to
each other than the fiber A, — 1,1.
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Experimental setup.—A sketch of the experimental setup
is depicted in Fig. 2. The methods are similar to the ones in
Refs. [17-19]. A laser with a wavelength of 390 nm, a
repetition rate of 80 MHz, and a pulse duration of 140 fs,
pumps two crossed-axis type-I f-barium borate (BBO)
crystals to generate polarization-entangled photon pairs via
the spontaneous parametric down-conversion (SPDC)
process. To be specific, the entangled photons are in the
state |¢p) = a|H) |H); + B|V),|V);, where the subscripts
{s,i} represent the {signal,idler} photon, and H(V)
represent the photon as horizontally (vertically) pola-
rized. The ratio of the parts |[HH) and |VV) is changed
by rotating the half-wave plate H1 with a = cos26,
and f = sin 20.

Various three-qubit states are then prepared by intro-
ducing the path degrees of freedom (d.o.f.), u and /. That is,
two of the three qubits are encoded on the polarization
d.o.f. of the photons and the third qubit is encoded on the
path d.o.f. of the idler photon. As shown in Fig. 2, the
vertically polarized component of the idler photon passes
through the beam displacer BD1, while the horizontal

|
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FIG. 2. Experimental setup. The experimental setup generates
the three-qubit entangled states, where the configuration in boxes
(a), (b), and (c) are used to perform the measurements of the
single-qubit observables. Abbreviations of the components:
BBO, p-barium-borate crystal; HWP, half-wave plate; QWP,
quarter-wave plate; PBS, polarizing beam splitter; BD, beam
splitter; D1-D4, single-photon detector. More details are ex-
plained in the text.

component is deflected with a 4-mm deviation. The state is
now |¢) = alH)|H);|l); + BIV)|V);|u);, and evolves as
follows:

) ——alH)[V)i[D); + f sin 20,|V) |H),|1}); = f cos 26,|V) V) u);,

s alHY [ H),|1); + B sin 20,|V),|V),]1); = f cos 20,|V), (sin 205 H),|u); — cos 205|V);|u),),

re-encode
_—

where 6, and 65 are the rotation angles of wave plates H2
and H3, respectively, and the polarization H (V) and path
mode [ (u) are re-encoded as 0 (1).

Finally, we use the boxed parts in Fig. 2 to analyze the
photon’s state, where the blocks (a), (b), and (c) can project
a single qubit onto an arbitrary basis. Here, BD3 has two
functions. On the one hand, it acts as a polarizer. With the
wave plates in box (b), it performs measurements on the
polarization d.o.f. of the photon. On the other hand, it maps
the spatial modes u and / to the polarization modes H and
V, and coherently combines the photons in different paths,
so the information of the path d.o.f. is analyzed via the
block (c). For each experimentally prepared state, we
construct the detailed form of its density matrix through
the standard quantum state tomography technology [20].
All the fidelities of the states are above 0.9782 + 0.0004, as
will be shown in Table I, which shows small deviations
between the prepared states and the ideal pure states.

Pure state examples.—Here, we demonstrate the lower
bounds and upper bounds of three-qubit entanglement by
two different entanglement measures.

“Concurrence fill” (abbreviated as “Fill”) is a GME
measure, the square root of the area of the concur-
rence triangle introduced in [21]. “Genuine multipartite

a|000) + g sin 260,|110) —  cos 26,(sin 265]101) — cos 265|111)), (2)

|
concurrence” (abbreviated as “GMC”) is another GME
measure, introduced in [6], and interpreted as the length of
the shortest edge for the concurrence triangle. Fill and
GMC were found to be two inequivalent GME measures in
the sense that they can give different entanglement rankings
to the same pair of states [21].

The initial definitions of the above measures are all for
pure quantum states. The extensions to mixed states are
given by the convex-roof construction Eq. (1). Therefore,

TABLE 1. The fidelity and the purity for each pure state we
prepared, and the corresponding settings {6, 6, 65} of the wave
plates {H1,H2, H3}. The uncertainties of the Fidelity and Purity
are about 0.0004, which are estimated from Monte Carlo
simulations with 200 iterations.

0, 0, 05 Fidelity Purity
78] 22.5° —18° 0 0.9840 0.9726
72 33.75° 0 0 0.9829 0.9723
V3 22.5° -22.5° 0 0.9848 0.9746
w 27.37° 67.55° 45° 0.9782 0.9626
Bisep 22.5° 45° NR* 0.9937 0.9880

“NR: No Restriction.
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FIG. 3. The entanglement bound estimations for five pure

quantum states |y;) given in Eq. (3) by two entanglement
measures Fill and GMC. The results are divided into five
groups, each group for one state. Within each group, the left
result is for the Fill measure, while the right result is for the
GMC measure. For each result, the black dot represents the
theoretical entanglement for the pure state |y;), which is close
to the exact entanglement in the experiment due to the high
fidelity in Table I. The red bar is the bound by using operator A,
and the blue bar is the bound by using operator .4,. See details in
the text.

our LB and UB estimators are able to provide estimations
for these measures.

We emphasize that it is an art to choose an appropriate
Hermitian operator 4, and thus, to choose an appropriate
fiber A — 11, so that it gives an efficiently good estimate of
entanglement. There can be a trade-off between getting a
better estimate and having a simpler form of A. For a pure
quantum state |y) prepared in an experiment, we find that
the expectation value of A; = x|y)(w| provides good LB
and UB estimates. Furthermore, only a small number of
basis operators (tensor products of the Pauli operators) need
to be measured. The parameter x is carefully selected so
that the lower (upper) bound is maximized (minimized).
Note that the selection of x does not increase any

We demonstrate results for each of the following five
pure states prepared in our experiment:

) = \/_[|000>+cos< >|110>+sm< >|111>}

lws) = cos( >|000> +sm< >|111)

—1000) + = |110) 4+ < |111
lws) = \[I )+ | >+2| 2
1
|W) = —=(|100) + |010) + [001})),
V3
1
Bisep) = —(|000) + |110)). 3
[Bisep) \/§(| )+ [110)) (3)
lw1), lws), |w3) were introduced in [21] with relabelings.

The state |Bisep) is a biseparable state that contains no
genuine tripartite entanglement. For these states, the set-
tings of the half-wave plates H1 ~ H3 in Fig. 2 are given in
Table 1. Note that, for the W state, an additional half-wave
plate H4 oriented at 45° is needed to perform a bit flip
operation on the first qubit, i.e., the polarization d.o.f. of
photon s.

The results are shown in Fig. 3. The blue bounds are
given by the expectation value of the operator .4, = xp;,
where p; is the full tomography of the state. If a full
tomography is known, the exact entanglement E(p) can in
principle be evaluated. However, the blue bounds given by
the full tomography greatly reduce the numerical burden to
calculate the exact entanglement. Even so, the advantage of
using the operator A4, is obvious: the experimental work is
greatly reduced compared to the full tomography, while
keeping relatively good entanglement estimates.

Mixed-state examples.—Now we show the results for a
specific type of mixed state, i.e., the mixture of the two
states |Bisep) and |W):

experimental burden. p(p) = (1 - p)|Bisep)(Bisep| + p|W)(W|.  (4)
1.0— A —— 1.0 —
. . ~ . 3 . 5 .

0.8l et o« s o8 O O~ . .
0.6} 4 ’ 0 | o8l ) ’ . 0 '

= . . <] O o
0.4f . . 17 o4f . .
e - N I "
00— 0 04 06 08 10 00 % 04 06 0.8 10

Parameter p

Parameter p

FIG. 4. The entanglement bound estimations for the mixed state (1 — p)|Bisep) (Bisep| + p|W)(W| with the Fill/GMC measure. The
black dots are the theoretical entanglements for the mixed state, which are close to the exact entanglement for the prepared states. The
red shaded region is bounded by operator .4,. The blue shaded region is bounded by operator .4,. See details in the text.
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We prepare it by designing the setup to generate photons
with state |Bisep) in (1 — p)T time and state |W) in pT
time, where 7 is the whole time for running the experiment
once. The exact entanglement values of the Fill and GMC
measures for these states are the same: (8/9)p, as can be
verified numerically using the method in [9]. For such a
mixture, we find that the expectation value of the operator
A; = x|Bisep) (Bisep| + y|W)(W| can give good estimates
of the entanglement. As before, the parameters {x, y} shall
be chosen carefully to optimize the performance, which
does not require any extra experimental measurements.

The results for the two measures are shown in the panels
of Fig. 4. The blue bounds are by the expectation value of
the operator A, = xp;, where x is again a postselected
parameter and p; is the full tomography of the state. The
shaded regions predict the entanglement by the operators
A; and A,, respectively. The theoretical entanglement
values (the black dots) are all well bounded by the
estimates.

Surprisingly, the extra information provided by A, does
not improve the entanglement estimation. The bounds by
A, for the Fill and the GMC measures are narrower than the
ones by A,. This suggests an efficient way to estimate
entanglement values in a real experiment: to measure (A, ) »
is good enough.

Conclusion.—In this Letter, we introduced the concept
of tight lower and upper bound estimators of entangle-
ment. These estimators are two distinct sections of the
fiber bundle A — A1, where A is a Hermitian operator and
A is a real number specifying the fibers. With these
estimators, the expectation value of an arbitrary
Hermitian operator is able to universally provide lower
and upper bound estimations of any mixed-state entangle-
ment measures E(p). Our method does not require a full
tomography of the state in a real experiment, but needs
only a small number of measurements. We prepared
several pure and mixed states in experiments and applied
our method to these states. We suggested two operators A,
and A, to estimate the entanglement. We found that A,
works better for pure states, while A; works better for
general mixed states.
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