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Photoelectron spectroscopy for chiral discrimination is routinely performed for low photoelectron
kinetic energies (PKEs), whereas it is considered impossible for high PKEs. We demonstrate theoretically
that chiral photoelectron spectroscopy for high PKEs is possible using chirality-selective molecular
orientation. The photoelectron angular distribution associated with one-photon ionization by unpolarized
light can be characterized by a single parameter, β. We show that most other anisotropy parameters are zero
when β is 2, as is often the case in the high PKEs. Exceptionally, odd-order anisotropy parameters are
increased by a factor of 20 by orientation, even for high PKEs.
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The intensity of photoelectrons in the forward and back-
ward light propagation directions will differ in the case of
chiral molecules ionized by circularly polarized light [1–3].
This difference tends to go to zero with increasing electron
energy [4], even though a high electron energy is important
for the chiral resolution of ions based on electron recoil [3,5]
and for liquid samples [6–9]. Interestingly, there are a few
exceptions to this rule [10–12], and a reduced effect
of molecular chirality appears to be inconsistent with
electron diffraction phenomena such as the Cohen-Fano
effect [13,14] and the focusing effect [15,16] occurring at a
photoelectron energy of several hundred electron volts. This
raises the question of what form the photoelectron angular
distribution (PAD) takes at high energies.
In the case that randomly oriented molecules are ionized

by unpolarized light, the PAD can be expressed by the
asymmetry parameter [17] βð−1 ≤ β ≤ 2Þ. It has been
confirmed that the value of β is typically between 1 and
2 for photoelectrons having kinetic energies on the order of
100 eV [9,18]. This is not strange because a positive β
means that electrons move along the electric field of light.
However, when β ¼ 2 the electron is never emitted
along the photon k vector. No intensity after rotational
averaging means no intensity before averaging because the
PAD function is positive. In this Letter, we show that
additional parameters associated with light polarization
and molecular alignment can be classified into three
categories. If β is close to 2, the upper bounds of the
magnitudes of the first and second categories are propor-
tional to (2 − β) and

ffiffiffiffiffiffiffiffiffiffiffi
2 − β

p
, respectively. They vanish

when β ¼ 2. Importantly, the very few parameters in
the third category are not correlated with β. Some of
them are related to the chirality-selective molecular axis

orientation [19–26], and we illustrate the magnitudes of this
effect for hydrogen peroxide and methyloxirane.
The effects of polarization and multiphoton processes on

PADs have been extensively studied [1,2,27–42]. In par-
ticular, the irreducible tensor theory is well suited to the
evaluation of geometrical factors associated with the
perturbation regime [34–42]. The PAD can typically be
expanded using the statistical tensor for light, ρLM, and
spherical harmonics with angles θ and φ as

dσ
dΩ

¼
X2N
L

cL
X
M

ρLMYLMðθ;φÞ; ð1Þ

where N is the number of photons and θ is the angle
between the photoelectron k vector and the laboratory z0
axis. This formula can be regarded as a generalization of
Yang’s theorem [43] to account for light polarization [44]
and odd L [1,2,35] and some conclusions can be drawn
without knowing the details of cL. Note that the cL are
scalar. For one-photon or resonant two-photon ionization
with the electric dipole approximation, the statistical tensor
is symmetrical under space inversion. Therefore, the cL
with odd L are antisymmetric for space inversion. For these
pseudoscalars to be nonzero, the system must lose inver-
sion symmetry prior to ionization, as occurs in the case of
chiral molecules. In addition, assuming the Hermiticity of
the irreducible tensor [45,46], ρ�LM ¼ ð−1ÞMρL;−M, it fol-
lows that the sum over �M will be a real number, and
hence the cL are real. Furthermore, there remains a
requirement for Eq. (1) to be positive for all angles.
This problem is rarely solved except in limited cases such
as two-photon ionization with linearly polarized light [27].
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Alternatively, we can consider two cases for Eq. (1) to be
positive. The first case assumes non-negativity of the
photoelectron intensity at a specific angle θ0

dσ
dΩ

����
θ¼θ0

≥ 0: ð2Þ

The second is the smoothness at angles at which the
photoelectron intensity is zero. For Eq. (1) to be smooth
around these angles while still being non-negative, the first
derivative must have a value of zero. That is,

dσ
dΩ

����
θ¼θ0

¼ 0; ð3aÞ

∂

∂θ

dσ
dΩ

����
θ¼θ0

¼ 0: ð3bÞ

As discussed below, Eq. (2) indicates linear relationships
between β and other parameters, and the two parametric
functions [Eqs. (3a) and (3b)] (both of which are dependent
on the scattering angle θ0) implicitly define these relation-
ships. Whether these conditions are sufficient or not is
assessed by performing numerical calculations. We here
consider one-photon and resonant two-photon ionization
processes. In particular, we examine the case in which one
of the photons is circularly polarized (Fig. 1), which breaks
the forward-backward symmetry. We also assume that the
intermediate electronic states are nondegenerate and that both
the bound-bound transition and the bound-free transition can
be treated using the electrical dipole approximation.
During resonant multiphoton ionization, molecules

align as a result of bound-bound transitions [29,30,47].
This process is typically represented using the alignment
parameters AK , and so we rewrite Eq. (1) using these terms.
The angular distribution of the molecular z axis takes
Pðθ0Þ ¼ P

2
K¼0 AKPKðcos θ0Þ, where, θ0 is the angle with

the laboratory z0 axis and PKðxÞ are Legendre polynomials.
An important aspect of AK is that even if the polarization at
the bound-bound transition is fixed, we can use rotational
coherence [24,47] to control each of A1 and A2 individually,
either positively or negatively.

Using AK , the irreducible tensors are defined as

ρ
ðK;kγÞ
LM ¼

X
qγ

ð−1ÞL−M
�
K L kγ
0 −M qγ

�
AKρkγqγ ; ð4Þ

where ρkγqγ is the statistical tensor for light polarization of

ionization. For circularly polarized light, ρ00 ¼ ð1= ffiffiffi
3

p Þ,
ρ10 ¼ ð−1= ffiffiffi

2
p Þs3, ρ20 ¼ ð1= ffiffiffi

6
p Þ, and js3j ≤ 1. Here, s3 is

a Stokes parameter indicating the degree of circular
polarization and can be positive or negative, while it is
physically impossible to control ρ20 independently of ρ00.
Assuming that AK is real and ρ�kγ ;qγ ¼ ð−1Þqγ ρkγ ;−qγ , we can
prove that the composite tensors are Hermitian or anti-
Hermitian depending on whether the sum pA ¼ K þ Lþ k
is even or odd, respectively:

ρ
ðK;kγÞ�
LM ¼ ð−1ÞpAþMρ

ðKkγÞ
L;−M: ð5Þ

In addition, the axially symmetric components (M ¼ 0) of
anti-Hermitian tensors (pA ¼ odd) disappear, due to the 3j
symbol in Eq. (4).
For one- and two-photon ionizations, we suppose that

dσ
dΩ

¼
X
KLkγ

b
ðK;kγÞ
L

X
M

ρ
ðK;kγÞ
LM YLMðθ;φÞ; ð6Þ

instead of Eq. (1). Here, coefficients b
ðK;kγÞ
L describe

photoionization dynamics. They are real (purely imaginary)

when the tensor ρ
ðK;kγÞ
LM is Hermitian (anti-Hermitian),

due to Eq. (5). Assuming randomly oriented ensemble
(A1 ¼ A2 ¼ 0) and linear polarization (ρ20=ρ00 ¼ −

ffiffiffi
2

p
),

we can show β ¼ −
ffiffiffi
2

p
bð0;2Þ2 =bð0;0Þ0 by comparing Eq. (6)

with 1þ βP2ðcos θÞ. We do not need to know the details
about the coefficients. For example, if we demand that
1þ βP2ðcos θÞ≡ ð1þ βÞcos2θ þ ð1 − β=2Þsin2θ ≥ 0 at
angles 0° and 90°, we get −1 ≤ β ≤ 2 without knowing
the physical meaning of β.
According to the 3j symbol in Eq. (4), jK − kγj ≤

L ≤ K þ kγ , and there are 17 coefficients other than

bð0;0Þ0 and bð0;2Þ2 . They can be grouped into 12 sets according
to the parities of L and pA and the three possible values of
K. As a result, most sets consist of only one or two
elements. The appearance and disappearance of each set in
Eq. (6) can be controlled by the parameters of alignment
and light polarization.
For example, only bð0;1Þ1 appears in the one-photon

ionization of chiral molecules [1–3]. The effect of circular
polarization in the ionization scheme of Fig. 1(b), which
has been studied in detail by Goetz et al. [48], is related to

ðbð2;1Þ1 ; bð2;1Þ3 Þ. By breaking axial symmetry, we can observe
the coefficients with odd pA. Dubs et al. have shown that

bð2;1Þ2 appears for aligned molecules [49], regardless of

FIG. 1. Diagrams summarizing (a) one-photon ionization and
resonance-enhanced two-photon ionization using circular polari-
zation for (b) bound-free and (c) bound-bound transitions.
Another photon for (b) and (c) is assumed to be unpolarized.
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molecular chirality. Hansen and Berry pointed out that
chiral molecules can be detected with nonparallel linearly

polarized two photons [35], using bð2;2Þ1 and bð2;2Þ3 .
Interestingly, the PAD depends on the chirality even with
orthogonal polarizations, as shown in Fig. 2 for the 14a
orbital of methyloxirane. This is because the function
Y32ðθ;φÞ þ Y3;−2ðθ;φÞ is totally symmetric for the point
group D2 of this system. Figure 2 also shows that the
difference in PADs between a chiral molecule and its mirror
image decreases with increasing energy, even without using
circularly polarized light.
On the other hand, only two sets consist of more

than two elements; one is related to the ionization scheme
of Fig. 1(c) and comprises ðbð1;0Þ1 ; bð1;2Þ1 ; bð1;2Þ3 Þ while the

other comprises ðbð2;2Þ0 ; bð2;0Þ2 ; bð2;2Þ2 ; bð2;2Þ4 Þ. The latter is a
common parameter set that appears in two-photon ioniza-
tion induced by linearly polarized light [50]. Both sets

include the coefficients with kγ ¼ 0, bðL;0ÞL , which can be
observed in the polarization-averaged PAD [51,52] and
expected to have significant value even at high photo-
electron kinetic energies [52].
Before considering individual situations, we will develop

a general theory for the first and second cases. The k vector
of the photon for bound-free transition is assumed to be in
the x0z0 plane of the laboratory frame and at an angle θγ with
respect to the z0 axis. Below, δX and εY are used as linear

combinations of coefficients b
ðK;kγÞ
L . For the sake of

simplicity, we will assume that the coefficients b
ðK;kγÞ
L

are normalized so that bð0;0Þ0 ¼ 1. We consider the angle
at which the photoelectron intensity is expected to be
minimal. That is θ ¼ θγ when β ¼ 2. Using YLMðθ;φÞ’s
explicit form and ϑ ¼ θ − θγ, Eq. (6) becomes

dσ
dΩ

∝ Δþ 3

2
βϑ2 þ δþ 2εϑþOðϑ2Þ; ð7Þ

for small angle ϑ and φ ¼ 0, where Δ ¼ 2 − β. δ and ε

depend on AK , s3, and θγ. Explicitly, δ ¼ −
ffiffiffi
6

p
s3δX and

δX ¼ bð0;1Þ1 for Fig. 1(a) and

δ ¼
ffiffiffi
6

p
A2s3P2ðcos θγÞδX; ð8Þ

ε ¼ 3
ffiffiffi
3

p
A2s3 sinð2θγÞðεY −

ffiffiffi
6

p
δXÞ; ð9Þ

δX ¼ ð
ffiffiffi
2

p
bð2;1Þ1 −

ffiffiffi
3

p
bð2;1Þ3 Þ=

ffiffiffi
5

p
; ð10Þ

εY ¼ ð
ffiffiffi
3

p
bð2;1Þ1 þ

ffiffiffi
2

p
bð2;1Þ3 Þ=

ffiffiffi
5

p
ð11Þ

for Fig. 1(b). As for the first case, Eq. (2) can be simply
expressed as

Δþ δ ≥ 0: ð12Þ

This equation gives both the upper and lower bounds of δX
because δ becomes positive or negative [Eqs. (8) and (10)],
as in A1, A2, and s3. Note that these δX terms correspond to

the first kind. For instance, we have jbð0;1Þ1 j ≤ Δ=
ffiffiffi
6

p
for

one-photon ionization, and bð0;1Þ1 is of the first kind.
With regard to the second case, using Eq. (7), Eqs. (3a)

and (3b) become Δ ¼ 0 and ε ¼ 0, respectively. To get the
relation between Δ and ε, we suppose that Eqs. (3a) and
(3b) hold continuously near ϑ ¼ 0, i.e.,

Δþ 3

2
βϑ2 þ δþ 2εϑ ¼ 0; ð13aÞ

3βϑþ 2ε ¼ 0; ð13bÞ

resulting in ε2 ¼ 3Δþ 3δþOðΔ2Þ. This equation defines
the boundary of the physically possible region correspond-
ing to the two-dimensional space of ðβ; εÞ. Positivity of
PAD determines which side is possible. Thus, assuming δ
can be positive and negative, we have

jεj ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3Δ − 3jδj

p
≤

ffiffiffiffiffiffi
3Δ

p
: ð14Þ

This is a general formula derived from the second case,
and these εY embedded in ε [Eqs. (9) and (11)] are of the
second kind.
In this manner, the coefficients b

ðK;kγÞ
L can be categorized

into three types regardless of molecular chirality or circular
polarization. A complete list (Tables S1 and S2) and
calculations for N2 (Fig. S1) are provided in the
Supplemental Material [53].
Because there are two equations, Eqs. (12) and (14), we

can expect that most coefficients b
ðK;kγÞ
L are zero at β ¼ 2.

The coefficients with odd L in Figs. 1(a), 1(b), and 2 are
exactly the case. For Fig. 1(b), we have

(a) (b)

FIG. 2. (a) Scheme of linearly polarized two-photon ionization.
(b) Calculated 3D polar plots of PADs of R- and S-methyloxirane
(molecular orbital 14a), as a function of photoelectron kinetic
energy (PKE). We assumed that the direction of the light is
upward, the polarization of the bound-free transition is horizontal
and orthogonal to the polarization of the bound-bound transition,
and its transition dipole moment is parallel to the c axis of the
moment of inertia.
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j
ffiffiffi
2

p
bð2;1Þ1 −

ffiffiffi
3

p
bð2;1Þ3 j=

ffiffiffi
5

p
≤

Δffiffiffi
6

p ; ð15Þ

j
ffiffiffi
3

p
bð2;1Þ1 þ

ffiffiffi
2

p
bð2;1Þ3 j=

ffiffiffi
5

p
≤

2ffiffiffi
3

p ffiffiffiffi
Δ

p
; ð16Þ

and hence the effect of molecular chirality disappears when
β ¼ 2. In contrast, as for Fig. 1(c), we have

����
ffiffiffi
2

3

r
bð1;0Þ1 −

ffiffiffiffiffi
2

15

r
bð1;2Þ1 þ 1ffiffiffi

5
p bð1;2Þ3

���� ≤ Δffiffiffi
6

p ; ð17Þ

���� 23 b
ð1;0Þ
1 þ 1

3
ffiffiffi
5

p bð1;2Þ1 þ 2

ffiffiffiffiffi
2

15

r
bð1;2Þ3

���� ≤ 2ffiffiffi
3

p ffiffiffiffi
Δ

p
: ð18Þ

These equations involve three variables, at least one of
which may possibly have a nonzero value (that is, is of the
third kind) at β ¼ 2. This is an important result for chirality
detection at high photoelectron kinetic energies. The
magnitude of these third kind of coefficients will be verified
by numerical calculations.
However, because we have considered the necessary

conditions, it is possible that the prefactors for Δ and
ffiffiffiffi
Δ

p
are too large for a specific model. The validity of these
equations was assessed by calculations using an explicit

form of b
ðK;kγÞ
L as a function of bound-free transition dipole

moments.
The coefficients b

ðK;kγÞ
L can be expressed in quadratic form

based on bound-free transition dipole moments [41,53].
Therefore, an eigenvalue problem results [41,57] if we
impose the appropriate normalization. Herein, we identify
the maximum and minimum coefficients for Δ and

ffiffiffiffi
Δ

p
by

performing an eigenvalue analysis [53]. Table I shows the
results obtained when including up to 10 or 40 angular

momentum continuum states. It is evident that the values
obtained in each case were within the range expected from
the first and second cases. With respect to the first case,
fortunately the maxima and minima obtained from the
eigenvalue analyses were close to the expected upper and
lower bounds, with a few exceptions, as seen in Table S1 in
the Supplemental Material. The second category of param-
eters is restricted to a narrower range of 50–75%. This result

is not unexpected because the number of coefficients b
ðK;kγÞ
L

is larger than the number of transition dipole moments [41],
and because we have only considered certain angles. Next,
we examine themagnitude of coefficients at high energies by
numerical calculations.
PADs were calculated for hydrogen peroxide, methyl-

oxirane, and camphor. The results for all molecules were
similar. Those for hydrogen peroxide are presented in Fig. 3
while the methyloxirane results (Figs. S2 and S3) are
provided in the Supplemental Material [53].
Within the Hartree-Fock approximation, the electronic

configuration for hydrogen peroxide in its ground state, C2

symmetry, is given by

ð1aÞ2ð1bÞ2ð2aÞ2ð2bÞ2ð3bÞ2ð3aÞ2ð4aÞ2ð5aÞ2ð4bÞ2; ð19Þ

based on nine occupied orbitals [Fig. 3(d)]. Calculations
were performed for the equilibrium geometry as optimized

TABLE I. Upper and lower bounds of electronic factors. The
numbers in the first column correspond to the equations (Eq.) in
the main text. The second column provides the theoretical
coefficients for (2 − β) and

ffiffiffiffiffiffiffiffiffiffiffi
2 − β

p
for the first and second

cases, respectively. The third and fourth columns show the
maximum (minimum) coefficients obtained by eigenvalue analy-
ses for which the highest angular momentum values (lmax) are 10
and 40, respectively. Note that, in the case of analyses involving
the first case, positive and negative eigenvalues were obtained
separately and a � symbol is added to indicate this.

Eq. Theory EVA

First case lmax ¼ 10 lmax ¼ 40
(15) ð1= ffiffiffi

6
p Þ ¼ 0.4082 � � � �0.384 �0.4062

(17) ð1= ffiffiffi
6

p Þ �0.399 �0.4075

Second case
(16) ð2= ffiffiffi

3
p Þ ¼ 1.1547 � � � 0.837 0.8636

(18) ð2= ffiffiffi
3

p Þ 0.571 0.5769

(a)

(d)

(b) (c)

FIG. 3. H2O2 photoelectron anisotropy parameters for (a) one-
photon ionization and resonant two-photon ionization assuming
(b) A1 ¼ 0 and A2 ¼ 2with circular polarization and (c) A1 ¼ 1.5
and A2 ¼ 1 with unpolarized light, as functions of the PKE.
(d) Nine molecular orbitals for which these data were acquired.
The insets to (b) and (c) show three-dimensional polar plots of the
PADs for the 4b highest occupied molecular orbitals (HOMOs) at
a photoelectron kinetic energy of 200 eV. Note that a dipole
length operator was used to determine the bound-free transition
dipole moments.
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using the second-order Møller–Plesset perturbation theory
with the 6-31G� basis set. Although hydrogen peroxide
molecules are only chiral on a transient basis, it was
assumed that each molecule adopted a single form with
chirality. These calculations considered ionization from an
initial orbital ϕ0 to a continuum orbital with an effective
one-electron potential [58,59]. The initial orbitals ϕ0 were
obtained by Hartree-Fock=4-31G calculations [Fig. 3(d)].
Continuum orbitals were obtained by the continuum
multiple scattering Xα method and were then orthogonal-
ized with all orbitals occupied [58,59]. The alignment
and polarization parameters were assumed to be at their
maximum values of A2 ¼ 2 and s3 ¼ 1 for scheme (b) and
A1 ¼ 1.5 with A2 ¼ 1 for scheme (c). In the case of two-
photon ionization, the PAD was determined as

dσ
dΩ

¼
X4
L¼0

bLPLðcos θÞ; ð20Þ

assuming that all photons were unpolarized or circularly
polarized. Here, bL are anisotropy parameters, and for one-

photon ionization b1 ¼
ffiffiffiffiffiffiffiffiffiffiffið3=2Þp

s3b
ð0;1Þ
1 .

Figure 3(a) shows the calculation results for one-photon
ionization using the dipole length form. These results
reproduce thewell-known trend inwhich, at higher energies,
b1 is close to zero and β is in the range of 1 to 2. The results
obtained for two-photon ionization [Figs. 3(b) and 3(c)]
confirmed that larger b1 and b3 values were associated with
scheme (c) rather than with scheme (b), and that there were
obvious differences in the three-dimensional polar plots of
the PADs. The enhancement factor was also determined to
be approximately 20 for the 4b HOMO in the vicinity
of 200 eV.
In summary, the majority of coefficients for PADs were

determined to be zero in the case that β is 2, due to the
positivity of PAD; and effects of even-order molecular
alignment [48,60] are expected to be small at high energies.
Exceptionally, chirality-selective orientation [20,21,24,26]
would be a powerful tool for chiral resolution by photo-
electron recoil and for chirality detection in liquid sam-
ples [6–9], even if β is 2.
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