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Using ab initio approaches for extended Hubbard interactions coupled to phonons, we reveal that the
intersite Coulomb interaction plays important roles in determining various distinctive phases of the
paradigmatic charge-ordered materials of Ba1−xKxAO3 (A ¼ Bi and Sb). We demonstrated that all their
salient doping dependent experiment features such as breathing instabilities, anomalous phonon
dispersions, and transition between charge-density wave and superconducting states can be accounted
for very well if self-consistently obtained nearest neighbor Hubbard interactions are included, thus
establishing a minimal criterion for reliable descriptions of spontaneous charge orders in solids.
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Since Verwey found the metal-to-insulator transition
(MIT) in magnetite (Fe3O4) owing to long-range order
of alternating Fe2þ and Fe3þ ions [1], the charge-ordered
state has been one of the central issues in condensed matter
physics. It often occurs near MITs, superconducting (SC),
or charge density wave (CDW) states [2–9]. This local
charge ordering (CO) can lead to colossal magnetoresist-
ance, ferroelectricity, or multiferroicity [10,11]. In addition,
the CO in high-temperature cuprate superconductors has
also been studied intensively to understand its roles as a
leading competitor of SC state [4–7].
Charge-ordered materials host atoms with disparate

charging states that are closely placed, invoking the strong
Coulomb interactions and distorting lattices to relieve their
energetic cost [12]. Hence, theories for the systems should
treat the interaction as well as its coupling to lattices on
an equal footing. Typical approaches based on density
functional theory with the local density approximation
(DFT-LDA) [13] or generalized gradient approximation
(GGA) [14] fail to describe their properties [15,16]. The
addition of on-site Hubbard interaction (U) within DFT
(DFTþ U) [17,18] captures a correct CO state when the
intersite interaction is screened [15]. Except for a few
cases, however, it is insufficient in obtaining the ground
states [19–21]. Therefore, advanced methods beyond the
local corrections are needed to figure the role of the
interactions in COs.
Perovskite BaBiO3 (BBO) and BaSbO3 (BSO) are

prototypical CO materials that are not well understood by
DFT-GGA and DFTþU [22–34]. They show CDW states
characterized by breathing distortion of oxygen octahedra
with the charge disproportionations of Bi ions [22–24]. The
CDW is suppressed by substituting Ba with K and the SC
phase occurs at a relatively higher transition temperature
(Tc) [8,9]. A few recent studies based on the Heyd-Scuseria-
Ernzerhof (HSE) hybrid functional and GW approximation

(GWA) can capture the insulating ground state of BBO
and obtain enhanced electron-phonon (e − ph) interactions,
providing a clue to understanding the observed Tc [31–35].
However, realistic full phonon spectra to understand the
transition between SC and CDW states for experiment-
ally accessible doping levels are hardly available due to
demanding computational resources and computed fre-
quency is usually overestimated for strongly coupled
phonons [26,33,34].
On the other hand, recent developments on self-consis-

tent evaluations of U [36,37] and intersite Hubbard
interactions (V) [38,39] within DFT (DFTþUþV) [40]
successfully describe various properties of solids [38–49].
Owing to their low computational cost comparable to
DFT-LDA and improved accuracy to GWA [38,46], the
new method provides an opportunity to study the correlated
solids in large scale structures and full phase space of
interests. Motivated by these developments as well as the
works on BBO and BSO, we have carried out ab initio
study to explore the role of the interactions for interplay
between their electronic and structural properties.
In this Letter, we theoretically demonstrate that the

evolution of charge-ordered states in bismuthates and
antimonates with potassium doping is essentially controlled
by the doping-dependent nonlocal Coulomb interaction.
Our new parameter-free ab initio method for extended
Hubbard interactions [38,46] can compute electronic
energy bands as well as full phonon dispersions of
Ba1−xKxAO3 (A ¼ Bi and Sb) for the whole phase space
with structural phase transitions, agreeing well with all the
key measurements only when intersite Coulomb inter-
actions are included. Our establishments imply that the
explicit treatment of the nonlocal interactions is critical for
the description of the intertwined charge and lattice degrees
of freedom in charge-ordered materials.
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Our DFTþUþV method uses the total energy functional
of Etot ¼ EDFT þ EHub that can be decomposed into (semi)
local density functional of EDFT and Hubbard functional
with double counting corrections [40], EHub¼ 1

2

P
IUI×P

m;m0;σðδmm0−nIIσmm0 ÞnIIσm0m −1
2
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IJσ
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where the generalized occupation matrix is nIJσmm0 ¼P
kν f

σ
kν hψσ

kνjϕJ
m0 i hϕI

mjψσ
kνi, fσkν the Fermi-Dirac function

of Kohn-Sham orbital of ψσ
kν of the νth band with spin σ at

momentum k, and ϕI
m the localized orbitals with angular

quantumnumberm. Here, I and J are abbreviated indexes for
atomic positions and principal and azimuthal quantum
numbers together and fI; Jg denotes a pair of atoms within
the nearest neighboring distances. We obtain self-consistent
UI andVIJ using new pseudohybrid functionals for Hubbard
interactions [36–39]. We also consider rotationally invariant
interactions [38,40] so that U and V for valence s and p
orbitals of Bi (Sb) and 2p orbital of O are computed as
shown in Table I. Detailed parameters are in Supplemental
Material [50].
At low-temperature, BBO is the monoclinic structure

having oxygen octahedra with breathing distortion of
displacement by δB and a tilting angle of θT between
them as shown in Fig. 1(a), while BSO has δB only,
resulting in fcc structure (Fm3̄m) [24]. We first investigate
the artificial double-well potential induced by δB without
tilting [Fig. 1(b)]. For BBO, our DFT-GGA calculation un-
derestimates δB with a very shallow potential well [26,28].
The breathing distortion, however, is significantly enhanced
in DFTþ U þ V calculation. Unlike BBO, BSO has a
relatively deep potential with DFT-GGA. Nonetheless, the
energy gain from the breathing distortion in BSO also
becomes larger with the extended Hubbard interactions.
As shown in themodel potential wells in Fig. 1(b), DFTþ

U þ V well captures a part of CDW states of the undoped
cases. Our results on a fully relaxed monoclinic BBO are
summarized and compared with the previous studies
(Table II). If tilting of θT is allowed, DFT-GGA accidentally
reproduces δB owing to its overestimation of volume by∼4%
and θT by ∼14% but still cannot describe the insulating gap
of the CDW state like a previous work [31]. On the other
hand, DFTþ U þ V calculation well describes all the
critical experimental parameters.
To investigate the effects of U and V in metallic BBO

above the CDW transition temperature of 800 K, we
compute the energy bands of BBO in the perfect cubic

perovskite phase with experimental volume, using DFT-
GGA, DFTþU þ V, and GWA as shown in Figs. 2(a)
and 2(b). The width of the energy band crossing the Fermi
level (EF) is enhanced with both DFTþ U þ V and GWA
compared with one with DFT-GGA. We also note that the
DFT-GGA bands for fully occupied states associated with
oxygen p orbitals shifted down by including UO

p in the
DFTþ U þ V and by the self-energy corrections in the
GWA method.
Effects of intersite interaction are also conspicuous for

electronic structures of the CDW state. Figure 2(c) shows
the calculated density of states (DOS) of BBO with the
fully relaxed monoclinic CDW structure obtained from
each method (Table II) together with previous GWA results
and photoemission spectroscopy (PES) data [58,59].
The two experiments show the quite different positions of
the highest PES peak below EF (−3 and −5 eV, respec-
tively), that may originate from the different substrate

TABLE I. Calculated U and V (in eV) for BaAO3 (A ¼ Bi and
Sb). UA

sðpÞ (U
O
p ) are on-site Hubbard parameters of valence sðpÞ

orbital of AðOÞ atom. VspðppÞ are the intersite Hubbard param-
eters between the sðpÞ orbital of A and p orbital of O.

A UA
s UA

p UO
p Vsp Vpp

Bi 1.03 0.11 8.18 1.78 1.59
Sb 0.92 0.13 8.18 1.86 1.61

(b)(a) ((a)

FIG. 1. (a) Atomic model for distorted octahedra in the CDW
state of BB(S)O. Breathing distortion of δB and tilting angle of θT
are defined as an averaged length difference between Bi(Sb)-O
bonds and as an angle between vertical axes belonging to adjacent
octahedra, respectively. (b) Double-well potential as a function of
δB. Blue, red, and gray lines indicate DFT-GGA, DFTþ U þ V,
and experiments [24,56], respectively. The DFT-GGA results for
δB > 0 are enlarged by 10 times to show the minimum for
breathing distortion clearly.

TABLE II. Calculated structural and electronic properties of
BBO along with computational and experimental data from
previous studies. v: volume, β: monoclinic angle, δB: breathing
distortion, θT : tilting distortion, and Eg: band gap.

Experimentsa HSEb DFT-GGA DFTþU þ V

v (Å3) 81.80–82.54 82.10 85.03 82.94
β (deg) 90.16–90.27 90.24 90.39 90.34
δB (Å) 0.08–0.09 0.09 0.08 0.10
θT (°) 10.12–10.72 11.9 11.75 10.46
Eg (eV) 0.8–1.1 0.84 0.0 0.99

aReferences [22,56,57].
bReference [31].
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conditions [59]. As shown in Fig. 2(c), the DOS peak
position for oxygen 2p orbitals from DFT-GGA is signifi-
cantly off the experimental one. Furthermore, the energy gap
of the CDW state is absent despite the correct δB. Unlike
DFT-GGA results, theDOSusingDFTþU þ V well agrees
with the experiments and the previousGWAcalculation [31].
The O 2p peak position is located at around−4 eV, which is
in between two experimental results. The band gap is about
1 eV, consistent with the experimental results. AlthoughUO

p

is critical for the down-shifted bands for O 2p orbitals, we
note that the DFTþ U without V still substantially under-
estimates the CDW band gap (Table S1 in the Supplemental
Material [50]).
The results so far demonstrate that our new method

describes correctly the electronic and structural properties of
undoped bismuthate and antimonates without serious com-
putational costs. Thus, it enables the study of the nonlocal
interaction effects on phonons with various K doping levels
thoroughly, which could not be done with the HSE or GWA
method easily. From now on, we present the comprehensive
phonon dispersions using the frozen phonon techniques [60]
with extended Hubbard interactions to examine the struc-
tural instability of potassium doped Ba1−xKxBiO3 and
Ba1−xKxSbO3 (BKBO and BKSO). Related computational
details are in the Supplemental Material [50].
Figure 3(a) shows the phonon dispersion and DOS of

Ba0.6K0.4BiO3 together with experimental data [61,62].
Here we focus on four representative phonon modes related

with CDW states in BKBO and BKSO systems; stretching
and in-phase tilting modes at theM point and breathing and
antiphase titling modes at the R point. For the stretching
mode, the Bi-O bond length changes along only two axes of
the oxygen octahedron while it changes along all three
axes in the breathing mode. In Fig. 3(a), it is immediately
noticeable that the unstable in(anti)-phase tilting mode at
the MðRÞ point obtained by DFT-GGA hardens enough to
be stable when V is included, agreeing with experiments.
Not only low frequency modes, but the high frequency
optical branches obtained with V also agree with experi-
ments. Specifically, our result well matches the anomalous
dispersion of the LO mode along ΓX [61,63,64] related
with the instability toward the charge ordering [63,64].
We present doping-dependent evolution of frequencies for

the selected phononmodes ofBKBOandBSBO inFigs. 3(b)
and 3(c). Our calculations with the extended Hubbard
interactions fruitfully reflect themeasured trends of structural
distortions for the both systems. In the case of BKBO shown
in Fig. 3(b), the breathing mode computed using DFT-GGA
becomes to be stable when x ≥ 0.15while it does only when

(c)

(b)(a)

FIG. 2. Energy bands of BBO of cubic perovskite structure
obtained from the (a) DFT (blue) and DFTþ U þ V (red) and
(b) GWAmethod. Here we useGW0 approximation for the GWA.
(c) Density of states for monoclinic CDW structure. Blue, red,
and green lines indicate DFT, DFTþ U þ V, and previous GWA
results [31], respectively. Empty circles are from photoemission
spectroscopy measurements [58,59].

(b) (c)

(a)

FIG. 3. (a) Phonon dispersion and DOS of Ba0.6K0.4BiO3.
Open diamonds and blue (red) lines indicate experiments [61,62]
and the DFT-GGA (DFTþU þ V) results, respectively.
Frequencies of the four selected modes are marked by open
and filled triangles and circles at theM and R points, respectively.
Phonon frequency variations of the four modes as increasing K
doping level in (b) BKBO and (c) BKSO. Top and bottom panels
are for the modes obtained by DFTþ U þ V and DFT-GGA
methods, respectively. Experimental [24,56], and our theoretical
phase boundaries between the CDW and SC states are shown on
the upper abscissa and denoted by background color changes in
(b) and (c), respectively.
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x ≥ 0.4 in the experiments [64–66] and our results with V.
BKBO with x ≥ 0.4 show SC states without structural
distortions [9,56,61,67] while the tilting instabilities still
remain in DFT-GGA as shown in Figs. 3(a) and 3(b) [34].
This is in sharp contrast to the complete absence of instability
in the DFTþU þ V results when x ≥ 0.4. Thus, the non-
local Coulomb interaction is decisive in capturing the
transition between CDW and SC states of BKBO.
As already shown in Fig. 1(b), the effect of V is not as

crucial in BKSO as it is in BKBO. Nevertheless, our method
makes improvements in describing experimental phase
diagram as shown in Fig. 3(c). For undoped cases, DFT-
GGA shows the tilting instability in addition to the breath-
ing instability while only the latter is observed in the
experiment. Our calculation with V results in a perfect
fcc structure [24]. In addition, the CDW phase survives up
to higher doping of x ≃ 0.4 in the DFTþ U þ V calcu-
lation, which is closer to the experimental phase boundary
of x ≃ 0.5, due to the enhanced stretching instability.
Comprehensive comparisons between results from DFTþ
U and DFTþ U þ V and detailed discussions are in Sec. D,
Figs. S2, S5, and S7 of the Supplemental Material [50].
Finally, we estimate the effects of nonlocal interactions

on e-ph coupling constant (λ) for the breathing mode
that is an important factor for the SC state. Instead of
calculating λ explicitly, we compute “reduced e-ph matrix
element” [30,33,68], Dμk

αq ¼∂ϵμk=∂uα
q to compare with

previous studies based on HSE directly [33,35]. Here, uα
q

is a displacement vector of phonon mode α with the wave-
vector q and ϵμk energy of μth band at k. Specifically,
following previous works [33,35], we obtain the reduced
element of DL

R for the energy band crossing the EF at k of
the L point by the breathing mode at q of the R point (see
Fig. S3 in Supplemental Material [50]).
For both systems,DL

R increases with doping within DFT-
GGA and DFTþU as shown in Fig. 4. In sharp contrast to
this, the matrix element with V decreases with increasing x
for BKBO while it remains more or less the same for
BKSO. So, the matrix element of the latter becomes larger
than that of the former for x > 0.3. Considering that the
coupling can be roughly estimated as λ ∼ ðDμk

αq=ωα
qÞ2 for

phonon frequency ωα
q [30,33,68], Fig. 4 implies a higher Tc

of BKSO than BKBO at larger doping levels with V,
agreeing with a recent experiment [24]. We also note that
our estimations are consistent with two previous HSE
results for a few selected dopings [33,35].
The opposite trends of DL

R ’s for different computational
methods can be understood by considering intersite inter-
actions under lattice distortions. The paired octahedra with
the breathing modes in Fig. 1 have an elongated long bond
(LB) and a shrinking short bond (SB) between Bi(Sb) and
oxygens [24]. Based on a perturbation theory, DL

R can be
written as DL

RδuB ≃ εSB − εLB − VðnSB − nLBÞ, where
εSBðLBÞ and nSBðLBÞ are the energy level and density matrix
for SB(LB), respectively, and δuB is the perturbation

amplitude of the breathing mode (See Supplemental
Material [50] for detailed derivations). Since nLB > nSB
for lower dopings, the intersite interaction should enhance
the matrix elements over those from DFT-GGA and
DFTþ U. As doping level is increased, the difference
between nLB and nSB diminishes so that the effect of
nonlocal interactions vanishes as shown in Fig. 4, thus
highlighting again a critical role of V for doping dependent
electron-phonon interactions.
In summary, we present a comprehensive study on the

doping dependent electronic and structural properties of
prototypical charge-ordered materials, BKBO and BKSO
using a newly developed ab initio computational method.
We demonstrated that the nonlocal Coulomb interactions
between the nearest neighbors are essential physical
parameters in determining the doping dependent evolution
of CDWand SC states, highlighting nontrivial relationships
between the nonlocal interaction, charge order, and lattice
distortion in correlated materials.
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FIG. 4. Reduced e-ph matrix element (DL
R) as a function of

doping x. Diamonds (circles) denote BKB(S)O and blue, orange,
and red color indicate DFT-GGA, DFTþ U, and DFTþU þ V
results, respectively. Open and right-half diamonds are HSE
results for the element from Refs. [35] and [33], respectively.
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