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The topological superconducting state is a highly sought-after quantum state hosting topological order
and Majorana excitations. In this Letter, we explore the mechanism to realize the topological super-
conductivity (TSC) in the doped Mott insulators with time-reversal symmetry (TRS). Through large-scale
density matrix renormalization group study of an extended triangular-lattice t-J model on the six- and
eight-leg cylinders, we identify a dþ id-wave chiral TSC with spontaneous TRS breaking, which is
characterized by a Chern number C ¼ 2 and quasi-long-range superconducting order. We map out the
quantum phase diagram with by tuning the next-nearest-neighbor (NNN) electron hopping and spin
interaction. In the weaker NNN-coupling regime, we identify a pseudogaplike phase with a charge stripe
order coexisting with fluctuating superconductivity, which can be tuned into d-wave superconductivity by
increasing the doping level and system width. The TSC emerges in the intermediate-coupling regime,
which has a transition to a d-wave superconducting phase with larger NNN couplings. The emergence of
the TSC is driven by geometrical frustrations and hole dynamics which suppress spin correlation and
charge order, leading to a topological quantum phase transition.
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Introduction.—The fractional quantum Hall states dis-
covered in two-dimensional (2D) electron systems under
external magnetic fields [1,2] are remarkable states of
matter demonstrating topological orders and fractionalized
excitations [3–5]. In 2D Mott insulators, geometrical
frustration and quantum fluctuations can suppress magnetic
order and lead to a topologically ordered quantum spin
liquid (QSL) [6–8]. Tuning Mott insulators with doping,
more exotic phases including unconventional supercon-
ductivity (SC) and non-Fermi liquid emerge [9–17], which
are central topics in condensed matter physics.
Interestingly, there is a class of time-reversal-symmetry
(TRS) breaking QSL named the chiral spin liquid (CSL),
which was first proposed by Kalmeyer and Laughlin (KL)
as the analog of the fractional quantum Hall state [18].
Remarkably, doping a CSL may lead to dþ id-wave
topological superconductivity (TSC) through the conden-
sation of paired fractional quasiparticles [19–21].
Recently, the KL-CSL has been theoretically discovered

in the kagome spin systems with competing interactions
[22–25], and near the metal-insulator transition in the
triangular Hubbard model [26–28] through spontaneous
TRS breaking. Numerical studies on the doped CSL in
these systems [25,26] have uncovered either a Wigner
crystal solid or a nonsuperconducting chiral metal [29–31],
which challenge the original proposal of realizing a TSC
[19–21] and demonstrate the richness of doped frustrated
systems [32–48]. A breakthrough comes from density

matrix renormalization group (DMRG) studies, which have
identified a dþ id-wave TSC by doping either a CSL
[49,50] or a weak Mott insulator [50] in the triangular-
lattice t-J model with three-spin chiral coupling Jχ break-
ing TRS explicitly. Despite the exciting progress, the
mechanism of realizing TSC in the systems with TRS
remains an outstanding issue, which demands unbiased
numerical study beyond mean-field and variational treat-
ments [33–40,51–54]. Focusing on TRS triangular sys-
tems, previous DMRG study of the doped J1-J2 QSL
identified a d-wave SC [55] while the rich interplay among
conventional orders, hole dynamics, and spin fluctuations
has not been extensively explored in such systems, which
may provide a new mechanism to realize TSC through
spontaneous TRS breaking.
Experimentally, triangular-lattice compounds are among

the most promising candidates for hosting topological
states, including the QSL candidates of weak Mott insula-
tors [56–58], the dþ id-wave TSC candidates NaxCoO2 ·
yH2O [59–61] and Sn=Sið111Þ systems [62], and the
twisted transition metal dichalcogenides (TMD) moiré
systems which can simulate the Hubbard and related t-J
model [63,64]. The correlated insulators and possible SC
states discovered in these systems [65–67] also call for
theoretical understanding of the rich interplay among
the experimentally tunable parameters such as electronic
hopping and interaction.
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In this Letter, we study the quantum phases in the
extended triangular t-J model using DMRG simulations.
By tuning the ratios of the next-nearest-neighbor (NNN) to
nearest-neighbor (NN) hopping t2=t1 and spin interaction
J2=J1, we find a pseudogaplike phase with charge density
wave (CDW) order at small NNN couplings, which coexists
with both the strong spin density wave fluctuation (SDWF)
and fluctuating superconductivity (FSC) showing a ten-
dency to develop into a d-wave SC on a wider nine-leg
cylinder. With growing t2=t1 or (and) J2=J1, we identify a
phase transition to an emergent dþ id-wave TSC [19–
21,40,68,69] characterized by a topological Chern number
C ¼ 2, through spontaneous TRS breaking. The SC pairing
correlations show algebraic decay with the power exponent
KSC ≈ 1.0 dominating other spin and charge correlations,
which are the quasi-1D descendent states of 2D topological
superconductors. For even larger NNN couplings, a nematic
d-wave SC phase emerges with anisotropic pairing corre-
lations breaking rotational symmetry, which belongs to the
same SC phase found in the doped J1-J2 QSL [55]. Our
results establish a new route to the TSC by doping either a
magnetic Mott insulator or a QSL with TRS, in which hole
dynamics and geometrical frustrations play essential roles to
suppress magnetic correlations and induce the TSC.
Theoretical model and method.—We study the following

extended t-J model on the triangular lattice:

H ¼
X

fijg;σ
− tijðĉ†i;σ ĉj;σ þH:c:Þ þ

X

fijg
Jij

�
Ŝi · Ŝj −

1

4
n̂in̂j

�
;

where ĉ†i;σ (ĉi;σ) creates (annihilates) an electron on site i

with spin σ ¼ �1=2, Ŝi is the spin-1=2 operator, n̂i ¼P
σ ĉ

†
i;σ ĉi;σ is the electron number operator. We tune the

ratios of neighboring couplings t2=t1 and J2=J1 to explore
their interplay in driving different phases in the system. We
set J1 ¼ 1 as the energy unit and t1=J1 ¼ 3 to mimic a
strong Hubbard interaction U=t ¼ 12.
We perform large scale DMRG simulations with charge

Uð1Þ and spin SUð2Þ symmetries [70–72] on a cylinder
system, which has an open boundary in the ea or x direction
and periodic boundary conditions in the eb or y direction
[Fig. 1(a)]. The number of sites along the x (y) direction is
denoted as Lx (Ly) and the total number of sites is
N ¼ Lx × Ly. The electron number Ne is related to hole
doping level δ as Ne=N ¼ 1 − δ. We focus on the results on
the Ly ¼ 6 systems, which are supplemented with the
studies on wider Ly ¼ 8, 9 cylinders [73]. We keep up to
M ¼ 20 000 SUð2Þ multiplets [equivalent to about
60 000 Uð1Þ states] to obtain accurate results with the
truncation error ϵ≲ 2 × 10−5; see more details in Sec. I. of
the Supplemental Material (SM) [74].
Phase diagram and Chern number characterization.—

We map out the phase diagram for δ ¼ 1=12 based on the
results of the Chern number [50] and pairing correlation. As

shown in the phase diagram [Fig. 1(c)], in the smaller J2
and t2 regime we identify a pseudogaplike phase [75,76]
with dominant CDW order and short-range d-wave SC
fluctuation. The TSC emerges in the intermediate coupling
regime while the previously identified d-wave SC phase
[55] appears at the larger NNN couplings.
To identify the topological nature of the phases, we

perform the inserting flux simulation [23,50] using the
infinite DMRG [77] with increasing the flux adiabatically
with θF → θF þ ΔθF and ΔθF ¼ 2π=16. We measure the
accumulated spinQs ¼ n↑ − n↓ at left edge for each θF (nσ
is the total charge with spin σ near the edge [50]). For a
range of intermediate NNN couplings, nonzero pumped
spin ΔQs is obtained, which increases almost linearly with
θF [Fig. 2(a)], indicating the uniform Berry curvature [78].
By threading a flux quantum (θF ¼ 0 → 2π), the Chern
number C ¼ ΔQs ≈ 2.0 characterizes a robust TRS-
breaking topological state. The energy per site E0 varies

(c)

(a) (b)

(d) (e) (f)

FIG. 1. Global quantum phase diagram. (a) Schematic figure of
the triangular t-J model with the NN and NNN hoppings t1, t2
and spin interactions J1, J2. θF is the magnetic flux threading in
the cylinder. Δa;b;c define the pairing order parameters of the NN
bonds along the ea;b;c directions. (b) The relative phases between
Δα ¼ jΔαjeiθα (α ¼ a, b, c), defined as θαβ ¼ θα − θβ. (c) The
quantum phase diagram obtained on the Ly ¼ 6 cylinder with
doping level δ ¼ 1=12. We identify a pseudogaplike (PGL) phase
with CDW=SDWF, a dþ id-wave TSC phase, and a d-wave SC
phase. The dotted dashed line denotes J2=J1 ¼ ðt2=t1Þ2. The
symbols mark the studied parameters, and the cyan triangle marks
the studied parameter in Ref. [55]. (d)–(f) The charge density
profile in the three phases. nðxÞ is the charge density per site in
each column x, obtained on the 40 × 6 cylinder withM ¼ 12 000.
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smoothly with θF [the inset of Fig. 2(a)], indicating a
gapped spectrum flow and robust topological quantization
[79]. Here C ¼ 2 identifies the number of chiral Majorana
edge modes [68,69]. In Fig. 2(b), we show the obtained
Chern number along ðt2=t1Þ2 ¼ J2=J1, where the quantized
C ¼ 2 clearly distinguishes the TSC from the topologically
trivial phases with C ¼ 0 nearby (see more results in SM
Sec. II. [74]). We further show the chiral order hχi ¼ hŜi ·
ðŜj × ŜkÞi (the sites i, j, k belong to the smallest triangle)
along the x direction [Fig. 2(c)]. The chiral orders after bond-
dimension scaling toM → ∞ limit remain finite, supporting
the spontaneous TRS breaking in the TSC.
Next, we show the evolution of the dominant spin-singlet

pairing correlations PαβðrÞ ¼ hΔ̂†
αðr0ÞΔ̂βðr0 þ rÞi where

the pairing order is defined as Δ̂αðrÞ ¼ ðĉr↑ĉrþeα↓ −
ĉr↓ĉrþeα↑Þ=

ffiffiffi
2

p
(α ¼ a, b, c). The pairing correlation

jPbbðrÞj decays very fast for t2 ¼ J2 ¼ 0 and is enhanced
at short distance for ðt2=t1Þ2 ¼ J2=J1 ¼ 0.02 inside the
CDWþ SDWF phase [Fig. 2(d)]. With larger NNN cou-
plings in the TSC and d-wave SC phases, pairing corre-
lations are strongly enhanced at all distances.
Spin structure factor and charge occupation.—Now

we discuss the spin correlation and charge occupation.

In the CDWþ SDWF phase, the spin structure factor
SðkÞ ¼ ð1=NmÞ

P
i;jhŜi · Ŝjieik·ðri−rjÞ has prominent peaks

at the K points representing strong 120° spin fluctuation
[Fig. 3(a)]. In the TSC, the K point peaks are significantly
suppressed and dispersed along one of the edges of Brillouin
zone [see Fig. 3(b) and SM Sec. III. [74] ], consistent with
the emergence of the CSL in spin background. In the d-wave
SC phase, weak peaks emerge at two M points [Fig. 3(c)],
indicating nematic spin fluctuation. Furthermore, we inves-
tigate the electron occupation number in the momentum
space nðkÞ ¼ ð1=NmÞ

P
i;j;σhĉ†i;σ ĉj;σieik·ðri−rjÞ and find that

from the CDWþ SDWF phase to the TSC, the hole pockets
at theK points disperse along the edge of the Brillouin zone,
while in thed-wave SCphase the hole pockets concentrate at
twoM points [Figs. 3(d)–3(f) and SMSec.VII. [74] ]. In real
space, the charge density profile in the CDWþ SDWF
phase shows a strong stripe pattern with the wavelength
λ ≈ 10 while in the SC phases, the CDW becomes much
weaker with λ ≈ 4 [Figs. 1(d)–1(f)].
Fluctuating superconductivity in the CDWþ SDWF

phase.—To reveal the nature of the CDWþ SDWF phase,
we focus on the correlation functions. At t2 ¼ J2 ¼ 0, the
extrapolated spin correlations SðrÞ ¼ hŜr0 · Ŝr0þri decay
exponentially with a large correlation length ξS ≈ 9.2 (6.9)
on the Ly ¼ 6 (9) system [Fig. 4(a)], confirming the
absence of magnetic order and short-range SDWF. We fur-
ther compare SðrÞ with single-particle correlation GðrÞ ¼P

σhĉ†r0;σ ĉr0þr;σi, density correlation DðrÞ ¼ hn̂r0 n̂r0þri−
hn̂r0ihn̂r0þri, and pairing correlation jPbbðrÞj using the
extrapolated M → ∞ data (rescaled with doping ratio for
direct comparison) as shown in Fig. 4(b). While the spin
correlation is relatively strong, single-particle jGðrÞj decays
exponentially with a short correlation length ξG ≈ 3.7.

(a) (b)

(c) (d)

FIG. 2. Identifying the TSC phase and phase transitions along
ðt2=t1Þ2 ¼ J2=J1. (a) Spin pumping simulation by adiabatically
inserting flux θF for J2=J1 ¼ 0.05. m is the Uð1Þ bond dimen-
sion. By inserting a flux quantum, we obtain the Chern number
C ¼ ΔQs ≈ 2 with an error smaller than �0.03. The inset shows
the flux dependence of ground-state energy per site E0. (b) Cou-
pling dependence of the obtained Chern number with m ¼ 8000.
(c) Spin chiral order hχi ¼ hŜi · ðŜj × ŜkÞi of the triangles in each
column versus the column position x for J2=J1 ¼ 0.05. M is the
SUð2Þ bond dimension. (d) Double-logarithmic plot of the
pairing correlation jPbbðrÞj obtained with M ¼ 12 000.

FIG. 3. Spin structure factor SðkÞ and electron density in
momentum space nðkÞ in the three phases. The results are
obtained using the middle Nm ¼ 24 × 6 sites of a long cylinder,
which are calculated with M ¼ 12 000 and well converged. The
dashed hexagon denotes the Brillouin zone. (a) and (d) belong to
the CDW þ SDWF phase, (b) and (e) belong to the TSC phase,
(c) and (f) belong to the d-wave SC phase.
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Although the pairing correlation also decays fast, it is much
stronger compared to the two single-particle correlator jG2ðrÞj,
indicating the more suppressed single-particle channel.
At ðt2=t1Þ2 ¼ J2=J1 ¼ 0.02, jPbbðrÞj is enhanced and

decays algebraically with an exponent K0
SC ≈ 1.05 within

short distance, which indicates a strong local pairing order
[Fig. 4(c) and Fig. 2(d)] representing the FSC. Remarkably,
the difference between jPbbðrÞj and jG2ðrÞj dramatically
increases with jPbbðrÞj larger than jG2ðrÞj by around 4
orders of magnitude at large distances [Fig. 4(d)], unveiling
the “pseudogap” behavior. To further explore the FSC, we
compute the SC order in the grand canonical ensemble with
varying chemical potentialH → H −

P
i μini following the

method in Ref. [80] (see SM Sec. VIII. [74]). As shown in
Fig. 4(e), a finite d-wave SC order develops with increased
Ly ¼ 9 and the doping level over 20%.
dþ id-wave TSC phase.—Next we turn to the charac-

terization of the TSC phase. By bond-dimension extrapola-
tion, we identify the algebraic decay of the pairing
correlation. For ðt1=t2Þ2 ¼ J1=J2 ¼ 0.05 and Ly ¼ 6, we
find jPbbðrÞj ∼ r−KSC withKSC ≈ 1.03 [Fig. 5(a)], indicating
a divergent SC susceptibility in the zero-temperature limit
[81]. Similar results are also obtained on the wider Ly ¼ 8

system (see SM Sec. V.A. [74]), supporting the robust TSC.
To identify the pairing symmetry, we rewrite ΔαðrÞ ¼

jΔαðrÞjeiθαðrÞ and PαβðrÞ ¼ jPαβðrÞjeiϕαβðrÞ with the relative
phases ϕαβðrÞ ¼ θβðr0 þ rÞ − θαðr0Þ. Thus, θαβðrÞ≡
θαðrÞ − θβðrÞ ¼ ϕααðrÞ − ϕαβðrÞ [see Fig. 1(b)]. As shown
in Fig. 5(b), ϕαβðrÞ are nearly uniform in real space and
are obtained as ½ϕbb;ϕbc;ϕba� ¼ ½0.000ð4Þ; 0.61ð2Þπ;−
0.61ð2Þπ� ≈ ½0; 2

3
π;− 2

3
π� for Ly ¼ 6, which give θba ¼

θac ¼ θcb ≈ 2π=3 characterizing an isotropic dþ id-wave
pairing symmetry, while θba ¼ θcb ¼ π is observed in the
d-wave SC phase. We also confirm this robust pairing
symmetry on the wider N ¼ 36 × 8 system [see Fig. 5(b)
and SM Sec. V.A. [74] ], providing compelling evidence for

(a) (b) (c) (d) (e)

FIG. 4. Correlation functions and SC orders in the CDW þ SDWF phase with extrapolatedM → ∞ data for (a)–(d). (a) Logarithmic-
linear plots of the spin correlations on the 40 × 6 and 24 × 9 cylinders, with the correlation length ξS ¼ 9.2ð2Þ (6.9(2)) for Ly ¼ 6 (9).
The number in the bracket gives the standard deviation from linear fitting. (b) Comparing correlations which are rescaled with doping
ratio for a direct comparison. The fittings give ξS ¼ 9.2ð2Þ and ξG ¼ 3.7ð6Þ. (c) Double-logarithmic plot of pairing correlation jPbbðrÞj.
The extrapolated results with r ≤ 10 can be fitted algebraically with K0

SC ¼ 1.05ð8Þ. (d) Comparing correlations where the fittings give
ξS ¼ 5.22ð8Þ and ξG ¼ 2.7ð4Þ. We choose the reference site at x0 ¼ Lx=4 for demonstrating correlations. (e) Different SC orders Δα

versus each column x for a system in a grand canonical ensemble withM ¼ 8000 and the averaged electron density nðxÞ. The coupling
parameters are the same as (d). A varying chemical potential μi ¼ μðxÞ ¼ μ0 þ x=Lx½aþ bðx=LxÞ� is used to adjust the range of nðxÞ.

(a) (b)

(c) (d)

FIG. 5. Correlation functions for ðt2=t1Þ2¼J2=J1¼0.05 in the
TSC phase using the extrapolated data. (a) Double-logarithmic
plot of the pairing correlations jPbbðrÞj obtained by keeping
different SUð2Þ bond dimensions. The extrapolated correlations
decay algebraically with KSC ¼ 1.03ð6Þ. (b) dþ id-wave pairing
symmetry identified by the phase differences of pairing corre-
lations on the Ly ¼ 6 (8) cylinder using bond dimensions M ¼
15 000 (20 000). (c) The ratios of the magnitudes of the pairing
correlations at different bonds. The dashed dotted line indicates
the averaged ratio of 1.2(1) for the TSC phase. The dotted line
indicates the averaged ratio of 0.45(5) for the d-wave SC phase.
We choose r ≤ Lx=2 to calculate the averages to minimize the
boundary effect. (d) Comparing the correlations which are
rescaled with the doping ratio. The fittings give ξS ¼ 2.2ð1Þ
and ξG ¼ 3.3ð2Þ. We choose x0 ¼ Lx=4 and fit the data to the
distance r ¼ Lx=2 to avoid a boundary effect.
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the emergent TSC through spontaneous TRS breaking.
Furthermore, as shown in Fig. 5(c), we find that
jPbaðrÞ=PbbðrÞj and jPbcðrÞ=PbbðrÞj averaged over r are
around 1.2 for the near isotropic TSC phase, while they
drop to around 0.45 in the nematic d-wave SC phase.
In comparison, both spin and single-particle correlations

decay exponentially with small correlation lengths [Fig. 5(d)]
while the density correlations seem also to decay algebrai-
cally but with a large exponentKCDW ≈ 2.4, showing that the
pairing correlation dominates all other correlations.
Summary and discussion.—Through DMRG simulation

on the extended triangular t-J model, we identify a dþ id-
wave TSC through spontaneous TRS breaking, by doping
either a magnetic order state or a time-reversal symmetric
QSL. The driving mechanism is the balanced spin frustra-
tions and hole dynamics induced by NNN couplings, which
suppress magnetic correlations and lead to the TSC for
doping level δ ¼ 1=12 − 1=8 (see additional results in SM
Sec. V.B. [74]). Physically, frustration to spin background
can be built up by NNN coupling J2, or t2, or both terms
acting jointly. Our findings open a new route for discovering
TSC in correlated materials, with the TMD Moiré super-
lattices [64–67] being the most promising platform [63].
We also reveal the pseudogaplike physics in the CDWþ

SDWF phase, which demonstrates a tendency to evolve into
d-wave SC by increasing the phase coherence of pairing
correlations. Our Letter suggests a new direction for future
studies on doped Mott insulators [72,80–89], which may
provide insights to the challenging issues related to the
normal states of the high-Tc cuprate superconductors [75,76].

The data and simulation code are available from the
corresponding author upon reasonable request.
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Note added.—Recently, we noticed a related work,
Ref. [90], which studies possible superconductivity with
different hopping signs.
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