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The coupling energies between the buckled dimers of the Si(001) surface were determined through
analysis of the anisotropic critical behavior of its order-disorder phase transition. Spot profiles in high-
resolution low-energy electron diffraction as a function of temperature were analyzed within the framework
of the anisotropic two-dimensional Ising model. The validity of this approach is justified by the large ratio
of correlation lengths, ξþk =ξ

þ⊥ ¼ 5.2 of the fluctuating cð4×2Þ domains above the critical temperature
Tc ¼ ð190.6� 10Þ K. We obtain effective couplings Jk ¼ ð−24.9� 1.3Þ meV along the dimer rows and
J⊥ ¼ ð−0.8� 0.1Þ meV across the dimer rows, i.e., antiferromagneticlike coupling of the dimers with
cð4×2Þ symmetry.
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While the (001) face of single crystalline silicon belongs
to the most important surfaces both in technology and
science, some of its fundamental properties are experimen-
tally still unexplored. The bare Si(001) surface exhibits a
rich hierarchy of structural motives minimizing the surface
free energy [1–3]. Its structural key element are dimers
composed of two Si surface atoms. These dimers arrange in
parallel dimer rows giving rise to a strong lattice and
electronic anisotropy of the surface [4]. Driven by a Jahn-
Teller distortion the dimers become asymmetrically
buckled, as sketched in Fig. 1(a) [1,5]. Since there are
two choices for the buckling angle, a multitude of patterns,
all based on pð2×1Þ as the smallest unit, may emerge. At

low temperatures, surface stress minimization causes alter-
nating orientation of the dimer buckling angles along and
across the dimer rows resulting in the cð4×2Þ recon-
struction [6]. The associated coupling energies between
the dimers are subject of intense research, emphasized by a
large number of theoretical calculations and being con-
troversial at the limits of computational methods [1–3,5,7–
14]. These energies are dominated by short-ranged inter-
actions between neighboring dimers and are comparable to
thermal energies. Hence, experimentally accessible phase
transitions are to be expected. Accordingly, the continuous
phase transition from the low-temperature ordered cð4×2Þ
state [Fig. 1(a)] to the high-temperature disordered

(a) (c) (d)(b)

FIG. 1. Dimer reconstruction of Si(001). (a) Atomic structure model of the Si(001)-cð4×2Þ surface reconstruction. (b) Spin model
describing the arrangement of alternation of dimer buckling. Coupling energies Jk along dimer rows and J⊥ across the dimer rows are
indicated. (c) SPA-LEED pattern taken at T ¼ 80 K. Primitive unit cells of the cð4×2Þ and pð2×1Þ reconstruction are indicated by the
orange rhombus and yellow rectangle, respectively. (d) Intensity line profiles through the ð3=4 1=2Þ spot along (left, along [110]) and
across (right, along ½11̄0�) the dimer rows for selected temperatures below, around, and above Tc, respectively. Experimental data
(Fourier filtered, 80% of linear background subtracted) are plotted as purple to brownish lines, while corresponding fits are given by red
lines. Profiles are vertically shifted for better visibility.
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pð2×1Þ state is observed at a critical temperature Tc ≈
200 K [15–18] and can be utilized for the experimental
determination of the coupling energies.
In this Letter, we employed spot-profile analysis low-

energy electron diffraction (SPA-LEED) to follow the
critical behavior of this order-disorder phase transition.
The data analysis was done in two steps: the changes in
spot profile of the cð4×2Þ spots were analyzed in the
framework of the two-dimensional (2D) Ising universality
class, leading to accurate values for Tc ¼ 190.6 K as well
as for the critical correlation length ratio ξþk =ξ

þ⊥ ¼ 5.2. In a

second step, these values were mapped onto the anisotropic
2D Ising model, from which we obtained values for the
effective coupling energies of Jk ¼ −24.9 meV along and
J⊥ ¼ −0.8 meV across the dimer rows with unprecedented
precision.
An appropriate description of the dimerized Si(001)

surface structure is realized by mapping onto the aniso-
tropic 2D Ising model on a rectangular lattice. The two
states of the Ising spins σi;j ¼ �1 correspond to the two
buckling orientations of the Si dimers as sketched in
Fig. 1(b). These two dimer configurations are separated
by an energy barrier of Eb ≈ 90 meV [19] which is large
compared to the thermal energy near the critical point such
that intermediate states are exponentially suppressed. The
Hamiltonian of the system is given by

H ¼ −
X

i;j

ðJkσi;jσi;jþ1 þ J⊥σi;jσiþ1;jÞ; ð1Þ

where Jk is the effective exchange coupling between the
nearest-neighbor dimers along the dimer row, while J⊥ is
the effective exchange coupling between neighboring rows.
The absence of next-nearest-neighbor couplings in Eq. (1)
is a consequence of the large correlation-length anisotropy
of the considered system and will be justified below.
The anisotropic 2D Ising model was solved analytically

by Onsager [20]. It exhibits a continuous phase transition at
the critical temperature Tc determined by [21]

sinh

�
2jJkj
kBTc

�
sinh

�
2jJ⊥j
kBTc

�
¼ 1: ð2Þ

In the vicinity of the phase transition, the system exhibits
universal critical behavior [22], i.e., quantities such as the
correlation length ξδ in direction δ ∈ fk;⊥g, the order
parameterΨ, and the susceptibility χ asymptotically behave
as power laws of the reduced temperature t ¼ T=Tc − 1 as

ξδðtÞ ≃ ξ�δ jtj−ν; ð3aÞ

ΨðtÞ ≃Ψ−ð−tÞβ; ð3bÞ

χðtÞ ≃ χ�jtj−γ: ð3cÞ

Here, ν ¼ 1, β ¼ 1=8, and γ ¼ 7=4 are universal critical
exponents within the 2D Ising universality class, and ξ�δ ,
Ψ−, and χ� are the corresponding nonuniversal amplitudes
above (þ) and below ð−Þ Tc.
The exact correlation lengths ξδðTÞ of the anisotropic 2D

Ising model above Tc in direction δ are given by [23,24]

ξδðTÞ
aδ

¼T>Tc

�
ln coth

� jJδj
kBT

�
−
2jJδ̄j
kBT

�
−1
; ð4Þ

where δ̄ denotes the direction perpendicular to δ, while
ak ¼ 3.84 Å and a⊥ ¼ 2ak are the lattice parameters of the
dimerized Si(001) surface. An expansion of Eq. (4) around
Tc from Eq. (2) yields the correlation length amplitudes in
Eq. (3a),

ξþδ
aδ

¼
�
2jJδj
kBTc

sinh

�
2jJδ̄j
kBTc

�
þ 2jJδ̄j
kBTc

�
−1
; ð5Þ

from which one can deduce a simple relation between the
coupling energies Jδ and the ratio of correlation length
amplitudes,

sinh

�
2jJδj
kBTc

�
¼ ξþδ =aδ

ξþ
δ̄
=aδ̄

; ð6Þ

such that we can determine the anisotropic coupling
energies solely from the correlation length amplitude ratio
and Tc [25]. Note that the signs of Jδ has to be determined
from the diffraction analysis below.
Experimentally, we followed the order-disorder phase

transition by means of SPA-LEED which combines high
resolution in reciprocal space with a superior signal-to-
noise ratio [26,27]. The experiments were performed at
ultrahigh vacuum (UHV) conditions at a base pressure p <
2 × 10−10 mbar in order to ensure very low surface
contamination through adsorption from residual gas. The
Si(001) sample (miscut < 0.1°, Wacker Chemie AG,
Burghausen) was mounted on a cryostat for sample cooling
by liquid nitrogen. Direct current was applied to heat the
sample for degassing at 600 °C and subsequent flash-
annealing at T > 1200 °C for 5 s with the pressure
remaining in the 10−10 mbar regime. Subsequently, the
sample was rapidly cooled to 78 K. Using the built-in
resistive heater of the cryostat, the sample was heated from
78 K to 400 K at a rate of 10 K=min, while the sample
temperature was measured using a Pt100 Ohmic sensor.
The systematic error in temperature determination is of the
order of�10 K while the statistical error is less than�1 K.
At the same time spot profiles through the (00) spot, four
pð2×1Þ spots, and one of the cð4×2Þ spots were contin-
uously taken by SPA-LEED at an electron energy of
E¼112eV. The instrumental resolution of ð17.5� 0.3Þ ×
10−3 Å−1 was determined from the sharpest spot of the
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pattern. From the FWHM of the (00) spot, we estimated a
mean terrace width larger than 50 nm which is consistent
with the expected terrace width of ≳150 nm. We also
confirmed that during our SPA-LEEDmeasurements at low
beam current no disorder of the cð4×2Þwas induced by the
electron beam as reported by others [28–31]. While in low-
temperature scanning tunneling microscopy (STM) studies
bias voltages above around 0.2–1.4 V can induce phasons
through flipping of dimers, leading to local pð2×2Þ
structures [32,33], this effect can be excluded in our
experiment since the beam current density was only
10–100 nA=mm2, i.e., many orders of magnitude lower
than in typical STM experiments.
Figure 1(c) shows a LEED pattern of the surface taken

with E ¼ 130 eV at 80 K, i.e., below the phase transition
temperature. It exhibits sharp diffraction spots and low
background reflecting the low step density and low defect
and adsorbate density. Intensity line profiles through the
(00) spot and half-integer order spots exhibit sharp
Gaussian-shaped spots reflecting the long-range order of
the surface. These spots exhibit no temperature dependence
besides a Debye-Waller behavior. The pattern is composed
of an incoherent superposition of two distinct cð4×2Þ
patterns, originating from the by 90°-rotated dimer rows
on adjacent terraces. While the fourfold periodicity in the
diffraction pattern refers to the direction across the dimer
rows, the ×2 periodicity is along the dimer rows. The
streaklike intensity centered at the quarter-integer order
spot positions is even visible far above the phase transition
temperature in LEED [16,17] and He ion scattering [34,35]
and is indicative for fluctuations of the dimers, i.e.,

activation of diffusive phase defects (so-called phasons)
[32,36–38].
Using intensity line profiles through the ð3=4 1=2Þ spot

which is a measure for the alternating order of the dimers,
i.e., the antiferromagnetic order in the anisotropic 2D Ising
model, both along ([110] direction) and across (½11̄0�
direction) the Si dimer rows, the temperature dependence
of the spot profile was recorded. Exemplarily, six line
profiles (purple to brownish lines) and their respective fits
(red lines) are shown in Fig. 1(d). The spot intensity Iðq; tÞ
exhibits a sharp drop at ≈200 K indicative for the phase
transition [see Fig. 2(a)] [15,16]. In accordance with the 2D
Ising model and Refs. [16,17], the line profile with the spot
at reciprocal lattice vector q0 was fitted by the sum of a
peak

Iðq; tÞ ¼ A−
Gδðq − q0Þð−tÞ2β þ A�

L ðq − q0Þjtj−γ ð7Þ

with amplitudes A�
G;L, and a linear background. Here, I

−
G ¼

A−
Gð−tÞ2β is the sharp central δ spike (Gaussian-shaped

contribution with FWHMG;δ) proportional to the square of
the order parameter ΨðtÞ from Eq. (3b) and following a
power law with exponent 2β ¼ 1=4. Accordingly, I�L ¼
A�
L jtj−γ is the broad diffuse part (Lorentzian-shaped con-

tribution with FWHML;δ ¼ 2π=ξδ) of the spot profile above
and below Tc, which is proportional to the susceptibility
χðtÞ from Eq. (3c) and scales with an exponent of γ ¼ 7=4.
To account for the instrumental response function of the
SPA-LEED, a pseudo-Voigtian function (sum of a
Lorentzian and a Gaussian peak with the minimum

FIG. 2. Profile analysis of the ð3=4 1=2Þ spot. (a) Critical behavior of the Gaussian and Lorentzian contributions to the intensity during
and above the phase transition, respectively. Data are not corrected for the Debye-Waller effect (ΘD ¼ ð391� 7Þ K from fit to integrated
intensity [data not shown]). (b) Temperature-dependent Lorentzian FWHMs along (along [110]) and across (along ½11̄0�) the dimer
rows, respectively. (c) Ratio FWHML;⊥=FWHML;k of the Lorentzian contribution. Solid lines in (a)–(c) indicate fits to the critical
behavior predicted by Onsager theory, determining Tc ¼ ð190.6� 0.3Þ K. First order corrections are taken into account for the
FWHMs, respectively. Their asymptotic (linear) behavior is shown by dashed lines in (b). The expected behavior for the anisotropic 2D
Ising model [dashed line in (c)] is derived by matching values with the critical behavior at Tc. The yellow area accounts for the
systematic error of the measurement for the Ising model fit, while the brown square at Tc marks the crossing point including statistical
errors. Pink data points and dotted lines (fits) belong to the so-called domain state and are not taken into account for the fits of the critical
behavior.
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Gaussian FWHM of the sharpest spot) was used to fit the
Lorentzian contribution.
Below T ≈ 200 K the spot profile of the ð3=4 1=2Þ spot

consists of a sharp Gaussian and a weaker constant
Lorentzian contribution, depicted by ⊗ and ⊕ in Fig. 2(a),
respectively. The FWHMs of both contributions are small,
isotropic, and constant below Tc. Above T ≈ 200 K the
central Gaussian spike has disappeared, while the width of
the broad diffuse part strongly increases, but is still clearly
visible at room temperature and above. The intensities of
the line profiles of the ð3=4 1=2Þ spot were corrected for the
Debye-Waller effect with ΘD ¼ ð391� 7Þ K as obtained
from fits to the integrated intensity of the spot. These line
profiles, namely, the intensities of the Gaussian central
spike IG and of the broad diffuse Lorentzian IL, as well as
the Lorentzian peak widths FWHML;δ are further analyzed
and compared to the theoretical predictions of the aniso-
tropic 2D Ising model. Both intensity contributions vary
strongly as functions of temperature, i.e., reflecting the
critical behavior of the phase transition. We derived Tc ¼
ð190.6� 0.3Þ K (statistical error only) by a global fit for all
four critical quantities (solid lines in Fig. 2), i.e., IG;L
and FWHML;δ.
The Lorentzian FWHMs along and across the dimer

rows are shown in Fig. 2(b). For T ≲ 200 K (pink data
points), we observe a quenched domain state, i.e., finite-
sized cð4×2Þ domains with constant FWHML;δ ¼
ð40� 1Þ × 10−3 Å−1 (fit with dotted lines) which we
attribute to kinetic limitations: during the preparation of
the cð4×2Þ-reconstructed surface, the cooling rate was too
fast for reaching the long-range-ordered state while passing
the critical point. The fluctuating dimer system is quenched
into a nonequilibrium state.
Above the critical temperature both Lorentzian FWHMs

increase from zero asymptotically (dashed lines) with slo-
pes bk=Tc ¼ ð0.67� 0.04Þ × 10−3 Å−1 K−1 and b⊥=Tc ¼
ð3.45� 0.20Þ × 10−3 Å−1 K−1 (statistical plus systematic
error). The fit [solid lines in Fig. 2(b)] to the data exhibits a
clear deviation from linear behavior due to corrections to
scaling, which are expected to be linear for the 2D Ising
model [24], and are well described up to 310 K
as FWHML;δðtÞ ¼ bδtð1þ cδtþ…Þ.
Even close to Tc the maximum observed correlation

length was ≈30 nm. Since this value is much smaller than
the average terrace width of ≳150 nm the associated finite-
size effects can be neglected here.
Eventually, we obtain the coupling ratio Jk=J⊥ ¼

31.4� 1.7 by comparing the exact relation Eq. (6) with
the extrapolation t → 0þ of the experimentally observed
temperature dependence of the Lorentzian FWHM ratio
shown in Fig. 2(c),

lim
t→0þ

FWHML;⊥ðtÞ
FWHML;kðtÞ

¼ b⊥
bk

¼
ξþk
ξþ⊥

¼ 5.2� 0.2: ð8Þ

With the estimated critical temperature Tc ¼ 190.6 K, we
finally find

Jk ¼ ð−24.9� 1.3Þ meV and J⊥ ¼ ð−0.8� 0.1Þ meV;

where the error bars are due to systematic errors in
temperature and the FWHM ratio while the statistical
errors are negligible. The negative sign of both couplings
follows from the spot positions in the diffraction pattern,
leading to antiferromagneticlike coupling of the dimers
along and across the dimer rows with cð4×2Þ symmetry.
The critical temperature predicted by the more recent
density functional theory calculations is in good agreement
with the observed Tc [8,10]. Theory and experiment agree
that the intrarow interaction is much stronger than the inter-
row interaction. However, the ratio Jk=J⊥ of these inter-
actions is very sensitive to the density functional used.
Thus, our precise experimental determination of this ratio
provides a benchmark for future theoretical works.
Finally, we comment on the validity of the considered

nearest-neighbor (NN) Ising model: due to the huge
correlation length anisotropy ðξþk =akÞ=ðξþ⊥=a⊥Þ ¼ 10.3,
Eq. (6), and the resulting pronounced short-range order
in parallel direction even near criticality, possible diagonal
next-nearest-neighbor (NNN) couplings (JDσi;jσi�1;j�1) as

well as NNN couplings in parallel direction (Jð2Þk σi;jσi;j�2)
can safely be absorbed additively into renormalized effec-
tive NN couplings according to J⊥ − 2JD ↦ J⊥ and

Jk − Jð2Þk ↦ Jk, respectively, justifying the utilized NN
Ising model a posteriori. We note that this additive
approach is asymptotically correct for large correlation
length anisotropy while for isotropic systems a more
elaborate treatment is necessary [39]. These NNN cou-
plings would only become relevant at much higher temper-
atures T ≳ 2Jk=kB ≈ 580 K.
In conclusion, we use a two step analysis to gain access

to system parameters which are experimentally challenging
to determine otherwise. In the first step, we use the known
universal critical exponents of the 2D Ising universality
class to accurately determine the critical temperature Tc

and the correlation length ratio ξþk =ξ
þ⊥ of the system, see

Fig. 2. In the second step, we map the results onto the
exactly solvable anisotropic 2D Ising model to extract the
effective coupling energies in the two directions.
In detail, we employed the continuous order-disorder

phase transition of Si(001) from the cð4×2Þ low temper-
ature state to the pð2×1Þ high temperature state to
determine the effective coupling energies between the
alternately buckled Si dimers. The clean and defect-free
Si(001) surface exhibits critical behavior of intensity and
correlation lengths obtained by means of high-resolution
LEED with a critical temperature Tc ¼ 190.6 K and is
evaluated in the framework of the anisotropic 2D Ising
model. From the ratio of thewidths of diffuse intensity along
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and across the dimer rows we determined the effective
coupling energies Jk ¼ −24.9 meV and J⊥ ¼ −0.8 meV.
This work not only provides an answer to the long-

standing question of the coupling energies of one of the
world’s most important surfaces, but also paves the road for
application to other systems exhibiting phase transitions of
the 2D Ising universality class such as the dimerized sur-
faces of Ge(001) [40–43], GaAs(001) [25], and β-SiC(001)
[44], noble metal surfaces such as Au(110) [45] or Pt(110)
[46], Fe3O4ð001Þ [47], adsorbate systems like O=Wð112Þ
[48], or even to other universality classes like for one-
dimensional atomic wires such as Au=Sið553Þ [38].
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