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Curvature-Induced Cell Rearrangements in Biological Tissues
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On a curved surface, epithelial cells can adapt to geometric constraints by tilting and by exchanging
their neighbors from apical to basal sides, known as an apico-basal topological transition 1 (AB-T1).
The relationship between cell tilt, AB-T1s, and tissue curvature still lacks a unified understanding. Here, we
propose a general framework for cell packing in curved environments and explain the formation of AB-T1s
from the perspective of strain anisotropy. We find that steep curvature gradients can lead to cell tilting and
induce AB-T1s. Alternatively, pressure differences across the epithelial tissue can drive AB-T1s in regions
of large curvature anisotropy. The two mechanisms compete to determine the impact of tissue geometry and
mechanics on optimized cell rearrangements in three dimensions.
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As the external surfaces and barriers of many organs,
epithelial tissues have to mechanically adapt to their
environment [1,2]. Extensive research into cell shape in two
[3-10] and three dimensions [11-14] has revealed insights
into how cells pack and undergo rearrangement during
epithelial tissue formation [7-10,15]. Cellular dynamic
processes, like division and apoptosis, can rearrange cell
neighbors. T1 transitions—the exchange of neighbors
without altering the cell number—is another ubiquitous
mechanism of cell rearrangements [16,17]. T1 transitions
are important in mediating planar tissue dynamics. For
example, oriented T1 transitions can lead to tissue elon-
gation or flow [15,18-20], and the energetic barriers for T1
transitions to occur can dictate tissue fluidity or solidity
[9,21-23].

For a cell monolayer under 3D geometric constraint, cells
can undergo apico-to-basal topological transitions (AB-T1s)
[Fig. 1(a)]. Different from the planar T1 transitions, which
are dynamic, AB-T1s are a static exchange of neighbors from
the apical to basal membranes of the cells, leading to a
specific 3D cell geometry, termed “scutoid” [24]. These
arrangements have been observed in foams [25,26] and
biological systems with curved surfaces [27-33].

Tissue curvature is proposed to be pivotal in inducing
AB-Tl1s. In the ellipsoidal early Drosophila embryo,
AB-T1s appear most frequently around 20-50 pm from
the embryo head, a region with low curvature anisotropy
but large tilt of cell lateral membranes [29] [Fig. 1(b)].
During salivary gland formation in the Drosophila embryo,
AB-T1s occur at maximal curvature anisotropy [24].
Models have been proposed for cell packing in these
specific cases [24,29], but there is currently no consensus
on how curvature induces AB-T1s.

Here, we provide a framework for describing curvature-
induced cell deformation, which can be generalized to an
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array of geometries, and discuss the interplay between cell
mechanics and tissue geometry in inducing AB-T1s. We
demonstrate that in 3D environments with steep curvature
gradient, cells can tilt in order to pack efficiently. These
tilted lateral membranes can exert tensions that contribute
to in-plane stresses of opposite signs on the apical and
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FIG. 1. Apical-basal topological transition 1 (AB-T1) in epi-
thelial tissues. (a) Exchange of neighbor pair from 1-4 (apical) to
2-3 (basal), leading to an irregular 3D cell shape. (b) Tilt angle of
lateral membrane (yellow) and percentage of cells undergoing at
least one AB-T1 peaks near the head of a wild type Drosophila
embryo, adapted from Ref. [29] under the license CC BY-NC-SA
3.0. (c) 3D vertex model simulation (10 sessions represented by
colored dots). The session-averaged percentage of cells under-
going at least one AB-T1 (black curve) grows linearly with the
magnitude of external tensions applied to the apical and basal
membranes in orthogonal directions (two arrows on the top
panel). (d) A two-shell model for curved epithelia on an
axisymmetric object and the coordinates for an infinitesimal
surface dA (cyan). The surface is subjected to tangential (o) and
normal (oy) external loads.
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basal sides, thereby leading to AB-T1s. Conversely, when
hydrostatic pressure dominates, we find that AB-T1s occur
largely in regions with high curvature anisotropy. Overall,
we show that the combination of tissue curvature, pressure,
and lateral tensions determines the location of AB-T1
events.

Framework.—We treat the epithelia as a material com-
posed of two connected thin shells, representing the apical
and basal membrane surfaces. We assume the radius of
curvature is significantly larger than the cell size so that,
locally, cell membranes can be considered as flat at the
apical and basal surfaces. Since the cell membrane thick-
ness is even smaller than the cell diameter, we can use a
continuum mechanics model based on membrane theory
for elastic thin shells, neglecting bending stresses. Lateral
membranes are included as part of the external load on
the shell.

In a 2D shell model, the change of stresses over the
membrane thickness are deemed as irrelevant at the scale of
the whole system, and thus we can integrate them over the
thickness, which yields tensions in-plane with unit N/m.
The in-plane tensions in the apical or basal surface are
described as a tensor 7 bearing two principal tensions s,
7,,, and a shear stress component 7, with 6, v being
orthogonal coordinates in-plane. Negative signs indicate
compressions. This tensor 7 can be decomposed into an
isotropic part 7y, = %Tr(%)l, corresponding to isotropic
forces that induce local expansion or shrinkage of cell
areas, and an anisotropic part 7,,; = 7 — 7;,, corresponding
to those inducing shearing or anisotropic bulk compression
or stretching.

AB-T1I transitions.—Stresses within the apical or basal
membranes can induce cell shape changes and cell inter-
calations. Here, we assume that prior to any applied
external load, cells are relaxed to isotropic shapes. The
tendency for AB-T1s to occur will increase when the apical
and basal sides are subjected to anisotropic stress [34]. To
test this idea in three dimensions, we numerically simulated
(using Tyssue [35], further details in the Supplemental
Material, Sec. A [36]) the relaxation dynamics of a 3D
tissue monolayer in a flat plane after applying anisotropic
external tensions in-plane [Fig. 1(c) and movie S1 [36] ].
The tensions applied to the apical and basal membranes are
orthogonally orientated with respect to each other, with
the same magnitude. The percentage of cells undergoing
AB-T1s scaled linearly with the tension magnitude. At a
steady state, the two external tensions are balanced by the
in-plane stresses, which induces apico-basal difference in
the anisotropic strain.

We next define a dimensionless measure for the AB-T1
tendency, y. The magnitude of y needs to be proportional to
the percentage of cells undergoing AB-T1s, with the sign
denoting the direction of AB-T1s (Supplemental Material,
Eq. A.5 [36]). From vertex model simulations, this mea-
sure y is approximately proportional to the apico-basal

difference in the anisotropic strain (Fig. S1 [36]). In the
absence of shear component z5,, this proportionality reads

a a b b
Tos “ T Tss — Tw
V& a - b . ( 1 )
u p

Without loss of generality, we set the proportionality
coefficient in Eq. (1) to be 1. The denominators u“”
represent the effective stiffness (with unit N/m) of cell
membranes. y > 0 corresponds to cells that are stretched
along the ¢ axis at the apical side while compressed along
the v axis at the basal side.

For the membrane stiffness p, we recall the well-
studied liquid foam model [42,43] whereby the elastic
modulus of a foam (with unit Pa) scales to film surface
tension over the bubble size. In our cell system, for
simplicity we take u®? = |Tr(2¢?)|, assuming the iso-
tropic tension contributes most to the surface tension.
Alternative hypotheses for y*”—e.g., constant u“*—lead
to similar results [44].

Force balance in axisymmetric shells.—Motivated by the
Drosophila embryo, salivary gland and oocyte geometries,
we focus on axisymmetric geometries, which have rota-
tional symmetry about a polar axis [Fig. 1(d)]. For any
infinitesimal surface ele@)nt dA on the 3D curved shell, it
has a normal direction dn, and two tangential directions

— —>
along the meridian d¢ and latitudinal radii df. We
hereafter replace 6 and v by ¢ and 6.

The tensions are balanced by the external loads exerted
on the shell surface. These external loads can have origins
from passive cell geometry control or cellular active forces
[45,46]. Here, we only consider axisymmetric external
load, which can be decomposed into a normal part oy
(positive pointing outward) and a tangential part along the
meridian o7 (positive pointing to the head) and hence the
in-plane shear 7,5, ~ 0. The meridional tension 7, inte-
grated over the perimeter of any local cut [red ring in
Fig. 1(d)] is balanced in the polar direction by the
accumulated force over the revolved surface as

s(p)
Typ27r sing = / [on cOs @ + o7 sing|2zrds,  (2)
0

where r is the distance to the polar axis from the local
surface dA and ds is the meridional arc length [Fig. 1(d)],
with cos ¢ and sin ¢ projecting tensions onto the polar axes
(Supplemental Material, Sec. B [36]).

The circumferential tension 7y, is derived from force
balance along the normal direction of the surface:

CoppTop + CopToo = ON.» (3)

where the principal curvatures are denoted as C,,, along the
meridional direction and Cyy = sin¢/r.
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In the case when external loads are hydrostatic (67 = 0
and oy = P), large strain anisotropy appears with large
curvature anisotropy |C,,,/Cgg — 1|. If the two surfaces are
subject to the normal loading with the same sign
JX,/O—,’(, > (, the magnitude of y is negligible; otherwise,
with 6%/0% <0, y has its maximal value always
at the region of high curvature anisotropy, e.g., in the
trunk region of the embryo (Supplemental Material,
Sec. C [36]).

Cell tilting.—The above hydrostatic explanation is not
consistent with findings in the early Drosophila embryo,
where the AB-T1s occurred near, but not exactly at, the tip,
which has isotropic surface curvatures. Here, we show the
explanation could lie in the tilt of cells towards the head, as
visible in Fig. 1(b). Tilt of lateral membranes affects the
external load profiles o7, o)y and hence we conjecture that
tilting plays a role in inducing AB-T1s.

To better understand the interplay between curvature and
cell tilt, we consider an arbitrary axisymmetric geometry
with half meridian length s, and a distance between apical
and basal sides e(s) [Figs. 2(a) and S2 in [36] ]. The tilted
lateral membrane leans by a small angle ¢(s) away from
the normal direction, resulting in a small meridional
distance As between s and s’ (the apical end of the tiled
lateral membrane). Assuming As(s) << e(s), the tilt angle
is approximated as tan ¢(s) ~ As(s)/e(s). Considering the
local cell density, As can be approximated by the cell
number difference between the apical and basal surfaces
[Fig. 2(a), sky blue and orange curves]:

As(s) x 2r(s) x p(s) ~ Ne(s) — N (s), (4)

where N(@b)(s) =[5 p®PdA®?(s) are the accumulated cell
number from the head apex to the coordinate s, p(s) are
the densities at the apical or basal surfaces, and r“(s) is the
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FIG. 2. Cell tilting under cell-volume conservation. (a) A
meridional cross section view of a two-shelled prolate ellipsoid
in the 1/4 quadrant. The orange curves are the apical and basal
surfaces shared by the same cells; the sky blue curve is the apical
normal projection of the basal orange curve. (b) The lateral tilt
angle profile [Eq. (5)] vs the polar direction d = z/a on a prolate
ellipsoid under varying inverse aspect ratio b/a. Solid curves
represent cell height with e =0.1a, dashed e = 0.0la, and
dotted e =0.3a. (c) Tilt profiles under varying cell height
gradient f, with b/a~04, e/a~0.1. Dash-dotted curves
correspond to a homogeneous density being imposed. Gray dots
correspond to experimental data observed in the early Drosophila
embryo (f ~ 0.5) with s.d., adapted from Ref. [29].

distance from s at the apical side to the polar axis.
Subsequently, the tilt ¢ reads

N"(5)(N"(s0) = N"(s))la(s1) = a(s2)]

tan (s) ~ 27e(s)r ()N (so) ’

(5)

where q(s) = e(5)[Cyy (5) + Cag(s)] + €2(5)Cypp () ()
is the effective tissue mean curvature relative to the cell
height. The ¢(s;) and ¢g(s,) are g(s) weighted by cell
numbers in a range of 0 < s; < s and s < 5, < 57, respec-
tively. For a convex object, a large magnitude of ¢ at s
corresponds to a large gradient of ¢(s) and the tilt leans
towards the region of higher convex curvature (e.g., the
head of embryo).

Tilt in ellipsoidal geometries.—We now apply this
formalism to a prolate ellipsoidal geometry as shown in
Fig. 2(a), with major half axis ¢ and minor half axis b
(parametrization in Supplemental Material, Sec. D [36]).
We use cell height profiles, e(s), based on tissue height
changes observed experimentally [29]. For simplicity, we
consider the leading order in the arc length s from the head,
giving the height profile as e(s) = e[l 4 f(s/s1/4 — 0.5)]
for s € [0,5y/4], where s/, is the 1/4 perimeter of the
meridian ellipse and ¢ is the average cell height across the
surface and f is the gradient of cell height change across the
surface, with = 0 representing homogeneous cell height.

We consider the cell tilt as a function of the relative
distance to the head along a prolate ellipsoid d(s); d = 0
corresponds to the head and d =1 to the trunk. The
elongation of the ellipsoid (smaller b/a) promotes tilting
[Fig. 2(b)] significantly, whereas the magnitude of cell
height ¢ has a negligible impact on the tilt profile [see
different line types in Fig. 2(b)]. For a typical geometry
observed experimentally in Drosophila (b/a ~0.4, e/a ~
0.1 [29]), the tilt angle peaks around 30° [Fig. 2(c)]. The
cell height gradient f# generates a reduced tilt angle but the
peak angle is more pronounced. Given the experimentally
measured value (f ~ 0.5), the numerical tilt profile (red)
is similar to experimental measurements [gray dots in
Fig. 2(c), adapted from [29] ].

We have taken cell density to either satisfy a constant cell
volume condition e(s)/p(s) = const. [straight curves in
Fig. 2(c)] or have homogeneous cell density p(s) = const.
[dash-dotted curves in Fig. 2(c)]. The difference between the
two conditions is negligible, indicating that cell density is
insignificant compared to geometry in determining tilt angle.
This enables us to remove p(s) from further calculations.

Tensions in ellipsoidal geometries.—Next, we consider
the following external loads on the cell surfaces: pressure
from the outside P,,; from the internal cavity (e.g., yolk or
luminal pressure) P;,; internal cell pressure Pr; and the
lateral stress dipoles T along the lateral membranes in the
system [Fig. 3(a)]. The pressure differences at the apical
and basal surfaces are given by AIl* = Py — P,, and
ATl = P,, — Py, respectively, with positive AIT pointing
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FIG.3. AB-T1 tendency y calculated for a prolate ellipsoid with

b/a=0.4. (a) Schematic illustration of the system under
pressure and the stress dipole 7 along the lateral sides. (b) Com-
parison of y profiles between the cases with and without cell tilt
(indicated by purple and green curves, respectively), with a
constant tissue height e = 0.05a. The black line (y = 0) indicates
the result for the sphere case as a reference. (c) y profiles under
varying pressure differences AIT® with ATI” = 0. Black dots
indicate where |y| reaches its maximum.

towards the outside. The external normal and tangential loads
on the apical and basal side are ofy = AIl* + T cos ¢,
04 = All" + Tsing, o% = All> + Tcos¢p, and oh =
ATI” — T sin ¢. Epithelial tissues can be found under tension
or compression [47,48], hence we allow the pressure and
tensions to be either positive or negative to keep a generic
picture.

In a pressure-free setting AI1*” = 0 with homogeneous
tissue height # = 0, cell tilt induces qualitative differences
in the tension across the cell surfaces, resulting in AB-T1s
[Fig. 3(b)]. The stress dipole 7 along the tilted lateral
membranes exerts tangential stresses with opposite direc-
tions in the apical and basal planes. Consequently, y
[Eq. (1)] flips its sign depending on there being cell tilt
[Fig. 3(b), purple] or not [Fig. 3(b), green]. However, this
qualitative difference vanishes when the surface approaches
a sphere (a/b = 1) [Fig. 3(b), black line]. The profiles
of the resultant tensions 7y and 7,, are presented in
Fig. S3 [36].

When the pressure difference is comparable with lateral
stress (AIT*? ~ T), the profile of y is sensitive to the
pressure difference AT’ and the tissue geometry p
[Fig. 3(c)]. As the pressure difference varies, the peak of
ly| [black dots in Fig. 3(c)] can shift from the trunk (d = 1)
to the head (d < 1) for # = 0, and in the opposite manner
for f = 0.4. This indicates that the location of maximal
tendency for AB-T1s can be sensitive to geometry and
cellular forces.

We next constructed phase diagrams, using the two
pressure differences relative to lateral tension AI1*?/T and
the tissue height gradient f as control parameters. For the
order parameter, we define a mapping S from the y profiles
as S[}/] = Sign(ypeak) X ||ypea.k| - |ytrunk ’ where 7peak =
¥(dpeak) With dpeq = argmax,|y(d)| represents the peak
value of |y|. The sign of S[y] indicates the orientation of
AB-T1s found at the largest AB-T1 tendency, with the
magnitude describing how the tendency is enhanced
compared to that at the trunk. S = 0 denotes no significant
AB-T1s occurring away from the trunk.

P

Al
00051015
AIT4/T

FIG. 4. Phase diagrams for the location of peaked AB-TI
transition tendency. (a)—(b) Color indicates prominence of peak
S[}/] = Sign(}/peak) X ||ypeak| - |y[runk |’ where “peak” refers to
maximal |y|. The phase boundaries detected by contours
(dpeax = 0.5) separate the trunk (T) and the head (H) regions.
The region enclosed by red dashed box in (b) corresponds to the
experimental setting near the Drosophila head. See Fig. S4 [36]
for more details.

The phase diagrams in Figs. 4(a)-4(b) provide a pano-
ramic view of the interplay between the mechanics and
geometry on the number, location, and orientation of
AB-T1s within a curved tissue. In the space of AIl“ —
ATI® — f3 the peaked tendency for AB-T1s switches from
trunk to head within different control parameter regimes. In
range of ATI?/T < 1, tissue height gradient # modulates
the emergence of AB-T1s with different orientations. See
also Fig. S4 [36] for further details of the diagrams.

In the specific case of the Drosophila early embryo, the
pressure difference across the basal side appears to be weak
as compared with the growing stresses from the lateral
membranes, which suggests that AIT’/T ~ 0. Given the
measured tissue height gradient (= 0.5), the range
enclosed by the dashed rectangle in Fig. 4(b) suggests that
the embryo bears overall negligible pressure for having
AB-T1s near the head. Cell tilting can play an important
role, by enhancing the strain anisotropy difference between
the apical and basal surfaces.

Conclusions.—We have proposed a two-elastic-shell
model to describe the mechanics in curved biological
tissues. We first show that the occurrence of AB-T1s scales
with the strain anisotropy difference between apical and
basal sides. Then we find that the interplay between
mechanics (e.g., pressure, lateral tension) together with
the cellular tilt determine the location with most number of
neighbor rearrangements along the apico-basal direction.
Our formalism provides predictions for the location of
AB-T1s that are echoed by experimental observations in
various geometries [24,29].

The lateral membranes play an essential role in balancing
stress across the cell, thereby regulating cell shape. In
particular, tilting of cell lateral membranes, in conjunction
with pressure and tissue thickness, results in a rich phase
diagram for the locations of AB-T1s. Without the lateral
tilting, AB-T1s are driven by hydrostatic stresses at regions
with large curvature anisotropy, as observed in tubular
structures [24]. On the contrary, stresses along tilted lateral
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membranes could induce AB-T1s mostly at the regions
with large gradient of curvatures, as observed in early
Drosophila embryo [29].

Though we have focused on a prolate geometry with
simple external loads, our formalism can be generalized to
a diverse range of tissue geometries observed in vivo. We
expect tilt to occur at the steepest curvature gradient, even
for nonaxisymmetric and nonclosed surface geometries;
e.g., the brain and gut [49]. We can also explore the role of
in-plane shear and bending within this theoretical frame-
work. Internal cell strain, which is likely significant during
cellular processes such as cell division [50], can also be
considered as a source of external loading to the shell of
apical and basal membranes. Finally, transient and revers-
ible AB-T1s have been observed [51,52]; the dynamic
aspect of AB-T1s may be relevant to the mechanism of T1
transitions [23,34] and their contributions to processes like
tissue folding or buckling [53-58] remains to be investigated.
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